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PREFACE 


Although there is a tremendous and ever-growing mass of literature 
concerning those branches of science and engineering which involve 
the study of periodic variations — mechanical vibration engineering, 
electrical and radio research and acoustics, for example — experience 
has shown that there is a lack of practical information on the inter- 
pretation of recorded waveforms and allied subjects. 

This book has been written in an attempt to make good the deficit. 
As the sub-title indicates, it is in the nature of a guide, rather than 
a comprehensive treatise ; yet an endeavour has been made to 
include sufficient details of the basic theory and the methods of 
analysis to enable the reader to acquire the essential groundwork 
of knowledge concerning the properties of complex waveforms and 
to pursue the study of any particular method of analysis to a moder- 
ately advanced stage. 

Apart from this general intention, the special object in writing 
the book has been to present in detail the envelope method of analysis 
which enables recorded waveforms (such as vibration records) to 
be analysed into their principal constituents without having recourse 
to mechanical contrivances or to the more exact but cumbersome 
methods usually known as “'Fourier analysis” or “Harmonic 
analysis ”. Indeed, the title was deliberately chosen in preference 
to the more familiar “‘Harmonic analysis ” in order to emphasise 
the fact that particular reference is made, throughout the text, to 
the needs of scientists and engineers who may require to interpret 
by analysis many hundreds or even thousands of recorded waveforms. 

The envelope method of analysis was brought to its present state 
of development largely as a direct result of such a definite need. 
While in the Vibration Department of the de Havilland Aircraft 
Company, the author was for some time engaged in the routine 
analysis of many hundreds of strain-gauge records, taken in an 
extensive research programme. It was required to estimate, with 
as great a degree of accuracy as circumstances permitted, the ampli- 
tudes and frequencies of the principal constituents of the waves. 
At the commencement of the work, very little was known of any 
practicable processes for the analysis. The great number of the 
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records, 1 and several special difficulties to which references are 
made in the text, precluded the possibility of utilising the normal 
numerical method. Some technique of analysis by inspection was 
required, and was in due course developed. Even the relatively 
simple case of beating between two vibrations of nearly equal 
frequencies caused trouble at the start ; the rule for determining 
the frequency of the minor component, which is not apparent in the 
wave, had to be discovered. It is well-known that this frequency 
is either the sum or the difference of the frequency of the major 
component and the beat frequency ; the difficulty lies in determining 
whether the sum or the difference is to be taken. Although it is 
hardly credible that no one should have found the rule before, no 
reference to it has been encountered in the standard literature. 

There is no easy road to proficiency in the art of waveform 
analysis. Experience in the training of young analysts has shown 
that a thorough appreciation of the properties of complex waves is 
best obtained by way of a preliminary study of the process of syn- 
thesis, and for this reason the first chapter of the book deals with the 
basic properties of sine waves and the manner in which they combine 
to form two- and three-component waveforms. 

Some suggestions for study, and notes on the plan of the book, 
are included in the Introduction. With reference to the other 
methods of analysis, discussed in the later chapters, it is hoped thaq. 
the periodic existence functions (of which an outline is included in 
Chapter VI) may be of use in the more mathematical applications 
of the theory. Attention may be drawn to the unavoidable error 
in numeiical analysis using equally-spaced ordinates (Chapter VII) : 
although this error was first described in print in 1921, and was 
treated in some detail by Eagle (reference B in the Bibliography) in 
1925, none of the modern standard texts on mechanical vibrations 
or engineering mathematics appears to make any reference to it. 
Numerical analysis with unequally-spaced ordinates has not been 
treated, but references to relevant papers -will be found in the 
Bibliography. The last of the five appendices includes a table of 
the values of the first sixteen sine and cosine harmonics at close 
intervals, which should serve to eliminate much of the labour of 
cheeking an analysis by summing the indicated components and 
comparing the sum with the original. 

The author’s thanks are due to the de Havilland Aircraft Com- 
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pany for permission to publish the results of researches undertaken 
on its behalf, and to reproduce some specimen records ; to Dr. Ker 
Wilson, to whose persistent encouragement and helpful suggestions 
the book owes much ; to the Director of the Science Museum for 
permission to use a machine at the museum for the construction of 
some of the examples of complex waveforms; to the Clarendon Press, 
and the Editor of c< Engineering ”, for permission to reprint extracts 
which are acknowledged in greater detail in the text ; and to Dr. 
M. K. B. Richards, but for whose help the numerical work involved 
would never have been accomplished. 

Finally, it is a pleasure to record an appreciation of the never- 
failing courtesy of the publishers, and the co-operation of the printers, 
which have considerably eased the task of bringing the book to 
publication in somewhat trying circumstances. 

R. G. Manley. 


Mill Hell, September, 1944. 
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INTRODUCTION 

Specialisation. 

At a not very remote period in the past, a university education 
in Natural Philosophy, together with a small amount of private 
reading, enabled a man to claim fairly that he knew the whole of 
science, so far as it was at that time revealed. In contrast, the 
present-day study of science is so extensive and intensive that no 
one can hope to acquire a thorough knowledge of more than a small 
portion of one of the sciences. Specialisation is forced upon the 
scientific worker who desires to contribute useful original work, 
for the successful and economical achievement of which it is 
essential to be well-informed of contemporary progress by other 
investigators in the same field of study. This unavoidable trend 
towards learning “ more and more about less and less ” necessarily 
involves some considerable dependence upon the results of research 
and development in other subjects ; and perhaps the greatest 
disadvantage of the situation is that one has to accept without 
question these results, as time alone prevents a thorough ab initio 
investigation of principles and methods from being made. 

While the foregoing remarks are broadly true of science in 
general, there is a conspicuous exception to the rule in the case of 
mathematics. Mathematics is, in its utilitarian aspect, the hand- 
maid of all the sciences, in that it provides a set of processes for 
solving problems posed in their most general terms. Everyday 
life is permeated with the use of figures, and a mathematical under- 
current is observable in any study of physical phenomena. It is 
not surprising, therefore, that workers in very different fields make 
use of identical or similar mathematical processes, in the solution 
of problems which have a common mathematical nature, although 
they may differ widely in physical significance. 

Fourier series. 

A relevant example is the case of the study of periodic varia- 
tions. It is impossible to give an exhaustive list of physical 
phenomena which give rise to periodic variations ; some of the most 
important are mechanical vibrations, alternating current electricity, 
acoustics and tidal motions. All these involve variations wdiich 
are repetitive after successive equal intervals of time, and to which 
the general name ‘ s periodic variations 55 is given ; the analysis 
and interpretation of these variations depends upon a theorem 
which is inseparably linked with the name of Fourier. 

1 
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To anyone conversant with the powers and peculiarities of 
mathematics it will not seem strange that, in fact, Fourier’s dis- 
covery was made in connection with the study of non-periodic 
phenomena in the conduction of heat. 

Restricting present attention to periodic phenomena, the practical 
significance of Fourier’s Theorem is that any periodic variation 
which satisfies certain conditions of continuity (which are sufficiently 
favourable as to include practically all physically possible cases) 
can be regarded as the sum of a number of simpler periodic varia- 
tions of a special kind. These are in the form of sine waves, whose 
periods form a harmonic series in the mathematical sense, i.e. their 
reciprocals form an arithmetic series or progression. According 
to the form of the original variation, the constants associated with 
these sine wave components, commonly termed harmonics , are 
uniquely determined by the process of Harmonic Analysis . 

Provided the validity of this representation is accepted, the 
determination of the constants is almost absurdly simple so long 
as the variation can be stated in the form of a mathematical function, 
or set of such functions, and certain integrations can be performed. 
The well-known formulae for harmonic analysis give the values of 
the constants explicitly, and the only problem that can arise is that 
of evaluating the integrals. This mathematical variety of harmonic 
analysis is used very widely in physics and engineering science (see, 
for example, reference 1 in the Bibliography). 

Numerical analysis. 

In many cases, however,* the variation to be analysed is not 
given in the form of a mathematical function. Indeed, it may be 
desired to find a suitable function which may represent, with a 
sufficient degree of accuracy, a given set of numerical values for 
a periodic variation, the values usually having been obtained experi- 
mentally. For this purpose the mathematical formulae are modified, 
approximations to the integrals being found by direct summation. 
This numerical variety of analysis is well-suited to tabulation ; 
Runge (reference 2) appears to have been the first to give convenient 
tabular schemes which have been at all widely employed. 

In both the pure mathematical, and the modified numerical, 
forms of analysis the aim is to determine as accurately as possible 
the harmonic contents of the variation, for a variety of purposes. 
Engineering examples in the realm of vibration study illustrate 
both procedures : the accelerations of the pistons in an internal 
combustion engine, w'hen the crankshaft is rotating uniformly, are 
analysed by the straightforward mathematical process in order to 
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assess the degree of unbalance of the corresponding inertia forces ; 
and the gas pressure in the cylinders of the engine is subjected 
to numerical analysis, by means of ordinates measured off an in- 
dicator diagram, to determine the degree of unbalance of gas forces, 
particularly those components which initiate and maintain the 
insidious torsional vibrations of the crankshaft system. 

Envelope method. 

There remains, however, an extensive class of periodic variations 
which, for various reasons, cannot readily be analysed by either 
of the methods just described. The outstanding examples of this 
class are recorded waveforms depicting mechanical vibrations. In 
a comprehensive vibration test there may be many hundreds of 
such records, which are obtained from vibrographs, torsiographs, or 
strain gauges by means of auxiliary electronic equipment and a 
recording oscillograph. For the determination of the harmonic 
contents of these waveforms a third type of analysis has been 
evolved, and it is this type which it is the principal aim of this book 
to describe and discuss. The procedure is known generally as the 
“ envelope method.” 

The distinguishing features of the envelope method of analysis 
are that it enables the main properties (frequency, amplitude and 
phase) of the principal components of the waveform to be deter- 
mined very speedily, and fairly accurately, by means of auxiliary 
constructed lines termed “ envelopes.” The great majority of 
recorded waveforms obtained in vibration study, and in other in- 
vestigations, contain only two or three principal components, and 
the envelope method is competent to handle most varieties of such 
waveforms. In special cases, waveforms containing four or five 
principal components can be analysed, but the accuracy of the 
results deteriorates as the complexity of the waveform increases. 
A further special feature of the method is the fact that it can be 
applied in cases where the cycle of the waveform is very long, or 
even when no true cycles exist owing to non-periodic fluctuations 
or the disturbing influence of a non-harmonic component. 

Suppose, for example, that the vibrations of a diesel engine are 
recorded. The engine runs at 800 R.P.M., and it has a four-stroke 
cycle, so that the frequency of its vibration pattern is 400 C.P.M. 
If it is further supposed that the recording apparatus is electronic 
in nature, and is operated from A.C. mains at 3000 C.P.M., there 
is the possibility of a mains hum ” at this frequency being super- 
imposed upon the record, one cycle of wliich must contain whole 
numbers of cycles both of the engine vibration and of the hum. 
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In this case, an interval of 1/200 minute comprises simultaneously 
two cycles of the engine vibration and fifteen of the hum. If, 
however, the speed of the engine fluctuates to 820 R.P.M., so that 
Ihe frequency of the vibration pattern is 410 C.P.M., the cycle of 
the resultant recorded waveform extends over a period of six seconds, 
equivalent to 41 cycles of engine vibration and 300 cycles of hum ; 
the harmonic of lowest order is the 41st. Again, as the engine speed 
is likely to fluctuate slightly, the waveform will probably show no 
definite cycles at all. 

Waveforms of this type camiot be analysed by the numerical 
method, or by means of the various types of mechanical aids. The 
envelope method can, however, be applied successfully to such 
waveforms, and is used exclusively in one large industrial establish- 
ment which handles thousands of strain-gauge records every year. 

Other methods. 

Various machines have been proposed for the purpose of relieving 
the drudgery of waveform analysis, and for reducing the time taken 
in the analysis of large numbers of records. 

An alternative method of calculating the Fourier coefficient in 
a certain class of waveforms is known as the method of super- 
position/ 5 The cycle of the waveform is divided in different ways 
into sets of sub-cycles, addition or subtraction of which separates 
out different sets of harmonics. Thus, if the cycle is divided into 
two half-cycles, addition of the two parts yields a variation which 
is twice the sum of the even harmonics, while subtraction of one 
from the other yields a variation which is twice the sum of the odd 
harmonics. 

Suggestions for study, and plan of book. 

For whatever reason the study of waveform analysis is made, 
the best plan is to concentrate first on the opposite process of the 
synthesis of a complex waveform from its constituents. The first 
chapter of this book accordingly describes the manner in which 
sine waves combine ; and, so valuable is a thorough grasp of the 
mechanism of synthesis, that this chapter may be regarded as forming 
the most important part of the text. 

The reader is strongly urged to build-up many examples of com- 
plex waveforms from their components by numerical synthesis. 
For this purpose, the use of the normal trigonometrical tables is 
highly inconvenient, and in Appendix V has been included a table 
giving the values of the first sixteen sine and cosine harmonics at 
intervals of 1/96 of the fundamental cycle. The use of this table 
greatly expedites the synthesis. 
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The second chapter, in which are set out the main properties 
of harmonic series, completes the preliminary study and prepares 
the way for the detailed study of the various methods of analysis. 

Chapter III describes the basic analysis of recorded waveforms, 
and includes detailed instructions for the determination of fre- 
quencies. amplitudes and phase-angles of sine-waves. Thereafter, 
the various methods of analysis are described and discussed in 
turn. The reader will naturally select those chapters which are 
particularly relevant to the method or methods he wishes to use, 
but it may be as well to point out that there are many practical 
hints included in the chapter on the envelope method (Chapter IV) 
which can sometimes be utilised with advantage in analysis by other 
methods. 

The main body of the text is completed by two chapters, dealing 
with practical requirements for waveforms, and with Lissajou 
figures. In the former, such subjects as clarity of records, recording 
media, linearity of response, length of records and time -reference 
markings are discussed, the aim being to simplify the analysis. 
The work of the analyst can be considerably facilitated by due 
attention to these practical matters, and although in small research 
establishments the analyst is likely also to be the person responsible 
for design of equipment and technique of testing, in many cases 
the present-day trend towards specialisation, together with a marked 
expansion of research departments, has resulted in a division of 
these activities between different individuals, between whom there 
may not be any very close co-operation. 

The final chapter, on Lissajou figures, has been included to 
render the text more complete ; the figures, while being completely 
different in nature from the usual recorded waveforms, nevertheless 
are examples of periodic waveforms. 

Certain subsidiary matters and general considerations have 
been included in the appendices, including the tables of the sine 
and cosine harmonics for use in numerical synthesis. 

Terms and phrases peculiar to the study of periodic variations 
have been defined in the text, but for convenience these definitions, 
and also those of certain other terms of frequent occurrence, have 
been collected together in the glossary on pages 262 to 265. 
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CHAPTER I 

SINE-WAVES IN COMBINATION 

1. Introductory. 

The practical result of Fourier’s Theorem (see Chapter VI) is 
that any periodic variation whatever, i.e. any function which is 
exactly repetitive after successive equal intervals of time, or of 
whatever the basic variable may be, can be expressed as the sum of 
a number of sinusoidal variations. In conjunction with the sinu- 
soidal character of the phenomena associated with mechanical 
vibration, alternating-current electricity, acoustics and optics, this 
fact concentrates interest and study on the behaviour of the sine 
function, and particularly on its graphical representation as a sine- 
wave. 

Wave-form analysis consists of determining the appropriate sine- 
waves whose sum represents the given wave-form. It is properly 
termed “ analysis,” since it is a process of breaking-down, and 
although in the mathematical treatment of the problem no know- 
ledge is required of the inverse process of synthesis — i.e. building-up 
— yet in the practical treatment with which part of the present work 
is concerned a study of the results obtained by adding together 
different sine functions is very helpful in the development of an 
analysis technique. 

This chapter is therefore concerned with the general properties 
of sine-waves, and with the waveforms that can be produced by 
adding two different sine-waves together ; at the end of the chapter 
a cursory examination is made of three-component waveforms. 
In subsequent chapters these results are extended and used to 
derive a speedy and accurate method of analysis for waveforms 
involving two, three or four principal components. 

Particular interest is focussed on waveforms in which the 
components are of the harmonic type, i e. their frequencies are all 
integral multiples of a fundamental frequency, since such series 
of components occur universally in practical problems. It may 
frequently happen, however, that harmonics of two different funda- 
mental frequencies are present in the same waveform, and the 
reader should observe that except where an exactly integral fre- 
quency ratio is expressly stipulated in this chapter the conclusions 
are valid for the addition of two or three sine-waves whose frequency 
ratios cannot be expressed as a simple ratio of integers. 
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2. Sine function. 

For the purposes of the study of wave-forms the sine function 
is best defined geometrically from the properties of rotating vectors. 
Let the point P move on a circle, whose centre is 0 (Fig. 1) 3 let 
rectangular axes OX, OY be chosen in the plane of the circle. As 
the point P moves 
round the circle the 
direction of OP 
varies, and OP is 
said to be a rotat- 
ing vector, a vector 
being any quantity 
which has direction 
as well as magnitude. 

The length l of OP 
is considered to be 
positive whatever 
position P may lie in. Let N, Q be the feet of the perpendiculars 
drawn from P to OX, OY respectively ; and let the normal rule 
of signs be observed, i.e. that ON is taken to be positive or negative 
as N lies to the right or left of OY, and OQ is taken to be positive 
or negative as Q lies above or below OX. The sine and cosine 
functions are defined thus : 

OQl 



a 


if 

fe 


1 





Fig. 1 . — Definition of sine and cosme functions. 


. a NP 
smO — — — = — 


OP 
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, ON ON 
cos 6 — — — = — — 
OP l 


( 2 . 1 ) 


where 6 is the angle XOP measured in the counter-clockwise sense 
from OX. 


Note . — Both the radian measuio and the degree measure are useful on 
different occasions in this work. The mathematician prefers the radian 
measure, as it is less arbitrary than the degree measuie, but to engineers and 
other practical investigators a iight-angle is more clearly indicated if it is 
called “ 90 degrees ” than if the term “ tt/2 radians 91 is employed. In this 
book both measures are used, preference being given to the degree measure 
wheiever its use is possible, for the purpose of simplicity. 

If the length l of the vector is made umty, the sine and cosine 
functions are then seen to be defined as the projections of this unit 
vector upon the two axes of co-ordinates. 

From geometrical considerations the well-known fundamental 
identities are obtained : 
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sin 2 0 + cos 2 0 = 1. . . . (2.2) 

and sin (0 + 90°) = cos 0 . . . . (2.3) 

The following general formula is proved in any textbook of elemen- 
tary trigonometry : 

sin (0 + <£) = sin 0 cos <j> + cos 0 sin <f> . . (2.4) 

and this result, together with the special values, listed in Table I, 
of the sine and cosine functions for angles which are multiples of 90°, 
yields some useful relations : — 



Table I 


Valves of & me and cosine function of angles which are multiples of 90° 



0° 

90° 

180° 

270° 


360° 

450° 

540° 

630° 

6 “ • 

720° 

810° 

900° 

990° 


etc. 

etc. 

etc. 

etc. 

Sin S 

i 0 ' 

1 

0 

-1 

Cos 9 

1 1 

0 

-1 

0 

! 


A collection of useful trigonometrical formulse, and a table of 
sines and cosines of multiples of 15°, are given in Appendix V, p. 256. 


3. Generation of sine-wave; definitions. 

Period, cycle . Let the point P in Fig. 1 move so that the angular 
velocity of OP is <x> radians per second in the counter-clockwise 
sense, and let the time t seconds be measured from the instant when 

* The notation here employed is useful to condense two similar equations 
into one statement. Thus the first equation in (2*5) represents the two 
relations : 


sin (0 + 90“) — cos 0, cos (0 + 90°) = — sin 0. 
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9 = cf>. Then 6 = cot + </>, and a graph of l sin 6 plotted against t 
has the form shown in Fig. 2. The graph is repetitive after successive 
intervals of time 2?r/a> seconds, since this is the time taken for the 
point P to complete one circuit and regain its original position ; 
this interval is termed the period of the function, which is said to 
be periodic. The term “ period 55 applies only to the basic variable 
t , the corresponding part of the graph being known as a cycle . 

Descriptive terms. The terms crest and trough , used in con- 
nection with waveforms, are self-explanatory. Both crests and 
troughs are sometimes referred to as peahs, however, probably 
because in the interpretation of many recorded waveforms it is 
immaterial which is considered the “ right way up, 15 and a crest 
becomes a trough when the wave is inverted. 

The axis 0X, being the axis of the basic variable t , is commonly 



Fig. 2. — Generation of sine-wave as projection of rotating vector. 


termed the centre-line. This name is also applied in the case of 
more complicated waveforms, when it refers to a line parallel to 
the axis of the basic variable and indicating the average or mean 
height of the wave ; thus in a waveform representing the function 
3 + 2 . sin x the centre-line is parallel to the .r-axis and at a height 
above it which represents 3 on the scale to which the waveform is 
drawn, since the average value of the sine function over a cycle is 
zero. 

Amplitude. Half the total height of the wave (i.e. the length 
of OP) is termed the amplitude , and the total height is frequently 
termed the “ double amplitude. 5 ’ 

Phase-angle. The angle <j> is termed the phase-angle , and the 
sole effect of a change in the phase-angle is to shift the wave along 
the time-axis. Some typical examples of the phase-effect are shown 
in Fig. 3. 
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Although in vibration study it is sometimes convenient to allow 
amplitudes to take negative values, by restricting the phase-angles 
to lie within the range 0-180° (see reference 1 in the Bibliography), 
in waveform analysis it is better to regard all amplitudes as positive, 
and to allow phase-angles to take any value. 

2 . sin (cot + 257°) = (- 2) sin (cot + 77°) 

8 . sin (cot + 270°) = (~ 8) sin (cot + 90°) 

= (— 8) cos cot 

Two waves having the same period have a constant phase- 
difference, which is the difference between the two phase-angles 


o 360° 9 — ► 



Fig. 3. — Examples of phase-shift. 

(i.e. the angle between the two rotating vectors which are associated 
with the waves). Thus the phase-difference between the waves 
sin (cot 4“ 5°) and sin (cot — 47°) is 52°, since at the instant t = 0 
the vector associated with the former wave includes a positive angle 
of 5° with the i- axis, while the vector associated with the latter 
includes a negative angle of 47°. 

Two waves whose phase-difference is 180° or 7r radians are said 
to be anti-phased. Except for amplitudes, one wave is then the 
mirror-image, in the centre-line, of the other, as is seen from the 
equation sin (9 + 180°) = — sin 9. The vectors which generate 
the two waves are in opposite senses, as their angular separation 
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is 180°, and a crest in one wave occurs simultaneously with a trough 
in the other. If the phase-difference between two waves is 
they are said to be in-phase. The vectors which generate the rW* 
waves are then parallel and in the same sense, and crests occur 
simultaneously in the two waves ; in fact, one wave is simply a 
magnified version of the other, the measurements parallel to the 
centre-line being unaffected. 

The term “ phase-difference 55 is only of significance when applied 
to two waves of equal period, since if the periods of two waves are 
not the same there is no fixed angle between the rotating vectors. 
Nevertheless, it is sometimes useful to distinguish between different 
types of phase-relation in the case of two waves of unequal periods. 
No matter what the values of a) x and co 2 may be, the waves a x sin w x t 



Fig. 4. — Phase relations between waves of different frequencies : (a) 

simultaneous zeros ; (6) simultaneous peaks ; (c) neither of these 

properties. 

and a 2 sin co 2 t both have a zero value at the instant t = 0 and again at 
the instants t = T, 2 T, 3T, etc., where T is the smallest time-interval 
which includes an integral number of both the semi-periods rr/o} x and 
7 t](o 2 . Fig. 4 a shows the two waves sin 8 and sin 28, both having 
zero points at A. Similarly, both the waves a x cos co x t and a 2 cos co 2 t 
have a maximum value at the instant t = 0 , and again at the instants 
t = 2T, 4T, etc., while at the instants t = T, 3T, etc., they are tem- 
porarily anti-phased, one having positive maximum value while 
the other has negative maximum value. Fig. 46 shows the two 
waves cos 6 and cos 28, A being a point where they are temporarily 
in-phase, and B being a point where they are temporarily anti- 
phased. Fig. 4c illustrates a case where the phase-relation is of 
neither of these types, (a) or ( 6 ). It should be noted that the point 
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A in (a), denoting the instant t = 0, is not vertically over the similar 
point in (b). This lateral displacement has been introduced de- 
liberately, as it is important to bear in mind the desirability of an 
arbitrary choice of datum-point. This matter is discussed in 
Chapter II (p. 50). 

Frequency . The reciprocal of the period is termed the frequency , 
and is measured in cycles per second (C.P.S.) * or cycles per minute 
(C.P.M.). Strictly, this name and “ period ” should be used only 
when the basic variable is a time measurement, and the use of the 
term “ frequency ” as a quantitative term is normally so restricted ; 
for convenience, however, “ period ” is frequently employed for 
functions whose basic variable is other than a time measurement 
— for example, it is said that 2 tt radians is the period of the sine 
function sin 6 — and the terms " 4 high-frequency ” and “low-fre- 
quency ” are often employed with reference to functions whose 
periods are, respectively, relatively small or relatively great, no 
matter what the basic variable may be. 

The relation between the frequency and the angular velocity 
oj of the rotating vector, sometimes called the phase-velocity , is given 

by 

frequency F = w/2tt C.P.S.*! . . 

= 9*55o) C.P.M.J * * 

When frequencies are very great it is inconvenient to state 
them in C.P.M. or even in C.P.S., owing to the large numbers in- 
volved. Such high frequencies are measured in kilocycles per second 
(a kilocycle being one thousand cycles) or megacycles per second 
(a megacycle being one million cycles). The abbreviations used 
for these units are Kc. and Me. respectively. Thus : 

1 Kc. = 1,000 C.P.S. = 60,000 C.P.M., 
and 1 Me. = 1,000,000 C.P.S. = 60,000,000 C.P.M. 

Note . — Of all these descriptive terms and quantities associated with 
waveforms, frequency and amplitude are the most important, whether the 
waveform results from oscillatory phenomena in mechanical vibration, 
electricity, acoustics or optics. In mechanical vibration analysis the two 
terms recur again and again ; the author has given elsewhere (reference 2 
in the Bibliography) an account of the practical importance of amplitudes 
and frequencies in this study. It is sufficient here to state that the develop- 
ment of an accurate and speedy method of determining the amplitudes and 
frequencies of all the component vibrational variations in a structure is of 
vital importance in the solution of mechanical vibration problems. Phase- 
angles are generally of less practical importance ; nevertheless, in many 

* Continental writers sometimes employ the unit “ hertz,” 1 hertz being 
1 C.P.S. 
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investigations the phase-characteristics of a wave xnay be important, par- 
ticularly in the theoretical estimation of tho vibrational onorgy-inpufc in a 
system ; in evaluating this quantity consideration must be given to the 
phase- difference between the excitation force and the displacement produced 
by it. (See reference 3 in the Bibliography.) 

4. Symmetry, skew-symmetry, and alternance. 

The sine-wave exhibits the three properties of symmetry, skew- 
symmetry , and alternance. 

(i) Symmetry . 

Since sin (180° — 9) =— sin (— 9) = sin 9, it follows that the 
graph of sin 9 is symmetrical about the values 6 = 90°, 270°, etc. : 
i.e. if K is any integer, 

sin [(2K - 1) 90° + a] = sin [(2K - 1) 90° - a] . (4.1) 


Fig. 5. — (a) Symmetry ; ( b ) skew-symmetry ; (c) alternance. 

for all values of a. Thus if the paper on which the graph is drawn 
is folded along any of the lines 9 = 90°, 270°, etc., the two parts of 
the graph so divided will touch along the entire length of the curve. 

To illustrate the property of symmetry more simply, Fig. oa 
depicts a non-periodic function which is symmetrical about the 
dotted line AB. 

(ii) Skew-symmetry. 

Since sin 9 is symmetrical about the value 6 = 90°, and 
sin (— 6) = — sin 9 , it follows that the function possesses skew- 
symmetry about the values 9=0, 180°, 360°, etc. : i.e. if K is any 
integer, 





sin (K . 180° -f- x) =— sin (K . 180° — a), 


• (4.2) 
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for all values of a. The curve of Fig. 56 shows part of the graph of a 
non-periodic function which is skew-symmetrical about the point A. 

(iii) Aliernance . 

Since sin (9 + 180°) = — sin 6, the function sin 8 also possesses 
the property of alternance with the interval 180° or i t radians : 
i.e. two ordinates separated by a distance representing 180° on the 
6 axis of the graph are equal in magnitude but opposite in sign. 
The pioperty of alternance is essentially one possessed only by 
periodic functions ; Fig. 5c illustrates such a function, whose period 
or wavelength is A, and which is alternant with the interval A/2. 

These properties are of great use in the process of analysis, as 
by considerations of the presence or absence of them in a given 
waveform much information may be gained as to the constituent 
components. (See Chapter II, p. 60). 

5. Addition of two waves of equal periods. 

(i) a . cos 8 -f 6 . sin 6 . 

The simplest example of the addition of two sine-waves is that 
wherein the two waves have equal periods and a phase-difference 
of 90°, i e. of a quarter-period ; such a pair of waves can be ex- 
pressed quite generally by 

y 1 = a . cos 6 , 
y 2 = b . sin 8, 

since 8 may be chosen arbitrarily. Thus, suppose the two waves 
are of the form 

y x ~ a sin (x + <f> + 90°), y 2 — 6 sin ( x + <j>). 

Putting 9 = x -f <p these expressions reduce to y x = a sin ( 8 + 90°), 
y 2 = 6 sin 8 ; and sin (6 -f 90°) == cos 9 . 

Let y be the sum y x + y 2 ; then 

V a 6 . 

7= ; , = ; = == COS 6 + — gm 8 . 

V cl 2 + 6 2 V& 2 + 6 2 V& 2 + 6 a 

From equation (2.2) it follows that an angle ip can always be found 
such that 

. * . , t> 

Va 2 + b 2 r Va 2 + 6 2 

and from equation (2.4) it can be seen that 

y = (sin ip cos 8 + cos *p sin 8) V a 2 + 6 2 , 

Vi + V* = r . sin (9 + ip) 
r = a 2 + 6 2 
tan \p = ajb 



i.e. 

where 

and 


(5.1) 
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Thus the wave-form resulting from the addition of sine and 
cosine waves of equal periods is sinusoidal and has the same 
period as have the component waves. 

In determining if, from the third equation of (5T), care must be 
taken to select the correct value ; for two possible values are deter- 
mined by the equation, since 


tan (if, + 180°) = 


sin + 180°) = — sin j, = ^ 
cos (iff + 180°) —cos iff 


The appropriate value is easily found by considering the signs of a 
and b ; for sin if; is positive if if; lies between 0° and 180°, negative if 
if; lies between 180° and 360°, and cos if; is positive if if ; lies between 
270° (i.e. — 90°) and 90°, negative if if; lies between 90° and 270°. 
Table II gives these signs in a concise form. 


Table II 


Signs of sine and cosine functions in the various quadrants 


Quadrant 

Range of ip | 

Sine 

Cosine 

1st 

0°- 90° 

+ 

+ 

2nd 

90°-180° 

P 

— 

3rd 

180°-270° 

— 

— 

4th 

i 270°-360° 

— 

+ 


Example . 

Suppose the two waves are 

y x = 1.2 sin (pt — 38°), 
y 2 = 0.5 sin (pt + 52°). 

Putting 6 — pt — 38°, 

V = Vi + y* — 1-2 sin 6 + 0-5 cos 9. 

Thus in equations (5.1), 

a = 0.5, b = 1.2, 
and r = 1.3, tan iff — 0*4167, 
whence iff = 23°. 

Thus y = 1.3 sin (9 -f 23°) — 1.3 sin (pt — 15°). 

Pig. 6 shows the graphs of y l9 y 2 , and y = y x + 2 / 2 * 

The process of addition may also be performed on the vectors 
which represent the sine-waves. Let OPi in the diagram (Pig. 7 a) 
be the vector associated with the wave b . sin 9 , so that the length of 
OP x is b and the angle XOP x is 9 ; then OP a being the vector associated 
with the wave a . cos 9 = a . sin (6 + 90°), the length of OP 2 is a, 
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and the angle XOP 2 is 0 + 90°. Thus the angle P x OP 2 is a right- 
angle, The resultant vector OR, which is the sum of the vectors 
OP x and OP 23 is found in the same manner as if OP x and OP 2 represent 
velocities, accelerations, or forces — i.e, by the “ triangle of vectors ” 
or “ parallelogram of vectors 55 rule. Thus if the length of OR is r, 
and the angle P 2 OR is ip, 


r = V& 2 + b 2 , and tan ip = a]b. 



Fig. 6. — Addition of two waves with a quarter-period phase difference. 

It is evident that this procedure gives the same result as does the 
method given above. The vector addition corresponding to Fig. 6 
is illustrated in Fig. lb. The vectors shown are those at the instant 
t = 0, and thus occupy angular positions at — 38°, 52°, and — 15°. 

(ii) a . sin (9 + <f> a ) + b . sin ( 9 + <f> b ). 

The general case of the addition of two sine-waves of equal 
periods, i.e. where the two waves are of the form : 

Vi = a . sin (9 + <£«,), 
y 2 = b . sin (9 + 

is easily broken down into the simpler form (i) : for 

V — V\ + Vi — (a - cos <j> a + b . cos <f> t ) sin 9 

+ (a . sin 4> a + b • sin cos 9, 
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by reason of equation (2.4), and if y = r . sin (6 + ift), 

r 2 == (a . cos <j> a b . cos 4 i 6 ) 2 + (a . sin <j> n + b . sin 
= a 2 + b 2 + 2 ab (cos <f> a cos <f> b + sin 4> a sin <j> b ), 
since sin 2 <j> a -(- cos 2 <f> a = sin 2 d> b -f- cos 2 j> b — 1. Now from equa- 
tions (2.4) and (2.5) it can easily be shown that 

cos <f> a cos <f>„ + sin <f> a sin </>„ = cos {<f> b — 

and hence 


r = Va 2 + 6 2 + 2ab . cos {j> b - + e ). . . (5.2) 

The phase-angle tj> is given by 



(b) 


lie. 7 . t ector representation, of addition shown 111 Fig (>. 

The sum y — y l -}- y 2 = r . sin (6 -)- 0) where r and <b are given by 
equations (5.2) and (5.3). 

The method of vector addition is applicable also to this more 
general case. Let OP 1: 0P 2 in Fig. 8a represent the vectors associ- 
ated with Vl and y„, so that the angle P^P, is equal to the phase- 
difference <f> h <f) a . Then by trigonometry the length r of the 
resultant vector OR is given by 

r* = a* + b*-2ab. cos [180° - (<j>„ - <f> a )] 

= a 2 + 6 2 -f 2a6 . cos (<f> b — <j> a ). 
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This result agrees with equation (5.2). The phase-angle XOR — if> 

i8giTe ° by W _59_«±J« 

^ OQ ON + NQ 

_ b . sin c/) b -f- & • sin 
a . cos <j> a + b . cos <£ 6 ’ 
which agrees with equation (5.3). 



0 rt/oo 2 tcJ<j> 3tt/u> t — 
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Example. 

Suppose that y 1 — 1-5 sin {<ot + 60°) 
y% === 2-5 sin {u)t -f- 300°). 

Then r = V2-25 + 6-25 + 7-5 cos 240°, 


== V4-75 = 2-179, 


and 


tan ifi — 


1-5 sin 60° + 2-5 sin 300° 
1-5 cos 60° + 2-5 cos 300° 


1-5 - 2-5 
1-5 + 2-5 


tan 60° = -0-433. 


Thus, since sin tp is negative and cos tfj is positive, ip = 337°. 
Fig. 86 illustrates the addition. 


6. Addition of two waves of different periods : beating. 

It has been shown in Section 5 that the sum of two sinusoidal 
waveforms having equal periods is another sinusoidal wave of the 


oc~0 



Fig. 9. — Merging of peaks in addition of two waves. 

same period. When two waves whose periods are not equal are 
added together the resultant wave is not sinusoidal ; various types 
of resultant waveform are discussed in this and the subsequent 
sections. Before detailed consideration of these syntheses, however, 
a general property of sine-waves in combination will be demonstrated. 
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Fig. 9a shows a fragmentary portion of two sine- waves A and B, 
whose equations may without loss of essential generality be expressed 
as 

y x ~ a sin x , 

y 2 = b sin (px + (f>) 9 

respectively, so that the wavelength of A is p times the wavelength 
of B, and when x = 0 the value of y 2 is b sin <f>. Peaks (i.e. crests 
and troughs) in the resulting waveform y = y x + y 2 occur where 
dyjdx = 0, i.e. 

a cos x + bp cos (px -f <f>) = 0 ; 
or a cos x = — bp cos (px + <f>). 

In Fig. 9 b the curves A', B' represent dA jdx, —dB/dx, respectively, 
i.e. the waves a cos x and — bp cos (px + </>). It is evident that 
in the range PQ there will be only one peak in the resultant wave- 
form, as shown in Fig. 9c (the peak in this case being a crest), as 
there is only one intersection in this range in Fig. 96 to fulfil the 
condition dyjdx = 0. The “ intuitive ” idea that there should be 
two crests in the corresponding range in the resulting waveform, 
one caused by the crest G 1 in A and the other by the crest C 2 in B, 
Fig. 9 a, is thus seen to be erroneous. 

Detailed investigation, too involved to be included in this 
present work, shows that there can never be more peaks in 
a resultant waveform than there are in the component wave 
of highest frequency present ; in many cases there are less. 

Beating . When two sine-waves, the ratio of the frequencies 
of which is nearly unity, are added together, the phenomenon of 
beating occurs ; the resultant wave is not sinusoidal, but has the 
appearance of a sine-wave with an approximately sinusoidal variation 
in amplitude. 

Let the two waves be 

y 1 = a . cos cot, 

y z = b . cos (co + Aco)t, 

where A co may be positive or negative but (1 +A co/oj) is nearly 
equal to unity, i.e. Aco/co is small. If, as before, y = y x + y 2f then 

y = a . cos cut + b . cos (co + Aa>)2 
= (a + b . cos A cot) cos cot — b . sin A cot . sin cot 
= r . sin (cot + i[j), 

where r 2 = (a + b . cos A cot) 2 + (b . sin A cot) 2 
i.e. r — Va 2 + 6 2 + 2a6 . cos A cot 


( 6 . 1 ) 
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The amplitude r of the resultant wave thus varies between the 
limits (a + b) and (a — b) with the frequency A<jq]2tt C.P.S. (since 
Ao> is an angular velocity in radians per second and there are 2tt 
radians in one revolution of a generating vector — i.e. in one cycle) 
and this frequency is the difference between the frequencies of the 
component waves : 

A to 1 277 = (to + Ao))/27T — CO I 2tt, 
and is known as the beat frequency. 

Fig. 10 illustrates the addition of the two waves 2 . cos 5t and 
cos 6t. In this case Aco/27r = 1 j2rr, and the beat period is 2tt 
radians or 360°. In this period there are 5 crests and 5 troughs 



Fig. 10. — Beats : the wave 2 cos 5£ J- cos 6 1 . 

of the resultant wave, and the amplitude at the beat maxima is 
2 + 1 = 3, while the amplitude at the beat minima is 2 — 1 == 1. 

The resultant wave cannot strictly be regarded as a sine -wave 
with a sinusoidal variation in amplitude, since the expression for 
the amplitude in (6.1) involves the extraction of the square root of 
the quantity a 2 + 6 2 + 2ab . cos A cot, and unless a — b the result 
is not sinusoidal. Moreover, there is the phase-angle ijs to be taken 
into account. This angle is not constant but varies throughout 
the beat cycle (i.e. throughout the range from one beat maximum 
to the next). In fact, 

tan ib = - a + b - cos Aojf 
b . sin Awf 


( 6 . 2 ) 
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This variation in the phase-angle does not affect the result that 
the beat frequency is the difference between the component fre- 
quencies, but may affect the apparent frequency of the resultant 
distorted wave — i.e. the number of peaks of the wave in a beat 
cycle. Thus in the case considered above, there should be |co/Ao>| 
crests per beat cycle (the sign | | indicating that the numerical 
value is to be taken without sign) and this is true if a> b ; but if 
a < b the effect of the varying phase-angle is to provide another 
crest per beat if Ao> is positive and to remove a crest per beat if 
A co is negative. The practical result may be stated thus : 

The resultant wave has the same apparent frequency as 
the major * component (i.e. that with the greater amplitude) 
and its amplitude varies between the sum and the difference 
of the component amplitudes, the beat frequency being the 
difference between the frequencies of the components. 


In Fig. 11 the addition of the waves 2 . cos 5t and 3 . cos 6£ 
is illustrated, and there are now 6 crests in the beat cycle, since 



Pig, 11. — Beats : The wave 2 cos 5t + 3 cos 6£ ; compare Figs. 10 

and 14. 

3 . cos 6 1 is the major component. The maximum amplitude is 
3 4-2 = 5, and the minimum amplitude 3 — 2=1. 

* The terms “ major ” and 44 minor ” are widely used with this and the 
opposite connotation. It should be noted that the so-called 44 major ” and 
44 minor ” harmonics of the torque output of an internal combustion engine 
may or may not be respectively the major and minor components of a recorded 
waveform, according to resonance conditions and the engine design details. 
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Note . — Actually the criterion which determines the number of peaks in 
a beat cycle is more complicated than that quoted, although this is sufficiently 
accurate in most practical cases. Confining attention to the case where 
Aw is positive and w/Aw is integral, the two curves can be put in the form 
a . cos Jcx and b . cos (ft + d)x, where ft and d are integral and positive, by 
a suitable choice of the new variable x in terms of t. In the range of x from 
0 to 2 it radians there are ft cycles of a . cos kx, (k + d) of b . cos (k + d)x f 
and d beat cycles. In one beat cycle there are thus Jc/d cycles of the lower 
frequency wave a . cos Jcx, and (k + d)jd ~ kjd -f 1 of the higher frequency 
wave b . cos (k + d)x. Peaks in the resultant wave occur at maxima and 
minima of the function y = a . cos kx -f- b . cos (k + d)x ; these stationary 
values occur where dyjdx — 0, i.e. where 0 

ak . sin Jcx 4- b(k + d) sin (k + d)x = 0* 

Consider now the graphs of aft . sin Jcx and — 6(ft -f d) sin (ft -f d)x over 
half a beat cycle. These are indicated in Fig. 12 for the particular case 



Fig. 12* — Number of peaks in a beat cycle. 

ft/d = 5. The zero points of the function dyjdx are given by the intersections 
of the two curves aft . sin kx and — b{k -j- d) sin (ft + d)oc 9 which for con- 
venience will be referred to as A and B, respectively. Two cases are illustrated 
in Fig. 12. First (Fig. 12a), if b(k -f d) is sufficiently small compared with 
aft, there are intersections at Pi and P 6 , and one intersection in each of the 
(ft/d — 1) ranges P,P 4 , PJP3, P 3 P 4 , and P 4 P a , where P t , P s . . . P, are 
successive zero-points of the curve A as shown in the diagram. There is no 
intersection in the last range P 5 P 6 . Thus in all there are 2ft jd intersections 
in the beat cycle (only one of the end-points being counted) and half of these 
represent maxima in the waveform, the other half minima. There are thus 
ft/d crests and ft/d troughs per beat cycle. If, however, b{k -r d) is sufficiently 
large compared with ak (Fig. 126), the dotted curve B lies partly outside the 
curve A in the range P 5 P 6 , and there is an extra intersection per half-cycle 
of the beat. In all there are now 2 (ft/d -}- 1) intersections in the beat cycle, 
representing (ft/d ~j- 1) crests and (ft/d + 1) troughs in the waveform. 
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The criterion is the comparative slope of the two curves in Fig. 12 at the 
point P 6 . If the slope of B is numerically greater than that of A at P 6 , then 
Fig. 126 is the appropriate diagram ; and, if less, Fig. 12a. Numerically the 
gradients of A and B are ak 2 and b[k -j- d) 2 , respectively, and hence : 

If ak 2 < b{k + d) 2 f there are (k/d + 1) crests per beat cycle, and 

if ak 2 > b(k + d) 2 , there are k/d crests per beat cycle. 

It follows that if b > a, i.e. the higher frequency component is major, 
the resultant wave has the sam^napparent frequency as the major component ; 
this is the case in the example illustrated by Fig. 11. If, however, a > 6, 
so that the lower frequency wave is the major, the apparent frequency of the 
resultant wave is that of the minor component unless ak 2 > b(k + d) 2 . In 
Fig. 10 this last condition is fulfilled, and the frequency of the major com- 
ponent “ shows up ” in the resultant waveform. 

If ak 2 = b(k + d) 2 , three stationary values coincide and there is a “ spread 
trough ” at the waist of the beat (i.e. where the amplitude r is minimum). 



5- 

0 - 

-5 

Fiu. 13. — Critical cases of beats : (a) “ spread trough ” at waist ; 

(b) inflection at waist. 

This case is illustrated in Fig. 13a, which shows the graph of the function 
3.6 cos 52 -f 2.5 cos 6 2 ; the spread trough is marked at Q. 

This criterion holds for the addition of two cosine waves — i.e., two sine- 
waves which are so related that at one point in each cycle of the resultant 
wave the two components “ peak ” together, and the resulting wave is 
symmetrical. In the case of two sine -waves which have zero values together 
— as, for example, a . sin kx and b . sin ( k-\-d)x which are both zero at x = 0 

and x — ir — another criterion is applicable : if ak = b{k + d) the two com- 

ponents have gradients, at the waist of the beat, which are equal in magnitude 
but opposite in sign, so that there is an inflection in the resultant waveform at 
this point. The conditions thus are 

If ak > b(k + d), there are k/d crests per beat cycle, and 

if ak < b(k + d), there are (k/d -f 1) crests per beat cycle. 

Fig. 136 illustrates the critical condition in the particular case where 
k = 5 and d — 1 : the graph shown is that of the function 3 sin 52+2.5 sin 62 
and the inflection is marked at Q. 
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7. Separation of peaks in beating waveforms. 

Fig. 14 shows the waveform 2 cos 6£ + cos It, and a comparison 
of this diagram with Fig. 11, which represents the function 
2 cos 5£ + 3 cos 6£, shows that in both cases there are 6 crests 
in the beat cycle. Given a waveform containing 6 crests per beat 
cycle, there is no evidence, according to the properties so far con- 
sidered, to indicate whether the minor component is of higher or 



Fig. 14. — Beats : the wave 2 cos 6t -f cos 7 1 ; compare Fig. 11. 

lower frequency. There is, however, one property of beating 
waveforms which affords the information required. Referring to 
the part of the beat cycle where the amplitude is a maximum by 
the convenient name “jDulge,” and to the part where the amplitude 
is a minimum by the name “ waist/’ the rules are as follows : 

(i) If the minor component is of higher frequency than the 
major, the distance between successive peaks at the bulge 
is less than the corresponding distance at the waist. 

(ii) If the minor component is of lower frequency than the 
major, the distance between successive peaks at the bulge 
is greater than the corresponding distance at the waist. 

The significant parts of the diagrams. Figs. 11 and 14, are re- 
plotted in Fig. 15 to illustrate these rules. S B and S w are the 
peak separations (trough to trough) at bulge and waist re- 
spectively. 

Note . — The mathematical basis for the above rules is easily demonstrated. 
Let the two waves be a . cos k . r and b . cos (k + d)x as before, but now let 
it be postulated that a > b, while d may be positive or negative. Thus a . cos kx 
is the major component, and if d is positive rule (i) is to be proved, while if 
d is negative (ii) is the appropriate rule. The value jc — 0 corresponds to 
the bulge of the beat, while x — tt corresponds to the waist. The first trough 
of the major component occurs at x = irjk , and for this value the slope of the 
function y = a . cos kx -f- b . cos (k + d)x is given by 

dyjix — — [ak . sin ir — b(k -f d) sin (it — dn k)] 

= b(k + d) sin (dir Ik). 

If d is positive, the slope is positive also, and thus at x — Trjk the curve is 
rising ; thus the trough has been passed, and S B < 2v/ls, If, on the other 
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hand, d is nogative, similar reasoning shows that S B > 2rr/k. At the waist, 
the waveform can be represented by the function 

y* = a . cos kx — b . cos ( h -f- d)x f 

since here the minor component has a trough where the major has a crest, 
or vice versa ; it is easy to show that if d is positive S w > 2ir fk, while if 
d is negative S w < 2 it/Jc, The rules (i) and (ii) are thus established. 

8. Beat envelopes. 

If curves are drawn as smoothly as possible on either side of a 
beating waveform, one touching at or near each of the crests and 
the other at or near each of the troughs, as shown by the dotted 
lines in Fig. 1 6a, these curves are termed envelopes and together 
form what is known as the “ primary envelope characteristic,” or 
more simply as the “ first envelope.” When the beating waveform 
o *80° t — 



From Fig J4‘ S £ < Sw 
Fig. 15. — Peak separation in beating waveforms. 

has but two components, the bottom envelope is the “ mirror- 
image,” in the centre-line, of the top envelope. This fact is illus- 
trated in Fig. 17, in which the curve of Fig. 14 is replotted as though 
it were “ rectified ” in the electrical sense — i.e. those parts P' of 
the curve which ordinarily fall below the centre-line are plotted with 
a change of sign. It is seen that the same envelope touches these 
rectified peaks as touches the true crests P. 

Although the envelopes are not truly sinusoidal, it is convenient 
to imagine them to be so for the purpose of the statement that the 
top and bottom envelopes are anti-phased. Also, referring to the 

*The positive sign is taken, if the major component has a crest at the 
waist, and the negative sign if it has a trough thereat. 
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area between the envelopes as the envelope £C strip ” (shown shaded 
in Pig. 166) the strip width at the bulge is equal to the sum of the 
double amplitudes of the components, while the strip width at the 
waist is equal to the difference between the double amplitudes of 
the components. Thus the total variation in height of either 



W 



2(a + l) m 

Fig. 16 . — Beat envelopes. 


envelope is equal to the double amplitude of the minor component, 
and it is convenient to use the term “ amplitude ” with reference 
to the envelope as though it were sinusoidal ; it is then said that 
the amplitude of the envelope is the amplitude of the minor 
component. 



Fig. 17. — Symmetry of beat envelopes : broken -line portions, which have 
suffered a reversal of sign, touch the same envelope as the full-line 
portions. 

Note . — At first sight it may appear that this last property depends upon 
the fact that the component waves in Fig. 14 are integrally related cosine 
waves — i.e. their crests coincide at the bulge, and the crest of the major coin- 
cides with the trough of the minor at the waist. Actually, however, it does 
not matter what the phase-relation may be ; so long as the heat cycle con- 
tains a reasonably large number of cycles of the major component — say, 
more than three — if the condition is observed that the envelopes shall be 
drawn “ as smoothly as possible ” the rule holds good. It would require 
more space than is available to demonstrate this fact adequately, but ex- 
perience shows it to be the case. It is suggested that the reader satisfies 
himself upon this point by drawing the waveforms which result from the 
addition of two waves with a suitable frequency ratio, and with various 
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phase-relationships. The case of the addition of two waves whose frequency 
ratio is of the form 1 : 2 or 2 : 3 requires special consideration, as these wave- 
forms are examples of a class which is intermediate between beating and the 
type of waveform which will next be considered. 

9. Summary of beat properties. 

The properties of beating waveforms described in the foregoing 
sections 6-8 are recapitulated below for convenience. 

When two waves, whose frequency ratio is nearly unity, are 
added together, the resultant waveform possesses the following 
characteristics : 

(i) There is a periodic fluctuation in the amplitude of the 
wave, which is said to be beating. 

(ii) The top and bottom envelopes are anti-phased. 

(iii) The frequency of the envelope is equal to the difference 
between the frequencies of the components. 

(iv) The greatest width of the envelope strip is equal to the 
sum of the double amplitudes of the components. 

(v) The amplitude of the envelope is equal to the amplitude of 
the minor component. 

(vi) -In a given length of the resultant wave the number of peaks 
is, except in certain critical cases detailed in Section 6, 
the same *as in the same length of the major component 
wave. 

10. Addition of two waves of high frequency- ratio. 

The next type of waveform to be discussed is that resulting from 
the addition of two waves, the ratio of whose frequencies differs 
greatly from unity. Postponing treatment of the cases where the 
ratio is of the order of 1 : 2 or 1 : 3, consider the waveform shown 
in Fig. 18 a, which represents the function 

y = a x sin x + a 6 cos 6x, 

where a x and a 6 have the particular values 2, 1 respectively. The 
frequencies of both the components are apparent in the waveform ; 
there are 6 crests (and 6 troughs) in the cycle, corresponding to the 
high-frequency component a 6 cos 6x, and the wave has a low- 
frequency surge which ec follows 55 the low-frequency component 
a y sin x shown by the dotted line.* 

* The terms st low-frequency ” and “ high-frequency ” are used, in wave- 
form analysis, in a relative sense ; more strictly they should be replaced by 
tc lower- ” and “ higher- frequency,” but in any case the distinction between 
low and high frequencies is one of relativity : a frequency of 100,000 C.P.M. 
would be accounted “ high. ” by a mechanical engineer, and “low ” by an 
electronic engineer. 
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In Fig. 186 the curve is repeated with the top and bottom 
envelopes drawn in. These envelopes are both parallel to the 
low-frequency component wave, and are thus in phase. V Moreover, 
at the crest P x of the low-frequency component the height P 1 Q 1 
is given by 

PxQi = % sin 90° + a 6 cos (6 X 90°) 

while the height P 2 Q 2 trough of the low-frequency component 
is given by 

P 2 Q 2 = % sin 270° + u 6 cos (6 X 270°) 

= — (% + &e) 

(being negative since P 2 is below the centre-line). 




Thus the envelope amplitude equals the amplitude of the low- 
frequency component as 

( a i a e) [ — ( a i + ^g)] — 

Either envelope therefore represents the low-frequency component 
in both amplitude and phase ; and measurement shows that the 
envelope strip-width (i.e. the constant vertical distance between 
the two envelopes) equals the double amplitude of the high-frequency 
component. 

Pigs. 19, 20 show two further examples of this type of waveform. 
In Fig. 19 the graph represents the function 5 cos 4a; -f 5 cos 15a;, 
the low-frequency component being drawn dotted on the same 
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centre-line. There are 15 crests and 15 troughs in a cycle, corre- 
sponding to the high-frequency component, and the curve follows 
the general trend of the low-frequency component. In Fig. 20 the 
function represented is 5 sin x -f 8 cos I2x. 

The general characteristics of this type of waveform may be 
recapitulated thus : 


0 ?8Q° 360 ° X 



Fia. 19.— High frequency-ratio : the wave 5 cos 4x + 5 cos I5x. 



(i) The high-frequency component appears in the resultant 
wave as a “ ripple ” superimposed on the low-frequency 
component. 

(ii) Both envelopes represent, in amplitude and phase, the 
low-frequency component. 

(iii) The width of the envelope strip is equal to the double 
amplitude of the high-frequency component. 

The reader is recommended to experiment with examples of 
this synthesis to convince himself on the generality of these pro- 
perties. (See Section 13.) 

Occurrence. In records of mechanical vibration taken by means 
of vibrographs, it frequently happens that the natural vibration 
of the instrument is excited by some agency, thus ad din g a cor- 
responding component into the recorded waveform. If this 
phenomenon is anticipated, the instrument can be so designed 
that there is a high-frequency ratio between the physical variation 
being recorded and the natural vibration of the vibrograph, so that 
in the case where the physical variation is sinusoidal the resulting 
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v\ aveform is of the type discussed in this section ; as will be seen 
in Chapter IV, the two components can easily be analysed out, 
thus enabling the true physical variation to be obtained from the 
record. If possible, the natural frequency of the instrument is 
put well below 7 the range of frequencies which are expected to be 
recorded, so that if the excitation is non-sinusoidal resonance will 
not be encountered with higher harmonics. Ker Wilson shows 
an example of a recorded waveform wherein a definite component 
at the natural frequency of the instrument is clearly visible (reference 
4 in the Bibliography at the end of the book). 

The same type of effect is met with in electrical work, or in the 
use of electrical apparatus recording mechanical vibrations, where 
a mains hum ” component at 50 C.P.S. or 3000 C.P.M. makes 
its appearance on the record owing to faulty design of the equip- 
ment. Dependent on the frequency of the vibration being recorded, 



Fm. 21. — Maim, hum: (a) timing marks at 1/4 second intervals, mains 
hum is high-frequency ripple; (6) vertical lines at 1/100 second in- 
tervals, mams hum is low -frequency surge. 


the hum may appear either as a low-frequency surge or as a high- 
frequency ripple. Fig. 21 shows examples of both types. At 
(a), the upper trace indicates time-intervals of 1/4 second, and it 
can be seen that in the interval of 1/2 second indicated by the two 
broken vertical lines there are 25 cycles of the high-frequency 
ripple, w T hich is therefore at mains frequency. At ( b ), the vertical 
lines indicate time-intervals of 1/100 second, and it is seen that 
the low-frequency surge in this trace is at mains frequency. 

11. Intermediate frequency ratio. 

The types of synthesis so far discussed have concerned com- 
ponent waves of tw r o classes : (a) wdth a frequency ratio nearly 
equal to unity, and (6) with a frequency ratio greatly different from 
unity. Two special cases of an intermediate type are waveforms 
in which the frequency ratio of the two component w r aves is exactly 
two or three ; some examples of these forms are given in Figs. 22, 
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23. Apart from these special cases, most other examples of wave- 
forms obtained by the addition of two waves, and not included in 
either of the classes (a) or (6), have characteristics which are typified 
by the diagram Fig. 24. These various waveforms are now dis- 
cussed in turn. 

Frequency ratio = 2. Nine special cases of the general form 

y = a x sin x + a 2 sin (2x + <£) . . (11.1) 

are depicted in Fig. 22. The component waves are shown on the 
right-hand side of the diagram ; in Figs. 22a, 6, c the two com- 
ponents are of equal amplitudes, a 1 = a 2 ; in Figs. 22d , e, / the 
amplitude of the low-frequency component is double that of the 
high-frequency component, a x = 2a 2 , and in the last three examples 
the amplitude of the high-frequency component is double that of the 
low-frequency component, a 2 = 2a x . In the first example in each 
trio, the phase-angle <f> is zero, so that Figs. 22a, d, g represent 
respectively the functions 

sin x + sin 2x , 

2 sin x + sin 2x, 
sin x + 2 sin 2x. 

The resulting waves are skew-symmetrical, since both the com- 
ponents are skew-symmetrical about the values x = 0, 7 r, 2tt, etc. 

In the second example in each trio, Figs. 22 b, e, h, the phase- 
angle is 90°, so that the graphs represent respectively the functions 

sin x + cos 2x, 

2 sin x + cos 2x } 
sin x + 2 cos 2x. 

If the basic variable x is changed to x u where 
x x = x — 90°, 

then, since sin x = sin (x x + 90°) = cos x l3 

and cos 2x = cos (2x x + 180°) =— cos 2x 1} 

it is evident that the resulting waveform is symmetrical, as both cos x 1 

and cos 2x x are symmetrical, about the values 3^ = 0 (indicated by 

the letter A in the right-hand part of the diagram), tt, 2tt, etc. 

In the remaining examples the phase -angle <f> is given the value 
45°, and the waveforms are neither symmetrical nor skew- 
symmetrical. 

It is important to note that in every case the overall width 
of the resultant wave is appreciably less than the sum of 
the double amplitudes of the components. 

This discrepancy is greatest in the second wave in each trio, and 
the greater the ratio a x ja 2 becomes the smaller is the ratio (total 
2 
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width of iesultant wave /sum of double amplitudes of components). 
This fact is of the utmost importance in engineering vibration 
analysis, when structural components are subjected to vibrational 
loads at two such frequencies simultaneously. Suppose, for 
example, that a periodic stress of amplitude 8000 lb. /in. 2 is produced 
in a certain part of a machine at a frequency of 2600 C.P.M., and 
simultaneously a periodic stress of amplitude 4000 lb. /in. 3 is pro- 
duced at the same place at a frequency of 5200 C.P.M. If these 
two sinusoidal stress components have a phase-relationship similar 
to that depicted in Fig. 22e, the resultant total stress does not vary 
between the limits ± 12,000 lb. /in. 2 , but between the limits + 6000 
and — 12,000 lb. /in. 3 , the waveform produced by a recording strain 
gauge being similar to Fig. 22e. Such a phenomenon must necessarily 
have an effect upon the fatigue life of the machine. 

The broken lines on the left-hand part of Fig. 22 represent the 
low-frequency component, displaced vertically so that the vertical 
distance between the two broken lines on each waveform is equal 
to the double amplitude of the high-frequency component, and 
the two lines are symmetrically disposed with reference to the 
centre-line. It may be observed that these lines constitute envelopes, 
between which the waveforms lie, touching them at or near each 
crest and trough. Both the top and bottom envelopes assume the 
only form possible if they are to be sinusoidal, of equal amplitudes, 
and mutually in-phase, although if these conditions are neglected 
it is possible to construct enveloping lines which may have am- 
plitudes very much smaller than the amplitude of the low-frequency 
component ; this is particularly true of the waveforms shown in 
Figs. 226, e, h , in each of which all the crests lie on a straight line 
parallel to the centre-line. This complication might appear to 
render inapplicable a scheme of analysis , based upon envelope 
properties, to this species of waveform ; it is shown in Chapter IV 
(p. 99), however, that in fact a considerable measure of arbitrary 
choice of envelopes is permissible without invalidating the method. 

It is to be noted that in Fig. 22d there are inflections on the 
centre-line. The presence of the high-frequency component is 
still indicated by the distortion of the wave from the pure sine- 
wave shape, but the small crests and troughs seen in Fig. 22a have 
now coalesced into points of inflection. It is easy to show that if 
the amplitude of the low-frequency component is greater than 
twice the amplitude of the high-frequency component (i.e. when 
a x > 2a 2 ), and the waves have this particular phase-relationship 
(j> = 0, there is not even a point of inflection, where the tangent is 
parallel to the centre-line, but merely a point of oblique contra- 
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flection ; such a condition is represented approximately in the part 
BC of the curve in Fig. 24a. 

The mathematical proof of this fact is simple. Since 

y = a x sin x + a 2 sin 2x , 


the points where the tangent is parallel to the centre-line are given by 

dyjdx — a x cos x + 2a 2 cos 2x = 0, 
i.e. a x cos x + 2a a (2 cos 2 x — 1) = 0, 

whence 4a 2 cos 2 x + a x cos x — 2a 2 -= 0, 


i.e. 


cos x = - ai - ^ y /ai * + 32aa5 , 
8a 2 


Since Va x 2 + 32a 2 2 > a x , there is always determined at least one 
value of cos x , giving two values of x ; but if a x > 2a 2J 


+ V a i 2 + 32a 2 2 > 2a 2 + V(2a 2 ) 2 + 32a 2 2 3 


i.e. > 8a 2 , so that cos x < — 1 . Thus if a x > 2a 2 only two real 
values of x are given, and there is only one crest and one trough 
per cycle. 

The same type of phenomenon occurs in the case where <f> = 90°, 
i.e. where the wave is of the form 


a x sin x + a 2 cos 2x. 

With the change of variable x = x x + 90° already utilised in 
connection with this case, the wave can be represented as 

y = a x cos x x — a 2 cos 2x x , 

and the condition for a tangent parallel to the centre-line is 

a x sin x x — ■ 2a 2 sin 2x x — 0, 
i.e. sin x x (a x — 4 a 2 cos x x ) = 0. 

Whatever values are assigned to a x and a 2 , there are turning points 
at x x = 0 and 180°, given by sin x x — 0, and if a x < 4a 2 there are 
turning points at two other values of x x given by cos x x — a x j4:a 2 ; 
but if a x > 4 a 2 no real values of x x are determined by this condition. 
In this case there is a spread peak ” similar to that at Q in Fig. 13a. 

For other values of the phase-angle <j> there are different criteria ; 
these are easily determined numerically in particular cases. 

Frequency ratio = 3. In Fig. 23 are depicted three particular 
cases of the general form 

y = a x sin x + a 3 sin (Sx -r </> ) . 

with a x = a z = 1. 


( 11 . 2 ) 
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In Figs. 23 a, b, c the phase-angle <j> is given the values O s 90°, 180° 
respectively, so that the individual waveforms are 
(a) y = sin x + sin 3o?. 

(fe) y = sin a? + sin (3a; + 90°) = sin x + cos 3a:. - . (1L3) 
( c ) y = sin x + sin (3a; + 180°) = sin x — sin 3a;.. 
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From a study of the right-hand part of the diagram, where the 
component waves are drawn, it may be seen that except in case (c), 
i.e. where cf> = 180°, the total width of the waveform must be less 
than the sum of the double amplitudes of the components, for it 
is only in this case that both components reach maximum values, 
and both reach minimum values, simultaneously. In Fig. 23a, 
the total width is approximately three-quarters of the sum of the 
component double amplitudes. 

All the examples of the form (11.2) illustrated in Fig. 23 have 
component waves of equal amplitudes, a t ■=-= a ti 1. The effect 



Frcj. 24. — Apparent low-frequency surge in special type of waveform where 
one frequency is nearly a multiple of the other. 


of varying the amplitude ratio a 1 /a 3 is similar to the effect of varying 
the ratio a x ja 2 in Fig. 22, and need not here be enlarged upon. 

The waveforms depicted in Fig. 23 will doubtless be familiar to 
students of advanced electrical design, particularly in connection 
with transformer characteristics. The output from a transformer 
fed with a 50 C.P.S. pure sine-wave input does frequently contain 
quite a large component at 150 = 3 X 50 C.P.S. frequency. 

Frequency ratio 11:6. Fig. 24 illustrates an example of the last 
intermediate type of two-component waveform which will here be 
discussed. The wave represents the function 

y — 2 cos 6 x + cos 1 1#. 


. (11.4) 
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The broken lines show the low-frequency component drawn in the 
same manner as in Fig. 22. The frequency ratio being nearly equal 
to two, various parts of the waveform approximate in some degree 
to Figs. 22 d, e, /. Thus the part CD is of the same general shape 
as a cycle of Fig. 22e, and DE corresponds approximately to a cycle 
of Fig. 22 d ; similarly, the mirror-image, in the centre-line, of the 
part AB of Fig, 24 a shows the same general form as a cycle of Fig. 22/. 

The mathematical reason for this property is easy to substantiate. 
As 


cos 11& — cos (12a; — x) 

— cos (12.r — (f)), where <f> = x, 
y — 2 cos 6# -f- cos (12a; — fa. 


Changing the variable x to x l9 where x x — 6x, 

y = 2 cos x x + cos (2oq — cj>)\ 
where <f> == a^/6. J 


(11.5) 


In the part CD of the wave, corresponding to the range 150°<a;<210 o , 
the range of x x is 900° < x x < 1260°, or, subtracting 1080° = 3x360°, 

- 180° < x x < 180°. 

Also, $ at C is given by 

fa = o; c = 150° = 180° - 30°, 
and at D fa = x D = 210° = 180° + 30°. 


At C, (1 1.5) can therefore be written 

y a = 2 cos x Y — cos (2a; x + 30°), 
and at D, ?/ D = 2 cos x x — cos (2x x — 30°). 


Also, at P, midway between C and D (x = 180°), 
y v = 2 cos x x — cos 2aq. 

From C to P, and from P to D, the phase-angle <f> has a variation of 
only 30° ; and it has already been shown that by a suitable change 
of variable the function represented by Fig. 22e can be put in the 
form y = 2 cos x x — cos 2aq. Thus such discrepancies as may 
exist between the shape of the part CD and the shape of a cycle of 
Fig. 22e are those small differences due to the slight variation in 
the phase-angle <f> over the range 30° to — 30°. Similar reasoning 
is applicable to the other parts of the waveform. 

Fig. 24 b shows, in broken line, the effect of drawing in a pair 
of “ envelopes 55 touching the waveform at or near the crests or 
troughs of the low-frequency component ; there is an apparent 
surge whose cycle extends over the range from x = 0 to x = 2tt, 
i.e. the frequency of the surge is the same as that of cos x in this 
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example. In general, when the frequency F x of one component 
is nearly equal to a multiple KF 2 of the frequency F 2 of the other 
component, there is an apparent surge whose frequency is given by 
the difference ’F 1 ~KF 2 .* This phenomenon is termed the 
‘ fc apparent low-frequency surge effect.” 

12. Three components. 

The number of different types of waveform arising from the 
addition of three component sinusoidal waves is so large as to 
preclude any possibility of discussing them all in detail. In this 
section two such types only are illustrated, to draw attention to 
certain general principles. Commencing with a two-component 


0 A 360 • A 720 • ^ 

1 ! I I 


Ill 

wm 

K 

.An. . a 1 

ssssn 

\ A . . 1 

yymm 


« 

V 

l 

aaasaaa 

r 


imiTir— 


(a) 



Fk,. 25. — Three-component wave, with low-frequency surge. 

waveform, and adding thereto a third component, the two types 
here considered are 

(i) third component of much lower frequency than the other 
two components, and 

(ii) third component of much higher frequency than the other 
two components. 

(i) Third component of much lower frequency. 

Fig. 25 a illustrates the function 

y = 5 sin x + 8 cos 12# + 4 cos 10#. . (12.1) 

The third component, 5 sin x, is shown in broken line on the same 
centre-line. If the graph of the function 

y = 8 cos I2x + 4 cos 10ir, . . (12.2) 

be drawn and compared with Fig. 2oa, it will be seen that the only 
effect of the third component is to shift the waveform in a vertical 

* The symbol ~ indicates that the difference is to be taken without sign; 
thus if = 11/277, F 2 = 6/277, and K — 2, F 1 — KF 2 — — 1,277, hut 
F x ~KF* = 1/277. 
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direction : at the parts A, where the third component has the 
value 5, the waveform is shifted upwards a distance representing 
5 units, whereas at the parts 33, where the third component has 
the value — 5, the waveform is shifted downwards an equal 
distance ; the shift at other parts of the cycle is proportional to 
the value of the third component in a similar manner. 

In Fig. 256 the envelope of Fig. 25a is drawn, together with the 
third component (broken). It is clear that the width of the envelope 
strip at any part of the wave is the same as that of the function 
(12.2) at the corresponding place, since both top and bottom 
envelopes are displaced vertically by the same distance. The 
normal periodic variation in the strip-width is therefore undis- 
turbed by the addition of the third component. Furthermore, 
since the envelope of (12.2) has approximately the form 
4 cos 2.r (top) or — 4 cos 2x (bottom), 

(see Section 6), the envelope of (12.1) has approximately the form 
5 sin x + 4 cos 2x (top) or 5 sin x — 4 cos 2x (bottom), 



Fig. 26. — Throe- component wave, with one frequency equal to the beat 
frequency of the other two components. 


so that the top envelope has a form intermediate between Fig. 226 
and 22e, while the mirror-image, in the centre-line, of the bottom 
envelope has this form. It may be observed that the envelope 
mean , or wave drawn midway between the top and bottom envelopes, 
represents the added low-frequency component, for the mean of 
the two approximate expressions for the envelopes, just given, 
is 5 sin x. This property will be found to be a general one, relating 
to any -wave in which one or more components are of much lower 
frequency than the remaining components, and is particularly useful 
in the envelope method of analysis (Chapter IV). 

Since a beat envelope is approximately sinusoidal, it is of interest 
to inquire the effect of adding a third component whose frequency 
equals the beat frequency. An example of such an addition is 
given in Fig. 26, which represents the function 

y = cos x + 2 cos 5# + 3 cos 6#. . . (12.3) 

Fig. 1 1 shows the form of the function 

y — 2 cos 5x + 3 cos 6#, . 


(12.4) 
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i.e. the addition of the two higher frequency components of (12.3), 
and a comparison of the two diagrams shows that the bottom 
envelope is practically straightened out, and the amplitude of the 
top envelope is doubled, by the addition of the third component. 
If this third component were — cos x instead of cos x } the effect 
would be to straighten out the top envelope and double the ampli- 
tude of the bottom envelope, since the top envelope of (12.4) is 
approximately cos x and the bottom envelope — cos x . The fact 
that in each case one of the envelopes becomes almost , and not 
exactly , a straight line, is a result of the variable phase-angle effect 
discussed in Section 6. In the example described, the amplitude 
of the added component is the same as the amplitude of the beat 
envelope ; examples of waves of the same type, but with other 
amplitude ratios, are given in Eig. 19, Chapter IV (p. 103). 

The effect of adding a third component of much lower frequency 
to an existing two -component waveform may be adequately 



summarised in the statement that the envelope of the resultant 
three-component wave is obtained by adding the third component 
to the envelope of the two-component wave. 

Eig. 27 illustrates another example of this type of three-com- 
ponent waveform. The diagram represents the function 

y — cos x + 2 sin 8# -f- 2 cos 16#. . . (12.5) 

If the lowest frequency component is omitted from this function 
the wave has the form of Eig. 226, and again it is seen that the 
effect of adding the third component is to produce a surge of the 
waveform. 

(ii) Third component of much higher frequency. 

Fig. 28 shows the effect of adding the third component 8 cos 12# 
to the two-component waveform o sin x + 10 sin 2x. This two- 
component wave has the form of Eig. 22g, and the addition of the 
third component merely introduces a corresponding liigh-frequency 
2 * 
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ripple as in Section 10. The envelopes of the resultant wave 
are parallel to the two-component wave, which is shown by a 
broken line in the diagram. This type of tliree-component wave 
needs no farther comment here. 

13. Method of synthesis ; tables for synthesis. 

In this chapter some representative examples of two-component 
and three-component waveforms have been examined, since a 
knowledge of the effects of adding sinusoidal waves together is of 
inestimable value in the inverse process of analysing a complex 
wave into its sinusoidal components. A thorough knowledge of 
these effects, which may conveniently be termed synthetic effects, 
can only be gained as a result of much practical experience in the 
process of synthesis, and for this reason the reader is strongly 
recommended to experiment for himself in this direction. Time 
spent thus is time well spent. 

O 360 9 X ^ 720° 



Fig. 28. — Thiee component wave with high-frequency ripple. 


The process of synthesis is facilitated by the use of a table of 
the values assumed by various sinusoidal functions such as sin x, 
cos x, sin 3a;, cos lx , etc. The values of sin lex and cos lex , where 
h has any integral value up to and including 16, are listed in Table II 
of Appendix V (p. 258), for values of x at intervals of 3f° from 0 to 
360°. The interval 3f° has been chosen as it is 1/96 of the total 
range of 360° ; as will be seen in Chapter VII it is useful to have 
the functions tabulated for 48 equally spaced values of x , and the 
intermediate values give greater accuracy to synthesised waveforms. 
Access to a calculating machine, particularly if it be of the electrical 
automatic type, considerably relieves the tedium of numerical 
work. In any case, the numerical method of synthesis (by the 
addition of corresponding values of the component waves) is con- 
siderably more accurate than the graphical method, wherein 
corresponding ordinates are added by means of dividers. The 
accurate graphical synthesis of a waveform having more than three 
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components requires a high degree of skill and very much more 
time than does the numerical method. 

Two points in connection with numerical waveform synthesis 
should be noted. 

(i) Components of the form r sin (hx + c/>) must first be 
expressed in the form a cos hx + b sin hx , where a—r sin <j> 
and b — r cos <f> (see Section 5). 

(ii) When a calculating machine is used, much trouble may 
be saved by first adding to the components a constant term 
of sufficient magnitude to ensure that the resultant function 
is positive over the whole cycle ; a constant term equal 
to the sum of all the amplitudes of the components is 
sufficient to prevent any of the ordinates of the resultant 
function becoming negative. Users of calculating machines 
will readily appreciate this point. 

14. Examples for practice. 

In order that the reader may test his grasp of the general 
principles described in the foregoing sections, a number of exercises 
is given below ; successful solution of these will give useful practice 
and also promote a sense of confidence. It is advised that the 
waveforms be drawn after problems have been solved. 

(The answers to the exercises are given on p. 266.) 

Determine the constants R and <j> if y 1 + y 2 = R sin (x + <f>) 
and 

(1) y x = 3*2 sin x y 2 = cos x. 

(2) 5 sin (x -f 56°) 4 sin (a* — 78°). 

(3) 3 sin re 4 cos a? 

(4) 11*5 sin ( x + 30°) — 8 cos (x — 60°). 

(5) 76 cos (x — 8°) 112 sin (x + 53°), 

Determine the beat frequency and envelope amplitude in the 
following waves, and state which is the greater of S B and S w (see 
Section 7) : 

(6) 5 sin 11/ — 8 cos 12/. 

(7) sin t -f 0*8 sin 1*06/. 

(8) 3 cos 8/ + 4 cos 8*5/. 

(9) 9 sin 6/ -f 9 cos St. 

(10) 3*8 cos 5*4/ + 6*5 cos 5*6/. 

State the number of beats and number of crests in a cycle of 
each of the waves (6)-(10). 
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Which, of the following waves exhibit the properties of (a) 
symmetry, (6) skew-symmetry, (c) alternance ? 

(11) sin x — 2 cos 2x, 

(12) sin x — 2 sin 3#. 

(13) cos x ■+ cos 2x. 

(14) sin 5x + 2 sin lx, 

(15) cos x + cos Zx — 2 cos 7a\ 

Determine the frequency of the apparent low-frequency surge, 
if any, in the following waves : 

(16) sin 3£ -f 2 sin 18f. 

(17) 2 sin U — sin 17f. 

(18) 3 sin It — 2 sin 13-6/. 

(19) sin 12 £ + sin 242. 

(20) 2 sin 6t + sin 12-5*. 
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CHAPTER II 

GENERAL PROPERTIES OF HARMONIC SERIES 

1. Introductory. 

In this chapter consideration is first given to the correspondence 
between a waveform and the physical variation it represents. 
Harmonic series are defined, and the effect of a change in the basic 
variable (representing the time measurement or other physical 
reference quantity) upon the phase-angles of the harmonics is 
discussed. 

The properties of symmetry, skew-symmetry, and alternance 
are treated in greater detail than in Chapter I, and an account is 
given of the manner in which these properties indicate the harmonic 
contents of a waveform. 

A standard form of expression for the function represented by 
a waveform is given in the early part of the chapter ; adoption of 
tliis standard form, which corresponds to a wavelength of 2ir 
radians or 360°, and to which any waveform can be reduced by a 
suitable change in the basic variable, leads to a great simplification 
in the work. 

2. Time-base conversion. 

A waveform is the graphical representation of a periodic variation 
in some quantity, the variation being detected and recorded by 
some mechanical, electrical, or optical device. In a recording 
system of sound design the basic variable of the waveform (i.e. 
the variable whose extension is in the horizontal direction in all 
the examples illustrating Chapter I) is directly proportional to the 
time-base of the physical variation. The constant of proportion- 
ality is termed the time-base factor and is found by dividing the 
length of a portion of the -wave by the time-interval represented 
by that portion. Thus if 

l — length of wave, measured in millimetres, 
t = time-interval represented by 7, measured in seconds, 

the time-base factor K* is given by 

K* = Z/f, measured in millimetres, second. . (2.1) 

In the case of waveforms recorded directly on tape or film strip, 
this quantity is more commonly termed the paper speed or film speed . 
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The length of wave representing a given time-interval f is found 
by multiplying the interval by the time-base factor : 

/ - K, .t (2.2) 

and the time-interval represented by a given length l of wave is 
found by dividing the length by the factor : 

t = 7/K* (2.3) 

If the period of the physical variation is T seconds, so that the 
variation f(t) satisfies the condition 

/(f + CT)=/(f), . . . (2.4)* 

where k is any integer (i.e. the variation is exactly repetitive after 
successive intervals of time T, and T is the smallest interval that 
can be found to satisfy (2.4)) the wavelength A of the waveform 
is found from (2.2) by replacing l and t in that formula by A and T : 

A = K f . T, . . . , (2.5) 

and if the waveform is expressed in the form y — f(x x ) then, k 
being any integer, 

/(*» + * *)=f(*i) (2.6) 

A great simplification in analysis is achieved by converting 
the basic variable of a waveform in such a manner that the cycle 
of the converted wave extends over the range 0-2 tt. Denoting 
the new basic variable by x , the wavelength of f(x) is then 2tt, so 
that 

f(x+2k^)=f(x), . . . (2.7) 

where k is any integer. The relation between x and x x is given by 
a comparison of equations (2.6) and (2.7), thus : 

xJX = xI'2tt (2.8) 

The practical advantage of this conversion lies in the fact that all 
the components of the w T aveform can then be expressed in the 
form A h sin ( kx + <f> k ), where k is an integer, instead of in the more 
clumsy form A h sin (k27rxjX + <f > k ). 

3. Harmonic series. 

The majority of periodic variations occurring in physical 
problems give rise to waveforms whose components are members 
of a simple harmonic series ; i.e. their frequencies are fairly low 
integral multiples of the frequency of the variation, commonly called 
the fundamental frequency. Thus the components of the wave- 
form have wavelengths of the form 
A, - A/i, 


(3.1) 
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where A* = wavelength of component at frequency k X funda- 
mental frequency, 

A - K, . T, 

T = period of variation, 

k = an integer, 

and k is normally of fairly small magnitude. It is not possible to 
state a definite upper limit to since this depends upon the nature 
and origin of the variation under consideration. In mechanical 
vibration analysis values of k not greater than 24 are normally 
considered, since the components at higher frequencies are usually 
negligible ; in particular cases, however, there may be components 
at frequencies greater than 24 X fundamental frequency — e.g. 
arising from gear-tooth impulses. In electrical analysis a much 
lower limit is frequently imposed on the values of k considered. 

As a result of Fourier’s Theorem (see Chapter VI) the relation 
(3.1) holds for any periodic variation whatsoever, but in some 
cases very large values require to be given to k . A particular 
example of this is found in the vibration analysis of geared air- 
craft power plants, where the ratio of the rotational speeds of the 
engine and propeller is frequently not reducible to a simple fraction : 
two harmonic series of waves are encountered, one having components 
whose frequencies are multiples of the rotational speed of the pro- 
peller, the other having components whose frequencies are multiples 
of the rotational speed of the camshaft in a 4-stroke engine. The 
period of the resulting complex vibration is the smallest time which 
is simultaneously an integral multiple of the time of one propeller 
revolution and an even multiple of the time of one engine revolution, 
since the firing cycle in the engine extends over one camshaft or 
two crankshafts revolutions. For example, suppose that the gear- 
ratio of the engine-propeller combination is 4/9, i.e. the engine crank- 
shaft revolves nine times in the time-interval taken by the propeller 
to revolve four times. A cycle of the resulting complex waveform 
representing, say, the torsional vibrations must include an even 
number of engine revolutions and a whole number of propeller 
revolutions ; in this case the cycle extends over 8 propeller revolu- 
tions and 18 engine revolutions. An engine-excited component 
at a frequency x crankshaft R.P.M. (i.e. 5 X camshaft R.P.M.) 
thus has a frequency 45 X fundamental frequency of the wave- 
form, while a propeller-excited component at 3 X propeller R.P.M. 
has a frequency 24 x fundamental frequency of the waveform. 
If the gears have 16 and 36 teeth respectively, the gear-tooth ripple 
if present will be at a frequency 36 X propeller R.P.M., and this 
frequency is 288 X fundamental frequency of the waveform. 
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It is convenient to employ a simple expression to denote a 
component sinusoidal wave whose frequency is k X fundamental 
frequency, and for this purpose the term k ih harmonic is used. 
No matter what the time-base factor K, may be, the k th harmonic 
of the waveform represents the k th harmonic of the physical vari- 
ation. The first harmonic, whose cycle coincides with a cycle of 
the variation, is termed the fundamental ; if F is the fundamental 
frequency of the variation (equal to the reciprocal I/T of the period T 
of the variation), and A the fundamental wavelength of the waveform, 
the frequency F t and wavelength X k of the k th harmonic are given by 

F, = £F, X L = \/k. . . . (3.2) 

The corresponding conversion factors are listed in Table I for 
harmonics up to, and including, the 12 th. 

Table I 


Ficquencies and wavelengths of Jrtst 12 hm monies 
F — fundamental frequency 
A — fundamental wavelength 


k. 

F^/F. 


1 

1 

1000 

2 

2 

0-500 

3 

3 

0-333 

4 

4 

0-250 

5 

5 

0-200 

6 

6 

0-167 

7 

7 

0 143 

8 

8 

0-125 

9 

9 

0-111 

10 

10 

0-100 

11 

11 

0 091 

12 

12 

0 083 


The physical variation f(t) may be expressed in the form * 
fit) = R 0 + ^ Ri sin ( 2 -n-Fji + <f> k ) 

= R 0 + R x sin (27rFjt + fa) + R 2 sin (27 tF 2 £ + fa) 

-f- R 3 sin (277F 3 £ -f~ <f> 3 ) -f- etc. 

= R 0 + R x sin (wt + fa) + R a sin (2oot + fa) 

+ R 3 sin (3a>t + fa) + etc. ) , g g , 
where to = 27rF J 

* Wherever the notation S is used, it is to be understood that the ex- 
pression which follows is to be summed for all positive integral values of Jc. 
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and the waveform can be expressed in the form 


V = A o + ^ A * sin 

= A 0 + Aj sin ( x + <j>j) + A 2 sin (2x + <f> a ) 

+ A 3 sin (3x + fa) + ©to. 


where 


2tt 

x = — x l9 


A = K* . T = K*/F, 

% = K, . «, 

o Tji 

i.e. a? = — - K* . t = 27tF£ = co£. 


. (3.4) 


The constants A 1? A 2 , etc., of (3.4) are, in a recording system 
free from distortion (see Chapter IX, p. 225), proportional to the 
constants R x , R 2 , etc., of (3.3). The increment 8 y of the wave- 
function y corresponding to an increment S f(t) in the physical 
quantity f(t) is given bv 

8y - M . 8/(*), . . . (3.5) 

where M is the calibration constant or magnification of the recording 
system, and the relation between A h and R*, is of the same form : 

A, = M.R, (3.6) 


The constants A 0 and R 0 may or may not be connected by the 
relation (3.6), dependent upon the nature of the recording system. 
In any case, these quantities refer to a particular choice of arbitrary 
datum levels. Since the average value of sin kx or cos kx over the 
range 0-271 is zero, if k is an integer, the constant Ao is the average 
value of the height of the waveform y (3.4) above this datum level. 


4. Phase-angle : change of basic variable. 

The form (3.4) of expression for a waveform will be adopted as 
a standard form in the remainder of this work. Utilising the 
result (5.1) from Chapter I, the standard form 

y = A 0 + A t sin (kx -f d>,X • • (4.1) 

can be rewritten as 

y ==- A 0 + ]jr a k cos kx + b k sin kx j 

where a h = A k sin f * 

b k == A k cos <f> k ' 

Both forms of expression (4.1) and (4.2) are convenient on different 
occasions. The former indicates directly the severity of any 
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harmonic, whereas the latter is sometimes more convenient when 
a change of basic variable is considered, as will now be discussed. 
Let the basic variable x be changed to x l9 where 

x t = x — s, (x = x x + s). . . . (4.3) 

This substitution is equivalent to shifting the reference point, for 
measurement along the ar-axis, to the point x — s. The k th harmonic 
becomes A k sin [kx 1 + (<!>l + ks)] and (4.1) becomes 

V = A 0 + ^ A a sin [A^ + (</> k + As)]. . . (4.4) 

k 

The phase-angle <j> k of the k th harmonic is increased by the amount 
ksy which is clearly proportional to the number k. 

In alternating-current electrical design it is sometimes essential 
to consider the effect of the circuit on the phase-angles of the 
components of the alternating current. If this effect is to increase 
all the phase-angles (or decrease all of them) by amounts propor- 
tional to the harmonic number k, and there is no distortion of 
amplitudes, it is evident that the output waveform is the same 
shape as the input w r aveform, with a general shift in the time-base. 
For example, suppose the input wave to be of the form (4.1), while 
the output wave is of the form 

y' = B 0 + y B k sin {kx + <f> k + fo), • • (4.5) 

where the B L are proportional to the A^ of (4.1), the constant of 
proportionality being the overall magnification M of the circuit 
(which is independent of k) and the ijj k are proportional to k (i/j K —ki/j) ; 
then (4.5) can be written as 

y* — B 0 = M sin [k(x + $) + J, 

and a comparison of this last equation with (4.1) shows that the 
sole effect of such phase-distortion is to shift the waveform bodily 
along the axis of the basic variable x. 

Example. 

Let y — A 0 + A x sin (x + 10°) + A 2 sin (2a? + 10°) 

+ A 3 sin (3x + 15°) + A 7 sin (7a? + 20°), 

and let x x = x + 5°. Plotting the waveform against x x instead 
of against x will then result in a shift of the whole wave along 
the a:-axis, through a distance representing 5° in the positive 
direction, and 

y = A 0 + A x sin (x x + 5°) + A 2 sin 2x x 

+ A 3 sin 3x x + A 7 sin (lx 1 — 15°). 
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5. Change of basic variable by multiples of a quarter-period. 

Particular cases of the general change of basic variable are those 
wherein the wave is shifted through a distance which represents 
one, two or three right-angles (or in the physical variation (3.3), 
through one, two or three quarter-periods). 

(i) One right-angle {quarter -period). 

In the standard form (4.2), consider the effect of changing the basic 
variable to x v where x x = x + 90°. This is equivalent to shifting the 
wave through a distance representing a right-angle, or a quarter wave- 
length, in the positive direction. The k ih harmonic terms are then 

a k cos k{x x — 90°) + b k sin k{x x — 90°). . . (5.1) 

This expression can be simplified by utilising the results (2.5) from 
Chapter I. The final form depends upon the remainder when k 
is divided by 4. N being an integer, if k = 4N the harmonic terms 
(5.1), which can be rewritten 

a k cos (kx x — 90/j°) + b k sin (kx x — 90 £°), , (5.2) 

are of the form a k cos kx x -p b k sin kx x , . . . (5.3) 

since the phase-angle in both terms is a multiple of 360°. Thus 
the 4th, 8th, 12th, etc., harmonic terms of (4.2) are unaltered by 
the change of variable. 

If k -= 4N + 1, then by reason of the fourth equation of (2.5) 
in Chapter I the terms (5.2) can be written as 

a k cos (kx x — 90°) + b k sin (kx 1 — 90°) 

= a i sin kx\ — b, cos kx x (5.4) 

Thus the 1st, 5th, 9th, etc., cosine harmonic terms become sine 
terms, while the corresponding sine harmonic terms become cosine 
terms with a change of sign. 

If k — 4N + 2 (i.e. k is even), the terms (5.2) can be written as 

a k cos (kx x — 180°) -j- b k sin (kx x — 180°) 

= ~{a k cos L i\ + b k sin kx x ) (5.5) 

The remaining even harmonics therefore have their signs reversed 
by a quarter-period shift. 

If k = 4N + 3, the terms (5.2) can be written as 

a k cos (kx x + 90°) + b k sin (kx x + 90°) 

= — a k sin kx x -p b k cos kx x , (5.6) 

and the effect of the quarter-period shift on the 3rd, 7th, 11th, etc., 
harmonics is to change cosine terms to sine terms with a change 
of sign, and sine terms to cosine terms. 
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The effects of this phase-shift on the various components are 
illustrated in Fig. 1. At (a), the full line represents sin 0, and the 
broken line cos 6, where 9 = kx. At (b), the origin (9 = 0) has 
been displaced through a distance representing 90° to the left, so 
that 9 now is equal to (kx + 90°) ; if k is of the form 4N + 1, the 
full line now represents — cos 6 and the broken line sin 6. Thus 
if k is of the form 4N + 1, the diagram illustrates the conversions 
given in formula (5.4). In a similar manner, (c) and (d) illustrate 
the conversions given in formulae (5.5) and (5 6). 



0 


360 ° 


e — >• 




( c > 


(d) 


Fig. 1. — Effects of phase-shift thiough a multiple of a quarter-period. 


These results (5.3) to (5.6) are summarised in Table II, wherein 
C stands for “ cosine 55 and S for ce sine.” The entries in the table 
show to what the sine and cosine terms of the first 12 harmonics 
are converted by increasing the basic variable by a quarter of the 
fundamental period. 


(ii) Two right-angles (half -period). 

If the basic variable x in (4.2) be changed to x z , where x 2 =x+ 180°, 
the wave is effectively shifted along the x-axis through a distance 
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representing two right-angles, or half a wave-length, in the positive 
direction. The k th harmonic terms are then 

a k cos k(x 2 — 180°) + b J{ sin fc(x 2 — 180°), 
i.e. a k cos (kx 2 — 180fc°) -f- b k sin (kx 2 — 180£°). . (5.7) 

If k is even, (5.7) can be written as 

a k cos ( kx 2 - 360N°) b k sin ( kx 2 - 360N°), . (5.8) 

where N is an integer, and (5.8) is clearly equivalent to (5.3), since 
addition of a multiple of 360° to the basic variable does not alter 
the value of a sine or cosine function. The even harmonics are 
therefore unaffected by a half-period shift. 

If k is odd, (5.7) can be written as 

a k cos ( kx 2 — 180°) -f b k sin (kx 2 — 180°) 

= — (a L cos kx 2 + b k sin kx 2 ), (5.9) 

since the sign of a sine or cosine function is reversed when the 
argument (i.e. the basic variable) is increased by 180°. The odd 
harmonics therefore have their signs reversed by a half-period shift. 

The results (5.8), (5.9) are summarised in Table III. 

(iii) Three right-angles (three-quarter period). 

By exactly the same method as used in (i) above it can easily 
be shown that the effects of a three-quarter period shift in the 
positive direction are as listed in Table IV. It is to be noted that 
Tables II and IV agree for the even harmonics, and show a sign- 
reversal for the odd harmonics ; this result could of course be 
obtained by considering the three-quarter period shift as made in 
two stages : first, a shift of a quarter-period, giving the results of 
Table II, and then a further shift of a half-period, which according 
to Table III leaves the even harmonics unaffected and reverses 
the signs of the odd harmonics. Alternatively, the three-quarter 
period shift may be regarded as a shift of a quarter-period in the 
negative direction, and the values listed in Table IV read off from 
those given in Table II by reverse entry : thus since when k = 1, 
S becomes — C and C becomes S in Table II, by reverse entry it 
is found that in Table IV — C must become S (i.e. C becomes — S) 
and S becomes C, and similarly for the other harmonics. 

Examples . 

(i) Let y = 20 + 5 cos x + 7 cos 3# + 3 sin 4x. 

Replacing x by x 1 — 270°, i.e. shifting the origin of measurement 
along the #-axis through a distance representing 270° in the negative 
direction, corresponding to a shift of the wave, with respect to the 
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Table II 

Effect of mo casing the basic can' able by a quart er-period 
8 = bine, C = cosine 



12 3 4 

5 

6 7 

s 

9 

10 

n 

12 

S terms become : 

-C -8 C 8 

-0 

-8 C 

8 

-C 

-S 

c 

s 

C terms become : 

8 -C -8 C 

8 

-V -8 

C 

8 

-C 

-8 

c 


Table III 

Effect of increasing the basic variable bg a half -period 


A - 

l 

2 

i 

4 

5 

6 

7 

8 

9 

10 

11 

12 

S terms become : 

~S 

s 

-S 

s 

-s 

s 

-s 

s 

-s 

s 


s 

0 terms become . 

~c 

G 

~c 

0 

-c 

c 

-c 

c 

-c 

c 

-c 

0 


Table IV 

Effect of increasing the basic variable bg a three-quarter period 


A = 

1 2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

S terms become : 

C -S 

-c 

8 

0 

-8 

-c 

s 

c 

-s 

-c 

s 

C terms become : 

-s -c 

s 

c 

-s 

-c 

s 

c 

-s 

-c 

s 

c 


origin 3 through an equal distance in the positive direction, Table IV 
gives 

y — 20 — 5 sin x x + 7 sin 3x x + 3 sin 4x v 

A simple change of basic variable has reduced the mixed sine-and- 
cosine series expression for y to one involving sine terms only. 

(ii) Consider the series 

y ~ A 0 + b x sin x + sin 3# + b 5 sin 5x + etc., 

which involves (apart from the constant term A 0 ) only odd sine 
terms. By shifting the wave along the #-axis through a distance 
representing a quarter-period either in the positive direction (Table 
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II) or in the negative direction (Table IV), these sine terms are 
changed to cosine terms. Putting x = x x — 90°, Table II gives 

y = A 0 — b x cos x x + b s cos — & 5 cos 5x x + etc., 
while putting x = x 2 — 270° = x 2 + 90°, Table IV gives 

y = A 0 + b t cos Xz — - b 2 cos 3^ 2 + b 5 cos 5x 2 — etc. 

Thus a wave involving only odd sine terms can be represented by 
a series involving only odd cosine terms, and vice versa, by means 
of a quarter-period shift of the wave along the axis of the basic 
variable in either direction. The waveform illustrated in Fig. 23a 
of Chapter I (p. 36) is a particular example of this phenomenon, 
and that in Fig. 23c of that chapter is another. These waveforms 
may be regarded as the sum of first and third sine components or 
first and third cosine components, according to the choice of origin. 

It should be noted that replacing x by x t — a is equivalent to 
shifting the origin of measurement along the rr-axis through a 
distance representing a in the negative direction, corresponding to 
a shift of the wave, relative to the origin, through an equal distance 
in the positive sense ; for the point x x = 0 is the point x = — a, 
since x =- x x — a. Similarly, replacing x by x 1 + a is equivalent 
to shifting the origin of measurement through a distance representing 
a in the positive sense, corresponding to a shift of the wave, relative 
to the origin, through an equal distance in the negative direction ; 
for the point ^ = 0 is now the point x = a. 

6. Symmetry, skew-symmetry and alternance. 

The properties of symmetry, skew-symmetry and alternance 
are of great use in indicating the nature of the components of a 
waveform. These properties have been mentioned in Chapter I 
in connection with sinusoidal waves, and will now be discussed at 
greater length. 

Confining attention to waveforms of the type (4.1) or (4.2), 
i.e. with a wavelength of 2tt radians (since any other waveform can 
be reduced to this type by means of a simple transformation such 
as is discussed in Section 2), it is immediately clear that if all the 
harmonic components of a wave are symmetrical about a 
certain value X of x , then the wave itself is symmetrical 
about x = X, and conversely. For the property of symmetry in 
a function f(x) can be expressed in the form 

/(X + a) =/(X — a), . . . (6.1) 

where a has any value and x = X is the line of symmetry ; and if 
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the functions fi(x), f 2 (x), . . . /„(#) all satisfy the condition (6.1) 
their sum does likewise. Denoting this sum by F(.-r). so that 

*V) = /,(*) + Ux) + f n (x), 

then F(X + a) =- / t (X — a) +/ 2 (X -f a) + f n (X + a), 

and F(X - a) - f x (X — a) + / 8 (X - a) + f n (X — a). 

Since all the functions on the right-hand side of these two equations 
satisfy (6.1), it follows that 

F(X - a) = E(X - a). 

Thus if all the components of a waveform are symmetrical about 
the same value x = X, the waveform itself is symmetrical about 
that value. Conversely, let g(%) be a function not symmetrical about 
the value x = X, so that 

g(X + a) * gr(X - a), 

and let G(a’) denote the function Ffy) + g(x). Then 

G(X -f a) = F(X -f- a) -(- g(X -f- a) 

= E(X — a) + g(X + a) 

* F(X — a) + g(X — a) 

* G(X - a), 

so that if any of the harmonic components is not symmetrical about 
x = X the resultant wave is not. It therefore follows that all the 

components of a wave are symmetrical about those values 
of the basic variable which determine the lines of symmetry, 
if any, in the resultant wave. 

The same argument applies to skew-symmetry, the condition 
for which (about the value x = X) is 

/(X + a) = -/(X - a) . . . (6.2) 

for all values of a. 

If the waveform f(x), having a wavelength 277, is symmetrical 
or skew-symmetrical about the value x = X, it is also symmetrical 
or skew-symmetrical about the value x — X + 77. This result is 
easily proved : taking first the symmetrical case, 

/(X -J- a) =/(X — a), 
and if b = 77 — a, this equation gives 

/(X + 77 — 6) = /(X — 7 r b). 

But since 2 v is the wavelength of f(x ), 

/(X 7 r -I- b) =/(X + tt + b), 
f[(X -j- 77) + b] =/[(X + 77) - 6], 


hence 
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and this is the condition (6.1) for symmetry about the value 
x •= X + Fig. 2a illustrates this property ; the function 
depicted is symmetrical about A and B, and if # A , x B are the 
corresponding values of x for these points, 

~ = 7T. 

Similar reasoning demonstrates the result for the case of skew- 
symmetry, and Fig. 26 shows an example ; the function illustrated 
is skew-symmetrical about A and B, and x B — x A — tt. 

The interval of alternance of a waveform of the type (4.1) or 

A B 


(a) 


Cb) 


Fig. 2. — Symmetry and skew -symmet i y ; (a) symmetrical pei iodic wave ; 
(b) skew -symmetrical periodic wave. 

(4.2) can only be the half-period (7 r radians or 180°). If the interval 
of alternance of the waveform f(x) is I A , so that 

/(*+ij = -/(*), . . . ( 8.3 

a moment’s consideration shows that I A must be of the form tt/K, 
where K is an integer, in order that f (x) may have a wavelength of 
277 radians. Furthermore, by a double application of the condition 

(6.3) it is seen that 

/(X + 21/) =/(*). . . . (6.4) 

Now if I A = 77, (6.4) states that, the wavelength of f(x) is 27 r; but 
if K is 'other than unity, a smaller w avelength is indicated . thus 
if K = 2, the wavelength is ',7 or 180°. Such a result indicates 
that a further change of basic, variable, in the manner described in 
Section 2, is required so that 277 may be the smallest value of A such 
that /(a? + A) =/(j?). 
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Reasoning similar to that used in connection with symmetry 
and skew-symmetry shows that if a waveform is alternant, all the 
harmonic components must be alternant with the same interval 
as the wave ; and it has just been demonstrated that the only 
possible interval of alternance for a wave, whose wavelength is 
27 r radians, is tt radians or half a wavelength. It therefore follows 
that all the harmonic components of an alternant waveform must 
be alternant, half the wavelength of the waveform being the interval 
of their alternance. Now, if k is an even integer, 


[ hlXl )k(x + it) = ( Sm W 
\cos J v ' Vcos/ 


while if k is an odd integer, 



kx. 


It is therefore apparent that the harmonic series for an alter- 
nant waveform includes only odd harmonics. 

“ Disguised ” skew-symmetry and alternance . The properties 
of symmetry, skew-symmetry and alternance are intrinsic pro- 



Fig. 3. — Disguised ” -symmetry and alternance. 


perties of a wave, i.e. they do i^ot depend upon the choice either 
of the basic variable or of the constant term which determines the 
height of the centre-line above ithe arbitrary datum-level. The 
curve shown in Fig. 3 a represents t he function obtained by adding 
a constant A 0 to the function repre rented by Fig. 26. The shape 
of the wave has not been affected by t his addition, but the condition 
(6.2) no longer holds good. The property possessed by the curve 
is known as disguised skew-symmetry, , a nd the mathematical con- 
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dition analogous to (6.2) is easy to formulate. Let y = g(x) be 
the equation to the curve illustrated. Then 

g(x) = f(x) + A 0 , 

where y — f(x) is the equation to the curve illustrated in Fig. 26. 
Equation (6.2) then gives 

g{X + a) — A 0 = — g{X — a) + A 0 , 
i.e. g(X + a) + g(X — a) = 2A 0 (6.5) 

for all values of a. 

(6.5) is the required mathematical condition for disguised skew- 
symmetry about the value x = X, and states that the added con- 
stant A 0 is the mean of the two values <?(X + a) and gf(X — a) 
which would be equal in magnitude and opposite in sign if the 
skew-symmetry were not disguised. When A 0 = 0, the equation 
(6.5) reduces to (6.2). 

Similarly, the curve illustrated in Fig. 36 possesses a disguised 
type of alternance ; in this case the mathematical condition 
analogous to (6.3) is 

g(x) + g{x + t r) = 2A 0 , . . • (6.6) 

so that A 0 is the mean of the two values g{x) and g(x + n) which 
would be equal in magnitude and opposite in sign if the alternance 
were not disguised. (6.6) of course reduces to (6.3) if A 0 = 0. 

The same symbol A 0 has deliberately been used in this connec- 
tion as was employed in the harmonic series (4.1) and (4.2), for if 
a wave is skew-symmetrical or alternant there is no constant term 
in the harmonic series representing the waveform, and if the skew- 
symmetry or alternance is disguised the constant term in the series 
is equal to the distance by which the wave is displaced vertically 
from the position in which the skew-symmetry or alternance is not 
disguised. This result is easily found by considering the average 
value of the function over a cycle (6 < x < b + 277, where b has 
any value). Since the average value of a sine or cosine function, 
taken over an integral number of cycles, is zero, the average value 
of the function is the constant term A 0 in the series (4.1) or (4.2) ; 
and taking first the case of disguised skew-symmetry, if D represents 
temporarily the distance by which the wave is displaced vertically 
from the “ undisguised ” position, (6.5) gives 

g(X + a) + g(X — a) ~ 2D. 

The average value of g(x) over a cycle is found by performing the 
integration 

+ a) + g(X - a)]da, 

-tar Jo 
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which reduces to D by reason of the preceding equation. Thus 
D = A„. 

Similarly, in the case of disguised alternance (6.6) gives 
y{x) t + ir) =■ 2D, 

and the average value off/p*) over a cycle can he found by performing 
the integration 

if Qrt*) - g(- r 4- *)]dx, 

-7TJ 0 

which reduces to I) ; thus in this ease also D -= A 0 . 

7. Determination of harmonic contents by considerations 
of symmetry, etc. 

By a simple change in the basic variable x, a waveform which 
is symmetrical or skew-symmetrical about the values % = X, 
x — X 4- 7T, can be converted into one for which the critical values 
are x = 0, x = tt. Assuming that such a transformation has been 
made, so that the centres of symmetry, etc., are at the beginning 
and middle of a cycle, the following two rules can be formulated : 

(i) the harmonic series (4.2) representing a symmetrical 
waveform contains no sine terms, and 

(ii) the harmonic series (4.2) representing a skew-sym- 
metrical wave contains no cosine term. 

The rules follow immediately from the fact that only cosine 
terms are symmetrical about the values x = 0 and x -- 7 r, and 
only sine terms are skew -symmetrical about these values. A third 
rule has already been found in Section 6 for the case of alternance : 

(iii) the harmonic series (4.1) or (4.2) representing an 
alternant waveform contains no even harmonics. 

In these rules it is of no consequence whether the alternance or 
skew-symmetry is disguised or not, since this affects only the 
constant term in the series. 

Obsolescent terms for symmetrical and skew-symmetrical waves 
are even ,9 and 44 odd 55 waves. It is fortunate that these terms 
are going out of fashion, as they can be very misleading. It appears 
to be much more logical to reserve the use of the terms 4k odd 59 
and “ even 19 to denote the nature of the harmonic numbers of the 
components, i.e. to use them in their ordinary arithmetical sense. 

The same waveform can be both symmetrical and skew- 
symmetrical, although naturally the critical values will be different 
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for the two properties. Consideration shows that if a wave is 
symmetrical about the values x = 0 and x = 180°, the only values 
about which it can be skew-symmetrical are 90° and 270° ; similarly* 
if a wave is skew-symmetrical about x = 0 and x = 180°, the only 
values about which it can simultaneously be symmetrical are 90° 
and 270°. Now, all sine terms in (4.2) are skew-symmetrical about 
x = 0 and x — 180°, and all cosine terms in (4.2) are symmetrical 
about the same values ; furthermore, even cosine and even sine 
terms are respectively symmetrical and skew-symmetrical about 
the values x = 90° and x = 270°, while for odd harmonics the 
properties are interchanged, odd cosine terms being skew : symmetrical 
and odd sine terms symmetrical, about these values. These results 
are summarised in Table V, together with an indication of which 
terms are alternant with the interval 180°. 

TABLE V 


Symmetry, ,sk€W-symmetry, and alternance 

sym. - symmetrical ; skew » skew -symmetrical ; 
alt. = alternant with the interval 180° 


Terms. 

Odd sine. 

Even sine. 

Odd cosine. 

Even cosine. 

Critical values : 

0° 

skew 

skew 

sym. 

sym. 

90° 

sym. 

skew 

skew 

sym. 

180° 

skew 

skew 

sym. 

sym. 

270° 

sym. 

skew 

skew 

sym. 


alt. 

— 

alt. 

— 


A wave which possesses any two of the three properties 
possesses the third also, as examination of Table V shows. This 
result can also be obtained by a consideration of Tables II and III. 
Suppose, for example, a wave is alternant and is also skew-sym- 
metrical about the values x = 0 and x — 180°. Table III shows 
that since alternance implies that an increase of half a period in 
the basic variable produces a change of sign, the series representing 
an alternant waveform contains odd harmonics only. Also, the 
wave in its original state is represented by a series containing only 
sine terms, and Table II shows that an increase of a quarter-period 
in the basic variable changes all odd sine terms to cosine terms. 
The original wave is therefore symmetrical about x = 90° and 
x = 270°. 

It is evident that by examination of a waveform for properties 
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(a) Alternant 


Cb) Symmetrical 


(c) Skew-symmetrical 


(d) 

A If three 

> 

properties 

Cb) . 


Fig. 4. — Examples of waveforms showing properties of symmetry, etc. 


of symmetry, skew-symmetry and altemance, much information 
can be gained as to the harmonic contents. Thus, for example, 
a wave which is symmetrical can be represented by a series of cosine 
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terms, and one which is both alternant and symmetrical can be 
represented by a series either of odd sine terms only or of odd cosine 
terms only. Assuming that the point x = 0 is chosen so as to bring 
the critical points, if any, to one or more of the values x = 0, 90°, 
180°, 270°, Table VI summarises the analytical results. 

Fig. 4 shows examples of these types of waveform. The 
functions represented are as under (letter references correspond to 
those in Table VI) : 

(a) y — sin x + cos 3#. 

(b) y = 2 cos x + cos 2x . 

(c) y — 2 sin x + sin 2x. 

(d) y - cos x + cos 3a\ 

( e ) y — sin x — sin 3x. 

Table VI 

Harmonic contents determined by consideration oj symmetry , etc. 


Critical values (i.e centres of symmetry or skew-symmetry) given in 

parentheses. 


Rtt 

T\ pe ol wave -form 

Harmonic terms 

a 

Alternant 

odd sine and odd cosine 

b 

Symmetrical (0 and ISO ) 


cosine 

c 

Skew-symmetiical (0 and 180") 


sine 

d 

Alternant and symmetrical (0 and 180°), 

l 

J 



hence also skew-symmetrical (90 J 
and 270°) 

odd cosine 

e 

Alternant and skew -symmetrical (0 




and 180°), hence also symmetrical 
(90° and 270°) 

1 

I 

odd sine 


8. Examples for practice. 

Some exercises on the work covered in the chapter are given 
below, in order that the reader may satisfy himself that he has 
grasped the principles. Answers will be found at the end of the 
book (p. 266). 

(1) The wavelength of a calibration record, representing 
the 50 C.P.S. electric mains voltage variation, is 15 mm. Find 
the length of a record covering a time of one minute, and also 
the wavelength of a recorded wave whose frequency is 2600 
C.P.M. A component has a wavelength of 8-65 mm. ; what 
is its frequency \ 
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(2) The fundamental wavelength of a complex record is 
6 in. Find the wavelengths of the 3rd, 6th, and 12th harmonics. 
Which harmonics have wavelengths of 0*75 and 0*25 in. ? 

(3) An aircraft engine-propeller combination has a gear- 
ratio 6 : 13 (i.e. 6 revolutions of the propeller occur in the 
same time as 13 revolutions of the engine). If harmonics 
from both sources are present in the recorded waveform, and 
the film speed is such that 1-8 in. of record corresponds to one 
engine revolution, find the length of record corresponding to 
a cycle of the waveform, if (a) some of the half-order engine 
harmonics (e.g. 11 \ engine crankshaft rotational speed) are 
present, and (6) only integral harmonics are present in the 
engine series. Find the harmonic numbers, with reference 
to the complex waveform, of the 3rd engine and 4th propeller 
harmonics in both cases (a) and (6). 

(4) Repeat exercise 3 for the case where the gear-ratio 
is 1 : 2. 

(5) Reduce the following harmonic series to a form in which 
the fundamental component is a sine term without phase- 
angle : 

3*2 -f 1-5 sin (x - 19°) + 2*7 sin (2a + 7°) + 0*8 sin (4a* — 85°) 

(6) Reduce the following harmonic series to a form in which 
the third harmonic is a cosine term without phase-angle : 

sin x + 2*5 sin (2a - 72°) + sin (3a + 45°) + 3*6 sin 4a. 

(7) Find the angle between the rotating vectors representing 
the pairs of vaves : 

(а) sin (2a — 10°), sin (2a + 75°). 

(б) sin 3(a — 15°), sin 3 (a — 45°). 

(c) sin (4a — 12°), sin 4(a -f 52°). 

(d) sin (oa — 90°), sin 5(a — 18°). 

(8) State which of the following waveforms are (a) alternant, 
(6) symmetrical, (c) skew-symmetrical. The numbers are 
harmonic numbers, and C and S respectively stand for cosine 
and sine terms ; thus the first example contains 1st, 3rd, and 
7th sine and cosine terms. 


(i) 

IS, 

1C, 

3S, 

3C, 

78, 

(ii) 

is, 

2C, 

3S, 

5S, 

60. 

(iii) 

1C, 

5C, 

9C. 



(iv) 

ic, 

3C, 

78, 

110. 


(v) 

3C, 

4C, 

6C. 



(vi) 

2S, 

3S, 

68. 
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(it) By consideration of the property of alterrtance, deduce 
a method of separating the odd and even harmonics in a wave- 
form. (See Chapter V, p. 12 L.) 

(10) By consideration of the properties of symmetry and 
skew-symmetry deduce a method of separating the sine and 
cosine terms in a waveform. (See Chapter V, p. 123.) 
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CHAPTER 111 

BASIC ANALYSTS OF RECORDED WAVEFORMS 

1. Introductory. 

The preceding chapters have been concerned with the properties 
of sine-waves in combination and of harmonic series. The process 
of analysis, whereby the harmonic contents of a given periodic 
variation can be determined, is described in the succeeding chapters ; 
first, however, various points in connection with basic measurements 
of recorded waveforms must be discussed. 

In this chapter are considered those waves of which the main 
characteristics can be observed directly in the waveform. A pure 
sine-wave, for example, requires no analysis into simpler com- 
ponents ; yet the information that can be extracted from a record 
of this type is not so extracted until several measurements have 
been made. The position of all the crests and all the troughs is 
clear, yet the amplitude must be measured and the frequency found 
from further measurements . 

Analysis by the envelope method, as described in Chapter IV, 
breaks down the complex wave into its sine-wave components by a 
systematic scheme of reduction. These sine components are not 
usually directly evident in the waveform, but the scheme of reduc- 
tion enables the analyst to determine where to make his measure- 
ments, so as to obtain all the information (concerning amplitudes, 
frequencies and phase-angles) he desires. The present chapter 
describes in detail the manner in which these measurements should 
be made, and the method of converting them to the required results. 

Frequency determination is first discussed, consideration being 
given both to absolute frequency values and to order numbers,” 
which express the relationship between the absolute frequency of 
a wave and some standard frequency, such as the rotational speed 
in R.P.M. of an engine. Measurement of amplitudes is then 
described, with a passing reference to the overall amplitude of very 
complex waves, whose cycles may extend over a considerable length 
of the record. The chapter concludes with a description of the 
method of determining phase-angles. 

2. Frequency determination. 

One of the prime objects of the analysis of waveforms is to 
determine the frequencies of the constituent components from 
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which the wave has been built up. In this present section is con- 
sidered the determination of those frequencies which can be 
spotted ' 5 in a waveform ; the waves illustrated in Figs. 18 to 28 
in Chapter I are cases where two or more frequencies can actually 
be seen, and it is with such cases as this that the following para- 
graphs are concerned. The methods described are fundamental 
and can be extended, as required, to deal with more complicated 
waveforms. 

It is essential to possess information concerning the time-base 
of the record (see Chapter II, Section 2). The practical details 
of the methods whereby this information may be recorded are 
matters of instrumentation and recording technique, and as such 
do not come within the scope of this book ; the outstanding 
requirements in this connection are listed in Chapter IX, and for 
the present it will be assumed that the waveform incorporates some 
indication of the independent variable, or time-base. 

Note . —11 is convenient to refer to the independent variable as a time-base, 
even when the recording mechanism is so arranged that the variable repre- 
sented by the vertical excursion of the trace is plotted as a function of some 
variable other than time — linear or angular displacement of some part of a 
machine, for example. 

It may be desired to determine the frequency directly, ex- 
pressing the result as a number of cycles per second or per minute, 
or to refer it to some other standard ; and in some cases both 
methods may be used simultaneously. The standard most fre- 
quently employed in the analysis of vibrations occurring in 
structures when the disturbances are caused by a power-plant 
is the rotational speed of this engine or motor. Table I gives the 

Table I 


Cnguif 1 speed (ll P.M ). | 

I 

Frequenueh of predomm mt 
component (C P.M ) 

! 

, Order number (0 P 31 RPM) 

! 

2070 f 

5180 

1 

2*50 

2320 | 

5790 

2*49 

2540 

6360 

i 2-50 

2630 

6580 and 9200 

I 2-50 and 3*50 

2740 

6860 and 9600 

2*50 and 3*50 

2880 

10, 100 

3*51 


frequencies of the predominant components in a set of waveforms 
recording the vibration of a certain aircraft engine on its test-bed ; 
records were taken at the various speeds, given to the nearest 
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10 R.P.M. in the first column of the table. The frequencies were 
determined by comparing the waveform with a series of time 
indications marked on the same film by means of an alternating- 
current motor ; this device marked a line on the film at intervals 
of 1/100 second, and by this means it was possible to determine 
the frequencies of the predominant components to the nearest 
10 C.P.M. On dividing the frequencies by the corresponding 
engine speeds it was found that the large vibration motions were 
at frequencies equal to either 2i or 3£ times the rotational speed 
of the engine ; these results are given in the last column of the 
table. The slight divergences (in the case of the u order numbers 55 
2*49 and 3-51) can be accounted for as due to slight errors in the 
analysis. In this instance the information concerning the “ order 
numbers’ 5 (2-J and 3 J) was all that was required; the actual 
frequencies were of no interest, and it would have been more con- 
venient to have employed a device to put markings on the film 
corresponding to revolutions of the engine instead of hundredths 
of a second. 


Table II 


Engine sp ed < U P At ) 


Order numbers. 


Frequency of lower-order 
component (C P.M.). 


i 


2070 

1} and 1*44 

2980 

2350 

1£ and 1*28 

3010 

2630 

H and 1-14 

3000 

2860 | 

14 and 1-03 

3000 

3050 I 

li and 0-98 

2980 


Table II shows the order numbers of the predominant com- 
ponents of a set of waveforms taken in a test of another engine. 
In this test the time indication was in the form of an “engine 
tachometer trace, 51 marking the completion of successive engine 
revolutions. The 1-J- order was quite pronounced and there was 
also a well-defined component whose order number varied from 
1*44 at 2070 R.P.M. to 0*98 at 3050 R.P.M. On calculating the 
frequencies from the order numbers and engine speeds it was found 
(see last column of the table) that this second component was of a 
constant frequency of 3000 C.P.M. , allowing for experimental error ; 
in actual fact the component was traced to “ hum 55 in the electrical 
amplifiers used in between the vibration pick-up and the recording 
oscillograph, 50 C.P.S. or 3000 C.P.M. being the frequency of the 
alternating-current mains supply of electricity. 
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These* examples serve to show that it is sometimes convenient 
to employ one method of time indication, sometimes the other. 
Where possible it is useful to employ both methods simultaneously. 
Fig. 1 shows an actual recorded waveform where this has been done, 
the uppermost trace recording engine revolutions and the lowest 
trace recording time-intervals of 1 / 5 second. The detailed frequency 
analysis is given below, hut it may be observed here that the in- 
clusion of both revolution and time markings enables the speed of 
the engine to be checked very accurately. On the record illustrated, 
the distance between the engine markings 0 and 5 is 69-6 mm., 
while the distance between the markings E and F, representing 

B ENGINE REVS. A 

6 5 3 a / 0 


^ ^ ^ ^ \\ vV 



Ficj. 1 . — Record incorporating timing marks (EF) and engine revolution 

marks (AB). 


one second, is 95 mm. The paper speed is therefore 95 mm. second. 
The engine speed is found thus : 

Time for 5 revolutions = 69-6 95 = 0*733 second. 

Time for 1 revolution = 0*733 5 = 0*1466 second. 

Engine speed = 60/0*1466 — 409 R.P.M. 

The same result is obtained by a slightly different method : 

One second is equivalent to 95 < 5 69*6 — 6*82 revolutions 
Engine speed — 6*82 > 60 = 409 R.P.M. 

It should be noted that the paper speed is sensibly constant over 
the length of the record, as shown by the even spacing of the timing 
marks ; it would be dangerous, however, to assume that the speed 
remains constant from record to record, particularly as in some 
instruments the speed depends upon the amount of paper left on 
the spool. The speed should always be checked afresh in every 
record, unless special provisions have been made to ensure that it 
remains constant. 

This process of matching one trace against a standard time-base 
trace is fundamental to the determination of frequencies. Where 
definite cycles of the components concerned can be seen in the 
waveform, the length of record occupied by some convenient number 
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of cycles of 1 he component is measured, and so is Iho length of record 
covered in a certain time or a certain number of engine ie\olutions 
(or whatever may be the time-base). The frequency is determined 
in a manner similar to that employed in the engine speed check 
described above. Before proceeding to consider examples of this 
process, it must be pointed out that accuracy in frequency deter- 
mination depends upon two factors : the constancy of the paper 
speed of the record, and the possession of sufficient length of the 
record. The first of these requirements can in certain conditions, 
shortly to be considered, be dispensed with, but the second is a 
general requirement. Fig. 2 shows parts of the same waveform 
w r ith a time indication included. If the short record (Fig. 2a) is 
all that is available for analysis, it appears that there are four 

BO CF EA 

U If V- 

V\ AAA/VWWWN 

<&) 


WAAAA 

(n) 




(c) 

Fru. 2. — Tllustiating the lmpoitaiice ot utilising a faiily long record in de- 
tei mining frequencies. Fiom (u) it appeals that four cycles of the 
wave oceiu in one tuning interval, hut horn (<*) it is clear that 10 \ 
cy ( les oet in in join tuning intervals. 


cycles of the wave to one timing interval. If the longer lecord 
(Fig. 2c) is available, howe\er, it can be seen that there are in fact 
16^ cycles to four timing intervals. This is clearly a more accurate 
assessment, and taking it to be correct the relative accuracy of the 
first assessment is 4 \ 4'16J = 0*97, showing an error of 3 per 
cent. The timing interval in this case is 0*82 seconds, obtained 
from a governed clockwork motor. The true frequency is deter- 
mined as follows : 

16£ cycles occur in 4 x 0*82 = 3*28 seconds. 

1 cycle occurs in 3-28/16J = 0*199 seconds. 

Frequency = 1 0*199 = 5*03 C.P.S. 
or 60 5*03 = 302 C.P.M. 

The frequency calculated from the inaccurate estimate based on 
the short record (a) w’ould be 60 \ 4/0*82 = 293 C.P.M. 
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Another point concerning the use of time markings requires 
mention : w ith a marking of the type shown in Fig. 2, it is essential 
always to use the same part of the mark. In (a) and (r) the right- 
hand part of the mark has been used. It is obviously inaccurate 
to measure from the right-hand end of one mark to the left-hand 
end of another, as from A to B in Fig. 16, or rice versa as from C 
to D : in the first case too high, and in the second case too low, 
a value will he found for the frequency. The estimation of the 
midpoint of the marking, as at E and F, can also lead to errors, 
although such errors may only be slight. It is much the best plan 
to use some definite part of the mark, such as the right-hand corner. 

The waveform in Fig. 3 exhibits a non-uniform time-base, 
shown up by the uneven spacing of the markings oil the timing 
trace at the bottom of the record. Nevertheless it is possible to 
determine the fact that 9£ cycles of the vibration occur in four 

3 A 
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— ’V - * * 4- i . 

Fig. 3. — Accelerated record, shoeing non-uniform time-base. 

timing intervals (the part AB of the record). These timing intervals 
are 1T0 second, and the frequency is determined as 

60 \ 9-5 v 10/4 =- 1425 C.P.M. 

The record show’s vibrations in an airframe w T hen the engine is 
running at 3000 R.P.M. (nominal value), and there are tw r o possible 
sources of the vibration — the engine and the propeller. The gear- 
ratio being 0*477 : 1, the nominal propeller speed is 1440 R.P.M. 
It so happens that in this case the vibration frequency must be 
equal either to an integral multiple of the propeller rotational 
speed or to an integral multiple of half the engine rotational speed. 
The frequency found from the record (1425 C.P.M.) shows that if 
the vibration is at 1 ; propeller R.P.M. the true engine speed is 
2990 R.P.M., whereas if the vibration is at £ engine R.P.M. the 
true engine speed would be 2850 R.P.M. Since it is known that 
the tachometer by means of which the nominal engine speed was 
obtained is accurate to about — 1 per cent, at 3000 R.P.M., the 
true speed must lie betw’een 2970 and 3030 R.P.M. The analysis 
indicates that the true speed is 2990 R.P.M. and the vibration is 
at 1 propeller R.P.M. 

From the waveform in Fig. 4 it is required to determine the 
order numbers of the components referred to engine R.P.M., the 
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timing trace marking intervals of one second and the engine speed 
being 200 R.P.M. (nominal). The order numbers must belong to 
the series 1, 1-J, 2, 2-J, etc., ' engine R.P.M. The distance AB, 
representing two seconds, includes 16| cycles of the high-frequency 
component. The frequency can therefore be obtained directly as 
60 x 16*75/2 = 503 C.P.M. Alternatively, by measurement along 
the record, AB = 63 mm. (equivalent to 2 seconds) and CD = 64 
mm. (equivalent to 17 cycles). The paper speed is therefore 
31*5 mm. 'second, and the frequency is 60 c 17 X 31*5/64=502 
C.P.M. Since it is known that the frequency must be n/2 X engine 
R.P.M., where n is an integer, it is seen that in this case n = 5 
and the true engine speed is 502 ' 2, 5 = 201 R.P.M. 

In this wave there are two components, the ripple at 502 C.P.M. 
being superimposed upon a lower frequency variation ; the general 
form of the record is very similar to that illustrated in Chapter I, 
Figs. 3S-20. and recalling the results obtained in Section 10 it is 



Fig. 4. — Tw o- component wave (frequency analysis): the fact that the 
symmetrical disposition of the troughs vk G ” is repeated throughout 
the wave is an important clue. 

evident that the lower frequency component is represented by the 
“ envelope drawn in a broken line in the centre part of the record. 
The distance EF, containing one cycle of the lower frequency com- 
ponent, contains exactly five cycles of the 502 C.P.M. component. 
Since the low frequency must be n t '2 X engine R.P.M., where n 
is an integer, it is apparent that in this case n = 1. 

The following information has been extracted from the record : 

True engine speed = 201 R.P.M. to nearest unit. 

Low frequency = 100 C.P.M. to nearest unit 
= | X engine R.P.M. 

High frequency = 502 C.P.M. to nearest unit 
— 2 1 v engine R.P.M. 

The amplitudes of the two components can be found quite simply 
and the process is described in Section 3 below. 

In this particular case the data on which the conclusions are 
based consist of the record, together with the fact that the frequencies 
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must belong to the series i, I, 1*, etc., engine R.P.M. Tf this 
additional information is not available and the length AD of the 
record is the only basis for argument, the frequencies of both com- 
ponents can still be obtained with the same accuracy. The only 
assumption requiring justification is that the louer frequency is 
exactly 1/5 of the higher frequency. A glance at the record shows 
that the frequency ratio is certainly 1 : 5 approximately ; closer 
study reveals the fact that the two troughs marked G are sym- 
metrically disposed with regard to the crest E, and the same is 
true at all parts where the low-frequency^ component has crests. 
There is no tendency for the high-frequency ripple to creep ” 
along the low-frequency component, and this shows that there is a 
simple integral relationship between the two frequencies. Naturally, 
the possession of a longer record would enable this fact to be 
demonstrated with greater rigour. 



Fm,. 5. — U'-.e of a bine-wave of known frequency as a tune-base reteieuce. 

The lower trace is known to have a frequency 2^ times engine R.P.M.. 

«tml the scale 15, showing revolutions, can be derived. 

In Fig. 5 a double waveform is shown. The upper trace records 
a vibration of (as yet) undetermined frequency, and the lower trace 
is known to represent a vibration of the 24 X engine order, i.e. its 
frequency is v engine R.P.M. The two traces were recorded 
simultaneously on a double-indicating instrument ; on comparing 
them it is seen that the intervals between the successive points A, 
containing 5 cycles of the 2} X order and therefore representing 
two engine revolutions, contain 8 cycles of the top trace. This 
trace therefore represents a vibration at 4 X order, i.e. at a frequency 
4 x engine R.P.M. Alternatively, the artificial “ engine revolution 
scale ” B can be constructed, since it is known that 2£ cycles of the 
lower trace occur in one engine revolution. It is then seen directly 
that the frequency of the upper trace is 4 N ' engine R.P.M. 

The examples described show how the frequency of a wave can 
be determined either directly or as a multiple of some standard 
frequency, by means of (i) a time-recording trace, (ii) a trace 
3* 
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recording the standard frequency, or (iii) a trace containing a 
component ai a known frequency . By obvious extensions of the 
method it is possible to determine the frequencies of all the com- 
ponents in a waveform provided that the frequency of one component 
has been determined and the wavelengths of all the components 
can be found. 

It is customary, and advisable v here possible, to utilise a separate 
trace recorded simultaneously with the main trace, for the purpose 
of time indication. In some recording equipment, where the pen 
or light -spot which actually makes the record is controlled elec- 
trically, a timing mark is superimposed on the main trace. Examples 
of this type of time indication are given in Fig. 6. The “ zig-zag ” 
at A in Fig. 6a indicates the start of the firing cycle in an internal 
combustion engine ; the terminals of the galvanometer used for 
recording the main trace are connected also to a coil surrounding 
the ignition lead to the sparking-plug in one cylinder, and this 


VWwwwwww^/y/wwwwww w 

Fm. (i. — Super imputed timing maiks: (a) un a fairly “open” wave; 

( h ) on n high-frequency ripple. 

auxiliary circuit receives a k ‘ kick in current by induction every 
time this cylinder fires, i.e. once every two engine revolutions. Tliis 
method of recording time indications is not to be recommended : 
apart from the practical difficulties (which include the avoidance 
of “ pick-up 1 from the ignition on other cylinders) the mark itself 
is not easy to see. In the record shown in Fig. 66 there are three 
such marks, and the reader will observe the difficulty of ^ spotting ” 
them. With very high-frequency components present in the 
waveform the difficulty increases, and although the objection is 
not insuperable when only a small number of records have to be 
analysed, the eye-strain imposed on the analyst by the employment 
of this type of time marking can become a serious matter when any 
large number of records is handled. 

V ith the double-beam cathode-ray tube, and certain other 
recording instruments, it is convenient to use a 50 C.P.S. trace for 
frequency calibrations. Such a trace is easily derived from the 
A.C. electric mains supply. 
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A general formula can be given for the determination of fre- 
quencies. If 1 mm. is the distance between two timing marks 
corresponding to a time-interval of t seconds, the time-base factor 
or paper speed K, is given by 

K, -= J t i mm. second, . . (2.1) 

and the time t seconds corresponding to any distance l mm. of the 
trace is given by 

t = lJK f seconds. . . . (2.2) 

If A mm. is the wavelength of the component whose frequency F 
is being determined, then from (2.2) the period T seconds of the 
component is given by 

T = A/K* seconds. 

Now F -= 1,T C.P.S., hence 

F -= K,/A O.PX, . . . (2.3) 

or, substituting from (2.1), 

F - / Xt C.P.S. - 50/ 1 At O.P.M. . . (2.4) 

In this formula, as stated in the derivation, F — frequency of any 
component, A — wavelength of that component in mm., and 
l = distance in mm. corresponding to t seconds. 

If a length L mm. of the record contains p cycles of the com- 
ponent, the wavelength A is given by 

A — L jp mm. .... (2.5) 

The distances L, l and A may of course be measured in inches, or 
indeed in any arbitrary units, without affecting the result ; but they 
must be measured in the same units. 

If engine revolutions or some other frequency standard is em- 
ployed, the calculation may be expressed thus : let V mm. be the 
length of record between two marks whose separation represents 
m cycles of the frequency standard whose frequency is N C.P.S. 
The time-base factor is then 

K f — Z'N m mm. 'second, 

and from (2,3), F — ^ C.P.S. .... (2.6) 

A m 

Moreover, if n is the order number of the required frequency referred 
to the frequency standard, 

_ F _ V 
11 N Am' ‘ 


. (2.7) 
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In the case of engine-excited vibrations, N would represent the 
engine speed in revolutions per second ; since it is more usual to 
give such speeds in R.P.1L, the formula (2.6) can be used in these 
cases with N in R.P.M. so long as it is remembered that F will then 
be given in C.P.M. instead of C.P.S. 

The principles outlined above may be applied to the deter- 
mination of the fundamental frequency of a complex wave. 

The application of these formula can be illustrated by the 
determination of the frequencies in the waveforms in Figs. 1-5, and 
some of these analyses are given in detail below. 


Fig. 1 — high-frequency component. 


(") 


Time-base* 

Distance EF = 7 =_ 95 mm. 

Time represented by EF = t = 1 second. 
Wavelength = A ~ EF/50 = 95/50 mm. 

From (2.4) frequency -= — — 3000 C.P.M. 

1 95 \ 1 


(6) Order number. 


Distance AB — /' — 83-9 mm. 

AB contains m = 6 engine revolutions. 


From (2.7) order number n 


83*9 X 50 
95 X 6 


7*35 cycles /revolu- 
tion. 


(c) Engine speed N = 


= 3000 '7-33 = <09 R.P.M. 

order number 


Fig. 1 — lofc-fnqutncy component . 

The envelope drawn in broken lines at each end of the record 
displays the low-frequency component, nine cycles of which occur 
between the two short vertical lines above the figures 0 and 9. The 
distance is 84*2 mm., which is sufficiently close to the value 83*9 
mm. for V to show that the nine cycles occur in six revolutions — 
i.e. the order number is 9/6 = IV 

Fig . 2c*. 

Distance AB = L = 78*5 mm., containing p — 17 cycles of wave. 

Wavelength A = L p = 78*5/17 mm. 

Distance AC = / = 76*1 mm., representing 4 X 0*82 seconds, 
i.e. t — 3*28 seconds. 


From (2.4), F = 


60 X 76*1 x 17 


302 C.P.M. 


78*5 X 3*28 
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Fig. 4 — high-frequency component. 

Distance AB -= l = 63 turn., representing t ~ 2 seconds. 
Distance CD = L — 64 mm., containing p -- 17 cycles. 
Wavelength A ~ L !p — 64/17 mm. 


From (2.4), F = 


60 X 63 X 17 
64 X 2 


502 C.P.M. 


The formulae are reprinted below for ease of reference : 

Let L mm. — length of record containing p cycles of component. 

/ mm. — length of record representing t seconds, 
l' mm. = length of record containing m cycles of frequency N 
C.P.S., 

A mm. = wavelength of component, 
mm /second — time-base constant or paper speed. 

Then A = L jp, K t = 1 1 = 7'N m , 

and F (C.P.S.) = K f 'A = I'M = lp,Lt = /'N /Am = /'pN/L>u (2.8) 


3. Determination of amplitudes in simple cases. 

The measurement of the amplitude of a sine-wave requires 
little explanation. The amplitude is simply half the total variation 
in height of the wave, as shown in Chapter I, Fig. 2, p. 9. 

When great accuracy is required, the thickness of the trace 
must be taken into consideration. The usual method of determining 
amplitudes, when there are many traces to be analysed and ac- 
curacy is required, is to draw with a fine pencil two horizontal lines 
passing respectively through crests and troughs. These lines may 
be drawn through the estimated centre of the trace thickness, as 
at D in Fig. 5, or both to one side of the trace ; at C in this diagram 
the lines have been inscribed so as to touch the top edge of the 
trace, both at the crests and at the troughs. The vertical distance 
between the two lines gives the double amplitude of the wave 
directly ; in the diagram, this distance is 5*9 mm., so that the 
amplitude is 2*95 mm. It is customary and advisable to take 
several measurements at various parts of the record and average 
them. 

A little instrument, knowm as the “ Sealeometer/ 1 is very useful 
for obtaining accurate amplitude measurements. It consists of a 
simple magnifying system through which the trace and a finely- 
divided scale are viewed, the scale being engraved on a glass disc 
in such a way that it can be brought down on to the trace. Special 
scales are available to measure in small subdivisions of either 
inches or millimetres. 
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True amplitudes obtained in this manner usually require to be 
multiplied by some constant factor in order to take into account 
the calibration constant or magnification of the recording system 
(see Chapter II, p. 49). This being the ease, it is frequently possible 
to make use of double amplitude readings, which are easier to 
measure than true amplitudes (in so far as no calculation is required 
— even division by 2 is time consuming and can lead to errors), 
the conversion factor being altered accordingly. For example, 
suppose a trace recording an alternating-current voltage has a 
double amplitude of 12-2 mm., the sensitivity of the recording 
system being such that 3*2 mm. excursion on the trace corresponds 
to a voltage variation of 1 mv. The total voltage variation is then 
12*2/3*2 ==- 3*82 mv., representing a variation between + 1*91 and 
— 1*91 mv. This is known to electrical engineers as a wave of 1*91 
mv. peak ; and this peak voltage figure could have been obtained 
directly from the record, using the true amplitude 6*1 mm. instead 
of the double amplitude. Alternatively, the calibration constant 
can be taken as 2 y 3*2 = 6*4, signifying “ 6*4 mm. double amplitude 
for 1 mv. peak,” and the peak voltage can then be calculated from 
the double amplitude as 12*2/6*4 = 1*91 mv. peak, as before. 

The same remarks apply to the determination of stress ampli- 
tudes from strain-gauge records. It is usual to express vibratory 
stress levels in such a form as “ ± 8000 lb. /in. 2 ,” signifying an 
overall variation of 16,000 lb. /in. 2 , even when this variation is not 
symmetrically disposed with respect to the mean or centre position 
of the recording pen or light-spot ; strain-gauges are usually electrical 
in nature, and the steady stress or mean stress value is not recorded, 
since it does not “ register ” in the intermediate amplifiers and 
other electrical apparatus. 

Throughout the remainder of this book the tv o types of amplitude 
measurement will be distinguished thus : 

True amplitudes will be prefaced by the sign “ ±.” 

Double amplitudes will be followed by the letters “ (d.a.).” 

Thus the amplitude of the trace in Fig. 5 is in 2*95 mm. or 5*9 mm. 

(cU.). 

In many cases in engineering practice it is required to measure 
the overall excursion of complex waves. This occurs, for example, 
in the determination of vibratory stresses by means of strain- 
gauges. The waveform in Fig. 7 is an example of the type of record 
frequently encountered. The length AB contains one cycle of the 
stress variation. The line AB, joining corresponding peaks in 
successive cycles, is parallel to the mean line of the trace, so that 
measurements taken perpendicular to AB will be true indications 
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of amplitudes. 


At C the trace reaches the lowest position below 


AB } and the distance from C to the line AB (con- 
veniently denoted by C— - AB), is the true double 
amplitude of the wave ; that is, the stress certainly 
varies through the range represented by this distance 
once per cycle. It has been the practice of some 
analysts, engaged in the routine analysis of many 
hundreds of such records, to measure a distance such 
as E — AB, or the distance between the lines C and 
D, on the assumption that the slightly greater dis- 
tance C — AB is the result of an extraneous low- 
frequency surge. This is a case which admirably 
illustrates the general rule that the precise technique 
adopted in any analysis will depend upon the inter- 
pretation which is to be put upon the results and 
upon a knowledge of the physical conditions govern- 
ing both the system under observation and the 
recording system. The wave shown in the diagram 
is perfectly periodic, the wavelength being 150 mm. 
in the original, so that a low trough is found 150 mm. 
to either side of C, and so throughout the record. 
This being the case, the so-called extraneous low- 
frequency surge ” is an inherent part of the total 
variation and should not be omitted from the total 
stress estimate. In other words, the total periodic 
stress variation is over the range represented by 
the distance C — AB (8-7 mm. in the original) ; the 
measurement E — AB or C — D is only 8*1 mm. in the 
original, giving an error of nearly 7 per cent. The 
trace records vibrator} 7 ' stresses in an aircraft pro- 
peller, the engine having a reduction gear-ratio of 
0*4 : 1. The full cycle of the variation extends over 
ten engine revolutions (see Chapter II, p. 47) since 
disturbances arise at frequencies which are multiples 
either of the propeller speed or of half the engine 
speed. The predominant components are seen to 
have 20 and 4 cycles respectively in these ten engine 
revolutions, and represent vibrations at 2 x engine 
R.P.M. (2E) and 1 x propeller R.P.M. (IP) re- 
spectively ; there is also present a number of minor 
components which have the effect of extending the 
wavelength of the total variation to the maximum 
possible value, equivalent to ten engine revolutions 



Fig. 7. — Complex strain-gauge record : AB is a cycle. 
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or four propeller revolutions. It is admittedly true that the full 
variation (8*7 mm.) occurs only once every cycle, whereas the vari- 
ation E — AB (8-1 mm.) occurs four times in the cycle ; nevertheless, 
8*7 mm. is the correct value for the overall variation so far as the 
waveform analyst is concerned ; the interpretation of the results is 
a matter for the vibration engineer to determine. 

The procedure adopted here for the determination of the correct 
direction in which to measure amplitudes is one of universal applica- 
tion : find corresponding points in successive cycles of the wave, 
and join them ; the line so obtained is parallel to the mean line 
of the trace, and amplitude measurements taken perpendicular to 
it will be correct. The point is of some importance in the measure- 
ment of the overall variation in complex waves, whose wavelengths 
may be as great as twenty or thirty centimetres in some cases. 

Some recording instruments are so arranged as to indicate the 
mean line down the centre of the trace, as for example in Figs. 22 
and 23. Chapter I. In these diagrams it can be seen that although 
the mean line represents the average value of the variation over a 
cycle, it often happens that the maximum height of the wave 
above this line is greater or less than the maximum depth of the 
wave below it. In Fig. 22c, for example, the maximum height of 
the wave above the mean line is only about half the maximum 
depth below it. In the original the two distances were respectively 
0-16 and 0-30 in. ; nevertheless, since the constant term in the 
Fourier series (see Chapter II, p. 49) has in this case been removed 
hv the electrical apparatus intervening between the source of the 
variation and the recording equipment, the amplitude would be 
stated as -- 0*23 in. 

4, Phase-angle determination in sine-waves. 

The determination of the phase -angle of a sine wave is a simple 
matter, which is effected by finding the precise location of the 
crests and troughs, or alternatively of the zero-points, where the 
trace cuts the mean or centre-line. Suppose that it is required to 
express the variation, represented by the sine-wave in Fig. 8 a, in 
the form y — a . sin (<ot -f- <j>) 3 the line A being the time-base 
datum t = 0, and the frequency being 3000 C.P.M. From formula 
(3.1) on page 12, co = 3000/9*55, and the constant a is simply the 
amplitude of the sine-wave. The phase-angle cf> is found as follows : 
the lines B and C are drawn, passing respectively through crests 
and troughs (Fig. 86). The line D, which is the mean line of the 
trace, is midway between the lines B and C. and so is easily con- 
structed. Let the mean line cut the time-datum A at E, and let 
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F be the intersection nearest to A and to the left of A (i.e. before A 
in the sense of time indicated by the arrow) of the mean line D and 
the trace where the slope is positive (i.e. where y is increasing with 
time). FG is one cycle of the trace. Now, the distance FG repre- 
sents an angle 2tt radians or 360°, and on the same scale the distance 
FE represents <f > ; for at F, y = 0 and at E. y - a . sin (FE FG)27 t. 

In the particular case shown, FG — 1-2 in. in the original and 
FE = 0-48 in. ; thus <f> = (0*48 1*2)27 r - 0*877 radians or 144°. 
If the trace had not extended to the left of the line A, the phase-angle 




Fig. 8. — Technique of phase-angle determination. 

could have been found as <f> = — (EG'X)2tt, where A is the wave- 
length of the trace, for 

(FE EG) A = 1 and sin (cot -p <f>) = sin [cot — (£77 — <£)]. 
Thus in Fig. 86, EG is found to be 0*72 in., and 

<j> — — (0*72 1*2)2 t 7 = — 1*2? t radians 
or — 210° ; and since 

216° + 144° = 360°, sin (cot - 216°) sin (cot ~r 144 ), 

In order to express the variation in the form 
y — a . cos (cot — ijj), 
use may be made of the fact that if 

sin (# + <£) — co^ (6 — 1/ f), 
ijt - <f> — 77 2 ; 


then 
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for cos (fl + <f> - tt, 2) ~ win (0 -r <f>), as shown in (2-5) in Chapter J, 
page 8. Thus in the ease illustrated, >fi ■= 144° — 90° = 54°. 

The method just described for the determination of phase-angles 
is the most accurate method. For rough approximations the 
location of the crests and troughs can be estimated by eye. Another 
accurate method consists of drawing a line parallel to the crest line 
B and a short distance below it, cutting the trace either side of a 
crest at H and K (Fig. 8r). A short line perpendicular to and bi- 
secting the intercept HK cuts the trace at the crest L and the mean 
line at M ; then the fractional part of the ratio EM/A, expressed as 
a proper fraction, when multiplied by 2 it gives the value of {—•/>) 
in the form a . cos (tot — ifi). This same method of utilising the 
fractional part of the ratio when the length EM exceeds A can, of 
course, be used in the first procedure described above. 

When the mean line has been constructed, the sine-wave trace 
cuts off a series of equal segments on it. If the segments are seen 
to be unequal, being alternately longer and shorter than half a 
wavelength, some distortion is present in the waveform. It does 
not, of course, follow' that the presence of equal segments indicates 
that the trace is a pure sine-wave ; but if unequal segments are 
found, and the mean line has been accurately constructed, it can 
at once be deduced that the wave is not a pure sine-wave and 
requires analysis into its components before any phase-angles can 
be determined. 

In the following chapter, where the analysis of complex waves 
having two or more sine-wave components is described, the methods 
of finding phase-angles and the location of crests and troughs de- 
scribed above will be understood to be employed, with certain 
modifications according to the particular circumstances of their 
employment. 
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CHAPTER EV 

THE ENVELOPE METHOD 


1. Introductory. 

The envelope method of inspection analysis, described in this 
chapter, has been evolved by vibration engineers for the routine 
analysis of large numbers of recorded waveforms. Large-scale 
vibration tests, particularly those in which stress values are re- 
corded by means of strain-gauges and auxiliary equipment, usually 
comprise several “ runs ” over a wide range of speeds of the power- 
plant under test, records being taken from numerous vibration 
pick-ups. As a result, each test may provide some hundreds or. 
even thousands of traces, and from each trace the following in- 
formation is required : (i) the overall amplitude of the variation ; 
(ii) the frequencies of the principal components, and (iii) their 
amplitudes. Phase-angles are not usually required to be deter- 
mined in every trace of a test, but they may be required in certain 
typical traces. 

The order in which these requirements are listed indicates the 
descending order of importance for most practical requirements. 
Consider, for example, stress determinations by means of strain- 
gauges. Of prime importance is the overall variation in the stress, 
which, together with the level of the direct stress, determines the 
fatigue characteristics of the structure under test ; the process 
for measuring this overall amplitude has been described in Chapter 
III. Secondly, the frequencies of the principal components must 
be found before means of reducing the vibration stresses can be 
sought, since the source of each component must be located. 
Thirdly, the approximate amplitudes of each component must be 
determined, so that if means of reducing one component are found 
the effects on the overall amplitudes of the various records can be 
estimated. In the accumulation of a background of experience 51 
(which is the research worker's most useful acquisition) the phase- 
relations between different records is often of great importance ; 
also, in the strain-gauge investigation of stresses (notably in aircraft 
propellers) these phase-relations may enable otherwise doubtful 
frequencies to be found more accurately, particularly where for 
some reason the record is too short. 

The envelope method of waveform analysis enables these 
different quantities to be determined with sufficient accuracy for 
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all practical purposes. It is true that there are certain special 
types of wave, containing only three components, which cannot 
be analysed by the method, but examples of these types occur but 
seldom in practice, and even when they do occur it is usually possible 
to determine the frequencies of the components by a consideration 
of records taken at speeds slightly different from that of the record 
in question, and when several traces are recorded simultaneously 
there is usually one trace wherein one of the components is not 
present. The vast majority of waveforms encountered in engineer- 
ing vibration study fall into one of a small number of general types, 
to which a systematic method of analysis is applicable. 

The first chapter of this book is concerned with the properties 
of sine-waves in combination ; beats, and the effects of adding low- 
frequency or high-frequency components to existing combinations 
are discussed therein. The general properties of these combinations 
form the basis of the envelope method of analysis. The technique 
of analysis could be justified mathematically, but the absence of 
any necessity for such justification is sufficient reason for not 
describing here the complicated mathematical work. The tech- 
nique is based upon perfectly general properties of sine-waves in 
combination, which have been illustrated in Chapter I by several 
examples ; and the method has been fully tested in a leading in- 
dustrial establishment, where many thousands of recorded wave- 
forms have been analysed by its aid. 

Practice in applying the method leads to great facility ; experi- 
enced analysts are able to estimate u at a glance ” the principal 
component* of u waveform analysable by the method. It must 
be emphasised, however, that there is no royal road to expert 
analvMs; facility i& onlv to be obtained by practice, and the best 
place to hi art i* the synthesis of complex waves from their com- 
ponents. There can be no doubt, indeed, that time so spent is 
by no means wasted, since the analyst is afterwards in a position 
to perform the required estimations with a sufficient degree of 
accuracy and in the minimum of time. The possibility of anomalies 
in recorded -waveforms should always be borne in mind ; the more 
waveforms an individual analyses, the greater will be his experience 
and understanding of the idiosyncrasies of different combinations. 

In the present chapter the analysis of waveforms with only two 
components is first described, the technique being developed from 
properties of tw T o-component weaves recalled from Chapter I. 
Various types of three-component waveforms are next discussed, 
the technique being a logical development of that used for two- 
component waves. From a study of the methods of treatment of 
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these various types of wave, a systematic scheme of analysis can be 
derived, and this is given in the text in the form of two tables. 
The application of these geiieral tables is illustrated by means of 
actual recorded examples previously analysed in the chapter ; the 
last example is of a waveform with four predominant components, 
and shows the limit of application of the method. The chapter 
concludes with some notes on practical details. 

2. Determination of cycle, and apparent highest frequency. 

The first task to be performed in the analysis of any waveform 
is the determination of the cycle. Since the frequencies of all the 
components of a complex wave are multiples of the frequency of 
the fundamental cycle, the determination of the cycle renders the 
frequency analysis much easier. In many cases the cycle is very 
clearly evident, and the majority of the waveforms illustrated in 
this chapter are of this type ; in certain cases, however, care must 
be taken not to regard too short a distance as being the wavelength. 
The need for the exercise of care in this connection is exemplified 
in the trace of Fig. 1. At first sight the cycle appears to be from 
A to B, or from B to A', so that the length AA' contains two cycles. 
More careful inspection reveals, however, that the form of the waist 
of the beat at B is not quite the same as at A or A' ; in fact, the 
trace is approximately alternant, with half-cycles AB and BA'. 
Only a portion of the record is shown in the diagram, but in the 
original trace the pattern AA' was repeated accurately throughout, 
waists of type A alternating with those of type B. 

In order to determine accurately the length of the cycle, use 
may very effectively be made of ce characteristic patterns/’ Thus, 
when the form of the trace in the neighbourhood of A in the diagram 
has been observed, it will at once be evident that AB is only part 
of the cycle, as the trace at B does not conform to this characteristic 
pattern. 

In many waveforms recording mechanical vibrations there are 
irregular fluctuations from cycle to cycle. [Strictly speaking, the 
term “ cycle ” is inapplicable in such a case, but where the fluctu- 
ation is small, as it usually is, it is quite justifiable to neglect the 
effects of this irregularity.] The variation from cycle to cycle is 
normally in the size of the various peaks, the location of the peaks 
being for all practical purposes the same in each cycle. Some 
definite pattern, regularly repeated, can usually be observed. If 
the type B waist in Fig. 1 had occurred only once in a dozen or so 
beats, all the other waists being of type A, and if each beat contained 
the same number of peaks, the occurrence of the type B waist would 



WAVEFORM ANALYSIS 


m 

be considered as due to irregular fluctuation ; in the actual record 
from which the diagram is reproduced, however, the types A and B 
alternate and there is no doubt that the cycle is AA'. 

In the following sections the term “ harmonic ” refers to this 
cycle of the waveform, and not to any other frequency standard. 
Thus if the cycle contains thirteen cycles of a particular component, 
that component will be termed the 13th harmonic. In some cases, 
the harmonic number may require to be converted to another number 
shoving the relation between the frequency of the component and 
some standard frequency : thus with waveforms recording vibra- 
tions in engines, the frequencies are usually expressed as multiples 
of the crankshaft rotational speed, and this frequency ratio is fre- 
quently termed the harmonic number ; nevertheless, it seems to 
be more convenient to reserve this term to show the relation 
between the frequency of the component and the fundamental 
frequency of the variation. If the waveform contained only the 
UK and f>E engine orders, i.e. components at two and six times 

\AAA/ vA/ ^AAAA^MAAAa / ^ 

Fiu. 1. — Use of characteristic patterns m determining cycles. The cycle is 

AA', not AB, as the form of the waist at B is not the same as at A, A'. 

For analysis see Table IV, page 114. 

engine R.P.M. respectively, the cycle of the variation extends over 
only half an engine revolution and the components are the first 
(or fundamental) and third harmonics of this cycle ; similarly, 
the -J-E order is the fundamental component in the firing cycle of a 
4-stroke internal combustion engine. It is convenient and desirable 
to retain the term harmonic 55 with reference to the cycle of the 
waveform, and to use the term “ order 99 or Ck order number ” with 
reference to auxiliary frequencj 7 standards. 

Once the cycle has been identified, the frequency of the funda- 
mental component can be determined (whether or not it is present 
in the waveform) by the methods described in Chapter III, and the 
frequencies of the other components are found by multiplying 
their harmonic numbers by the fundamental frequency. 

The determination of the frequencies of the various components 
is therefore straightforward, once it is .established how many cycles 
of each component occur in the fundamental cycle. The methods 
by which these numbers are established are described in the following 
sections, but one point concerning the apparent highest frequency 
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requires immediate mention. As shown in Chapter T, page 20, 
there cannot he more peaks in a cycle of a complex waveform than 
there are in a corresponding length of the component of highest 
frequency. If, for example, there are eighteen crests in a cycle, 
then there is certainly present a component whose harmonic number 
is not less than eighteen. There may be present components of 
higher frequency, in the case of beating waveforms ; but confining 
attention here to the highest frequency apparent in the trace, some 
of the peaks even of this component may be masked. At A in 



Fig. 2. — Masking of peaks of high -frequency component. 

Fig. 2, for example, the crests and troughs are apparently as in- 
dicated by the vertical lines ; but this entails a much wider separa- 
tion between successive troughs “ 3 ” and k< 4 55 than at either side. 
The true state of affairs is as indicated at B and C, where in fact 
the peak separation at the waist of the beat is slightly less than 
elsewhere. As is explained below’ (p. 94) the marking of peaks in 
beating waveforms does not affect the results : in this particular 
case, the correct spacing of the peaks as at B indicates the presence 
of a 13th harmonic beating with a 1 2th, while the incorrect spacing 

X X x 

Milt Mill Mill 


Fig. 3. — Making of peaks. Peaks at the points marked X are masked 

in the record. 

as at A indicates a 12th harmonic beating with a 13th ; and since 
the minimum width of the envelope strip (at the waist of the beat) 
is zero, the two components have equal amplitude. It is therefore 
immaterial which assumption is made concerning the peak separa- 
tions. On the other hand, with a single high-frequency component 
it is important to locate all the peaks. In Fig. 3 the crests marked 
X are masked in the trace, but they must be taken into account 
in determining the frequency of the high-frequency component. 
Bearing in mind the slight variations in peak spacing in beating 
waveforms, the masking of peaks is shown up by large variations 
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in the spacing. The practical rule is to insert peaks where necessary 
to preserve a more-or-less even distribution. 

3. Two components of high frequency -ratio. 

A complex wave consisting of two components whose frequency- 
ratio is high is characterised by the following properties (see 
Chapter I, p. 30) : 

(i) The envelopes, passing respectively through all the crests 
and all the troughs which can he seen in the trace, or touching 
the trace near these peaks, are similar ; and each is a sine- 
wave. 

(ii) The envelope strip, or area between the top and bottom 
envelopes, is constant in width, i.e. the vertical separation 
of the two envelopes does not vary over the cycle. 

(iii) The high frequency ripple 15 fills in the envelope strip, 
and has the appearance of a sine-wave distorted so as to 
lie between the two envelopes. 

[These characteristics are illustrated in the waveforms of Figs. 
18-20, Chapter I, pp. 29, 30]. 

The envelopes represent the low-frequency component, and the 
constant vertical separation of the envelopes represents the double 
amplitude of the high-frequency component. The construction of 
the envelopes therefore provides complete information concerning 
the low-frequency component, whose amplitude, frequency and 
phase can be determined by the methods described in Chapter III ; 
the amplitude of the high-frequency component is also known. 
The determination of the frequency and phase of this wave depends 
upon the precise location of the peaks, which will now be considered. 

Fig. 4 a shows a w~ave whose two components have a high fre- 
quency-ratio. Tlie envelopes, drawrn in broken lines, are reproduced 
below at (6), and represent in all respects the low-frequency com- 
ponent. In the original wave the wavelength w r as 20 mm. and 
the double amplitude 4 2 mm. The double amplitude of the high- 
frequency component, represented by the vertical separation of 
the lines drawn at A, was 4*8 mm. BC comprises one cycle of the' 
complete variation, and the frequencies of the two components 
can therefore be determined quite simply : they are the 3rd and 
16th harmonics. All the peaks of the 16th harmonic appear in 
the trace. Calculation of the frequency of this harmonic by 
measuring the horizontal interval occupied by a number of its 
cycles is not to be recommended, since peaks are displaced slightly 
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in a horizontal direction by the superposition of the low-frequency 
component. This fact is illustrated in Fig. 5a ; at (6) in Fig. 5 the 
crest of the high-frequency component coincides with a trough of 
the low-frequency component, and there is no horizontal displace- 
ment. Frequency and phase determinations are therefore .best 
made by means of crests and troughs which coincide with peaks in 
the low-frequency envelope : the phase of the 16th harmonic in 
Fig. 4 is given precisely by the fact that a crest occurs at B, together 
with a crest of the 3rd harmonic. These conclusions are substanti- 
ated by the fact that the trace is symmetrical about B and 0, so 
that the two components must peak together ” at these points. 



Fiu. 4. — Separation of two components of high frequency-ratio. (6) shows 
the low-frequency component of the trace at (a), and the double- 
amplitude of the high-frequency component (A). The short vertical 
lines in (c) represent, in magnitude and position, the peaks of both 
components. See also Table V, page 115. 

The two components can conveniently be represented as shown 
at (c) in Fig. 4. The short vertical lines indicate the crests and 
troughs, and the length of each line represents the amplitude of the 
component. Dependent upon the nature of the problem it may 
or may not be desired to draw' the components separately ; when it 
is so desired, the method illustrated offers the advantages of 
simplicity and the saving of labour. The upper part of (c) affords 
precisely the same information as does the trace at (b). 

The determination of the cycle of waveforms of this type is 
easily accomplished by means of the characteristic patterns referred 
to on page 85. In this way also the existence of a non-harmonic 
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component may be detected ; this component can arise from “ hum/ 9 
induced by the alternating-current mains used in some electrical 
recording instruments, or from some other source. If the funda- 
mental frequency of the variation recorded (i.e. excluding the hum) 
is a simple sub-multiple of the mains frequency, the hum will be a 
harmonic component ; but if this condition is not realised, there 
may be no cycle apparent in the record. Such an absence of cyclic 
regularity does not invalidate the envelope method of analysis, 
however ; in the case of the type of waveform considered here, the 
envelopes determine the low-frequency component with equal 
facility whether the high-frequency component is harmonic or not. 
On the other hand, slight irregular fluctuations in the variation 
being recorded may in some cases mask the repetition of the char- 
acteristic patterns, so that too great a length of record is taken to 

w 

vv 

(b) 

Fig. 3. — (of) Displacement of peaks of ripple when they do not coincide with 
peaks of low-fiequency component ; (ft) no displacement in the case of 
coincidence of peaks. 

be the cycle. If, for example, two cycles of the wave are taken 
in error to be the cycle, and the components are really the 2nd 
and 9th harmonics, they will appear to be the 4th and 18th 
harmonics of a fundamental frequency which is only half as great 
as it should be, so that the frequency determinations will not be 
affected ; and the misconception can be detected by the fact that the 
harmonic numbers have a common factor (2). 

The combination of two components of high frequency-ratio is 
the simplest type of complex wave, so far as analysis is concerned. 
The process of analysis requires no further explanation, and the 
reader is advised to practise on the examples illustrated in Fig. 6. 
It is required to find the harmonic numbers of the two components, 
to measure their amplitudes and to determine the precise location 
of one crest or trough of each component (from which the phase 
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could ho calculated witli reference to any (latum). Tn the solution 
of these problems, and similarly in the analysis of any waveform 
of this type, very effective use can be made of the property of 
symmetry, illustrated in Fig. 56. By “spotting” configurations 
of this t\pe the location of peaks is facilitated. Where there 
appears to be a slight irregularity in the trace, the construction of 

/VXAAAaaMAAAaaAAAAAa^ < c! 
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Fig. 6. — Examples of tv o -component waveforms, for piactice. 

the envelopes is rendered less ambiguous by the fact that they 
must be sinusoidal and parallel. 

When the reader has analysed several of the examples in Fig. 6, 
as he is advised to do, the accuracy of the anatysis can be checked 
in the best possible manner — namely, by reconstruction of the 
traces from a synthesis of the components. The reconstructed 
trace, if drawn to the same scale as the original, should of course 
be similar to it. Tn this manner, and only in this manner, will 
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confidence be gained ; for this reason the “ answers are not supplied. 
In this connection it should be observed that the traces illustrated 
have been selected from actual recorded waveforms, and each 
contains (for all practical purposes) only two components. Traces 
reconstructed from syntheses of the components may differ in 
minor respects from the originals, but if the result is different to a 
major degree the analysis should be repeated to discover the error. 

Use of the <b Tables for Synthesis (Table II, Appendix V, 
page 258) will facilitate these reconstructions. 

4. Two-component waves — beating. 

The next type of two-component wave to be considered is the 
beating waveform, resulting from the combination of two com- 
ponents whose frequency difference is small compared with the 
frequency of either. The synthesis of this type of waveform was 
described in Chapter' I, pages 20, 28, and the following properties 
should be recalled : 

(i) The envelopes are approximately sinusoidal and similar 
but anti-phased, i.e. crests in one coincide with troughs in 
the other, and vice versa . 

(ii) The width of the envelope strip, i.e. the vertical separation 
of the two envelopes, varies cyclically, the frequency of 
the variation being the difference between the frequencies 
of the components. 

(iii) The maximum width of the envelope /trip equals the sum 
of the double amplitudes of the components, and the 
minimum width of the envelope strip equals the difference 
between these double amplitudes. 

(iv) Except in certain critical cases (see p. 23) the frequency 
of the wave which is visible in the trace is the frequency 
of the major component (i.e. the component of greater 
amplitude). 

(v) The separation of successive peaks (crests or troughs) at 
the bulge and at the waist of the beat determines whether 
the minor component is of higher or lower frequency than 
the major. If the peak separation at the bulge is greater 
than at the w^aist, the frequency of the minor component 
is less than that of the major ; and if the peak separation 
at the bulge is less than that at the waist, the minor com- 
ponent is of higher frequency than the major. 

(vi) The components are temporarily in-phase at the bulge, 
and temporarily anti-phased at the waist. 
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These characteristics are exemplified by the waves illustrated 
in Figs. 10-17, Chapter I. 

Fig. 7 shows a beating waveform analysed into its constituent 
waves. The waveform itself is illustrated at (a) and the components 
at ( b ), where use has been made of the method of depicting waves 
described on page 89. By considering a greater length of the 
record (part only of which is shown in the diagram) it has been 
determined that AA' is a cycle. Since the trace appears to be 
symmetrical about the waist B, the components are both cosine 
waves referred to A or B as datum. The trace is also symmetrical 
about A, but this symmetry is not so easy to observe in the neigh- 
bourhood of a bulge as it is near a waist. Troughs in the t^o 
components coincide at A, and a crest of the minor coincides with 
a trough of the major at B. There are 12 crests (and 12 troughs) 
in the cycle,, so that the major component is the 12th harmonic. 



Fig. 7. — Analyst of simple beats. 

The peak separation at the waist B is greater than that at the bulge 
A or A', as shown by the arrows in the diagram, and according to 
(v), above, this fact indicates that the minor component is of higher 
frequency than the major. Finally, there is one beat in the cycle, 
so that the difference between the harmonic numbers of the com- 
ponents (referred to the cycle) is unity ; hence the minor component 
is the 13th harmonic. 

By means of the envelopes, drawn in broken lines, the amplitudes 
of the components can be found. In the original trace the maximum 
strip-width (i.e. the distance between the parallel lines marked at 
A) was 11*4 mm., and the minimum strip-width (at B) was 2*2 mm. 
These values are respectively the sum and the difference of the two 
double amplitudes, which are therefore 6*8 and 4-6 mm. The 
components are therefore : 

12th harmonic : 6*8 mm. (cl.a.) * or 3*4 mm. 

13th harmonic : 4*6 mm. (d.a.) or — 2-3 mm, 

* 8ee note on p. 78. 
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Since it is known that troughs of the two waves coincide at A, tin 
separate components can now be drawn as in the diagram. 

When the amplitudes of the two components are equal or nearl; 
equal, so that the minimum strip-width is approximately zerc 
there is occasionally some doubt as to the location of peaks at the 
waist of the beat. In Fig. 8 the troughs at the waist D may be 
considered to exist as indicated by the vertical lines below the 
trace. BC is a cycle of the wave, and assuming the troughs to be 
as indicated there are 12 cycles of the £C major ” component. The 
peak separation at the waist being greater than that at the bulge, 
the fi ‘ minor 59 component is the 13th harmonic ; actually, since the 
minimum strip-width is zero the amplitudes of the two components 
are equal and the terms “ major JJ and minor 99 do not apply. 
In the cycle AB the location of the troughs at the waist E appears 
to be as indicated by the vertical lines below that portion of the 
wave ; ass lining this location to be correct there are 13 cycles of 



Fig. 8. — Analysis of beats in critical case. It is immaterial whether the 
location of troughs at the waist is taken to be as marked at D or as 
marked at E. 

the “ major 55 component in the cycle of the beat. Since, however 
the peak separation at the waist is now less than at the bulge, the 
minor 55 component is the 12th harmonic. Thus it is immaterial 
which assumption is made ; the result in either case is that there 
are present in the waveform two components, the 12th and the 
13th harmonics, of approximately equal amplitude. 

The three waveforms in Fig. 9 all have the same fundamental 
wavelength ; the extent of the cycle is shown by the short vertical 
lines marked above the traces. In all three waves there is one 
beat per cycle. At (a) the major component is the 8th harmonj 
since there are 8 crests per cycle, and the minor component ^ 
therefore either the 7th or the 9th harmonic. By measuring t. 
peak separations at the bulge A and the waist B it is found that thv 
minor component is of lower frequency than the major, so that it 
is the 7th harmonic. It is sometimes convenient to measure peak 
separations over a wider range, as at C and D. 

The reader may verify for himself that the components of the 
trace in Fig. 96 are the 7th (major) and the 8th (minor) harmonics * 
and that in Fig 9c the 7th harmonic is again the major component 
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he minor component being in this case the 6th harmonic. The 
>eak separation property is well illustrated by these two waves, 
yhieh have the same major component. 

, The trace at (6) illustrates also the type of irregular fluctuation 
eferred to on page 85 ; the waist C is not quite the same as the 
waist B. In the complete record, of which the diagram shows 
only a part, there were twenty beats and the number of crests per 
beat was constant throughout (seven). Furthermore, the trace is 
symmetrical about the centre of each waist, so that the character- 
istic pattern is maintained. Nevertheless, the width of the envelope 
strip at C is less than at B, and this inequality indicates an irregular 
fluctuation from cycle to cycle. 


■ vaAAA/ ^^AAAAA^ y\A/\AA>^ 


(a) 


( 6 ) 




(c) 


Fig. 9. — Comparison of beats with same beat frequency ancl a common 

component. 


The trace in Fig. 1, page 86, gives an example of the non- 
oincidence of beat cycles and fundamental cycles. As already 
xplained, the cycle of the wave is AA', which comprises two beats, 
here are 15 crests in this cycle, so that the components are the 
h (major) and the 13th or 17th (minor), harmonics. Considera- 
i of peak separation shows the minor component to be the 13th 
rmonic. 

’ The wave in Fig. 10 has three beats per cycle, the cycle extending 
from A to A'. It will be observed that the characteristic pattern 
at A is not repeated at B. Since there are 16 crests in the cycle, 
and the peak separation at the bulge is greater than that at the 
waist, the components are the 16th (major) and the 13th (minor) 
’ irmonics. 



96 


WAVEFORM ANALYSIS 


Whore there is any doubt concerning the repetition or non- 
repetition of a characteristic pattern at points B between successive 
definite repetitions A, A', the following test will be found useful. 
Compare the number of crests occurring in the portion AA' with 
the number of beats in the same interval ; if the two numbers 
possess a common factor other than unity, then that factor is the 
number of cycles of the complete wave in the interval AA 7 . Thus 
in Fig. 10 there are 16 crests and 3 beats in the length AA 7 ; ‘and 

it is known that AA 7 
is either one cycle or 
an integral number of 
cycles, since the pattern 


•Wj : 


Fig. 10. — Beating waveform with three beats 
per cycle. 


AA 7 is repeated regu- 
larly throughout the 
trace (part only of 
which is shown in the diagram). Since 16 and 3 have no common 
factor other than unity, the portion AA' does in fact represent one 
cycle. On the other hand, the portion CE in Fig. 9 contains two 
beats and an even number of crests in all three waves, so that this 
portion comprises two cycles. 

The amplitudes of the two components can in all cases be deter- 
mined from the maximum and minimum widths of the envelope 
strip, as explained above in connection with Fig. 7. 


5, Phase -determination in beats. 

The phases of the components can easily he found from the 
fact that the two constituent waves are temporarily in-phase at 
the bulge and anti-phasecl at the waist; this fact,* together with 
the property of symmetry or skew-symmetry which may be dis- 
played by the trace, completely determines the phases. Thus in 
Fig. 10, a crest of the 16th harmonic occurs at A, and a trough 
of the 13th harmonic occurs at the same place ; the trace is sym- 
metrical about A, and this fact supports the conclusion. On tht 
other hand, the trace in Fig. 1 is skew-symmetrical about A, s( 
that the two components have zero values there ; but the trace i 
symmetrical about the trough midway between A and B, am 
both components therefore have troughs there. 

In practice it is found that nearly all simple beating waveform 
exhibit either symmetry or skew-symmetry, or a condition approac 
ing very nearly to one of these. This fact is a result of the relati 
between the frequencies of the components, the frequency differej 
being small compared with either component frequency ; at so^ 
part of the cycle the two waves are bound to be (either exactly < 
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nearly) in-phase or anti-phased as sine or eosine waves (see Chapter I, 

P. H). 

It is interesting to compare traces derived from the same com- 
ponents with different 


phase-relationships. 
Pigs. 11, 12 and 13 

show some typical pairs 
of traces recorded simul- 
taneously. In Pig. 11 
the major components 
of the two traces are 
in-phase, as shown by 
the vertical line ; but a 
bulge in one trace co- 
incides with a crest in 
the other, and vice versa . 
This relation between 
the beat envelopes is 
conveniently summar- 
ised by the statement 
that the beats are anti- 
phased. Since the two 
components of each trace 
are temporarily in-phase 
at a bulge and temp- 
orarily anti-phased at a 
waist, it follows that 
the minor components 
of the two traces are 
anti-phased, so that 
Pig. 11 illustrates the case 


wM V\ aaA/\[V^^ 


Fru. II. 


Figs 
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Fig. 12. 
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Fig 13. 

11-13. — Two beating waveforms recorded 
simultaneously, showing effects of different 
phase-relations. The major components 
are in-phase in Fig. 11 and anti-phased in 
Figs. 12 and 13 ; the minor components 
are in-phase in Fig. 12 and anti-phased in 
Figs* 11 and 13. 


major component : in-phase, 

minor component : anti-phasecl. 

* 

In Pig. 12 the major components are anti-phased, as shown by the 
vertical line, and the beats are anti-phased. Hence the minor 
components of the two traces are in-phase, and the diagram 
illustrates the case : 


major component : anti-phased, 
minor component : in-phase. 

finally, the two traces in Pig. 13 are completely anti-phased, one 
>eing the mirror-image (in a horizontal line) of the other ; both 
4 



98 


WAVEFORM ANALYSTS 


components aie therefore anti-pliased. The same conclusion is 
reached by the previous method of argument : bulges coincide in 
the two traces, so that the beats are in-phase, and the major 
components are anti-phased. Hence Fig. 13 illustrates the case : 

major component : anti-phased, 

minor component : anti-phased. 

These properties are summarised in Table I, where the abbreviations 
** in 55 and £t anti ” denote in-phase 55 and anti-phased, 55 respec- 
tively. The major component is the one which contributes the 
crests and troughs apparent in the traces ; if the phase-relationships 
of the beats and the major components are known, the phase- 
relationship of the minor components is found from the third column 
of the table, and if the phases of the two components are known, 
the phase-relationship of the beats in the resultant waveforms can 
be found from the first column of the table. 


Tab:le I 


Boats 

V ijor component 

3Imor component 

In 

In 

In 

In 

Anti 

Anti 

Anti 

In 

Anti 

Anti 

Anti 

In 


6, Other two -component waveforms. 

Frequency ratio 2:1. Except in special cases, the envelope 
method of analysis does not yield very accurate results when 
applied to waveforms whose two components have the frequency 
ratio 2:1. Such waves are best analysed by the method of super- 
position described in Chapter V. When the 2nd harmonic is reason- 
ably large, a fairly accurate assessment of the harmonic contents 
can, however, be made by means of a modified form of envelope 
analysis, which will now be described in connection with a particular 
example. The wave in Fig. 14 has Wo components with this 
frequency ratio. The larger envelope — in this case the top one — 
is drawn so as to touch the trace at or near the appropriate peaks 
(in this case the crests). The other envelope is now constructed 
so as to be as nearly as possible in-phase with the first envelope, 
and the envelope mean is drawn-in. This line is spaced midway 
between the tw T o envelopes in the vertical direction (see diagram), 
and represents part of the fundamental component ; the original 
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wave is regarded as composed of this wave, together with the com- 
ponents indicated by the beating form of the envelope strip. In 
the original record from which the diagram is reproduced, the 
amplitude of the envelope mean was 0-7 in. (d.a.) or ±0*35 in. ; 
the maximum width of the envelope strip was 0*9 in. and the minimum 
width 0*3 in., as shown in the diagram. These measurements are 
made at the bulge and waist of the beat, which are, of course, separ- 
ated by a distance equal to half the wavelength. The components 
of the beat are thus found to be : 2nd harmonic, 0*6 in. (d.a.) or 
0*3 in. ; fundamental, 0*3 in. (d.a.) or ± 0*15 in. Since the bulge 
of the beat, where crests of the tw r o beating components coincide, 
occurs almost at the same place as the crest of the envelope mean, 
the total amplitude of the fundamental component is approximately 
the sum of the amplitudes of the constituent parts, the one repre- 
sented by the envelope mean and the other by the minor component 
of the beat. Hence the fundamental is approximately 0*7 + 0*3 = 
1*0 in. (d.a.) or 0*5 in., and the 2nd harmonic has already been 
completely determined as the major component of the beat. The 
complete analysis (except for phase-angles) is therefore : 

fundamental : 1*0 in. (d.a.) or i 0*5 in. 

2nd harmonic : 0*6 in. (d.a.) or ± 0*3 in. 

It is a convenient property of this method of analysis that fairly 
accurate results are obtained even from a very roughly-constructed 
envelope. In Fig. 15 the low r er envelope has been made definitely 
smaller than in Fig. 14, and the amplitude of the envelope mean 
was 0*6 in. in the original. The maximum and minimum "widths 
of the envelope strip were 1*02 and 0-23 in., respectively, as indicated 
in the diagram ; the amplitude of the 2nd harmonic is thus found 
to be |(1*02 + 0*23) = 0*63 in. (d.a.), and the total amplitude of 
the fundamental is found to be approximately 

0*6 -f *1(1*02 - 0*23) = 1*0 in. 

Comparison of the results obtained from Figs. 14 and 15 indicates 
the degree of accuracy possible with the method. In cases where 
the two parts of the fundamental component are not nearly or 
exactly in-phase, use may be made of the formula (5.2) of Chapter I, 
page 17. Replacing the phase-difference in this formula by <f>, 
the resultant amplitude r is given by 

r =r V a 1 + 6 2 -p 2ab cos <f> 

where a and b are the amplitudes of the tw'o parts of the funda- 
mental component. 
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Fnqumnj ratio nrarhj hilnjraL The trace in Fig. Mi illustrates 
another type of waveform with two components : the ease of a 
frequency ratio nearly equal to an integer greater than unity. A 
cycle of the wave extends from A to A', and by counting it is found 
that the two components are the Kith and 2uth harmonics, so that 
the frequency ratio is 2o : 13 or nearly 2:1. The trace being sym- 
metrical about A, crests of the tw T o components coincide at that 
place. The small peaks due to the high-frequency component 
“ creep *’ progressively in relation to the peaks of the low-frequency 
component, until at B the two components are again temporarily 
in-phase, with troughs coinciding. It is therefore evident that the 
distance between the two horizontal lines marked on the diagram 
(i.e. the overall double amplitude of the trace) is the sum of the 
double amplitudes of the components. In order to estimate the 
separate amplitudes, use is made of a special envelope : this is the 
envelope touching the trace at the small troughs, and is shown in 





; 3 

: i? 



CL 


Fr<j. Hi. — Analysis of waveform whose two components have a neatly 
integral frequency-mi io. 

the diagram as a broken line. The distance between this line and 
the line AA' at B is the double amplitude of the high-frequency 
component. The truth of this statement will be evident from a 
study of the lower part of the diagram, where «, b denote the double 
amplitudes of the low*- and high-frequency components respectively. 
The broken line at B indicates the position of the small trough 
that would be there if the low-frequency component had a crest 
at that point instead of a trough. Other examples of this type 
can be analysed by the same method. 

7. Three -component waveforms. 

Waveforms containing three main components can be divided 
into several general types, according to the relation between the 
frequencies of the components. Thus, one component may be of 
very much higher frequency than the other two, appearing as a 
ripple superimposed on the more gentle variation due to the 
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lower-frequency components; or one component may be of very 
much lower frequency than the others, appearing as a low-frequency 
surge imparted to the trace ; finally, the three frequencies may be 
separated by small amounts, giving a very complex appearance to 
the wave. The general characteristics of some of these types are 
first described below, with an outline of the method of analysis, and 
several examples are then analysed in detail. 

Of the various types of waveform with three main components, 
the easiest to analyse is that wherein a high-frequency “ ripple ” 
is superimposed on the sum of the two low r er frequency components. 
The general properties of this type of wave are the same as those 
discussed in Section 3, except that the low-frequency component 
now becomes the sum of two low-frequency components. Fig. 17a 





Fkj. 17.~ Tin ee-componeut waveform (u) with a high-frequency 
1 ‘ipple (< }. The low -frequency components are shown at (6). 

illustrates an example of this type. The low- and high-frequency 
components are shown separately at (b) and (c). [The irregularity 
observable at (c) very frequently appears in actual recorded wave- 
forms.] Since the two envelopes are identical, the envelope mean 
(or line drawn midway between the envelopes) also represents the 
low-frequency components but it is not necessary to draw this 
line. The analysis proceeds in a manner similar to that employed 
with two-component waves : the vertical separation of the two 
envelopes gives the double amplitude of the highest frequency 
component, and the envelopes themselves represent the sum of the 
two low-frequency components. The envelope can be analysed by 
the methods described above, and the complete analysis is obtained. 

Fig. 18 shows an example of the second type referred to above : 
one component is of much lower frequency than the other two. 
AA' is one cycle of the complete variation (the repetition of the 
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characteristic pattern should lie observed). The high-frequency 
components are shown at (6), where it can Ik? seen that their com- 
bination produces one beat 
per cycle, and the low- 
frequency component is 
shown at (c). These traces 
are all actual recorded 
waveforms, which accounts 
for slight irregularities. 

At (d) the envelopes are 
drawn, and also the en- 
velope mean. This line, 
spaced midway between 
the envelopes in a vertical 
direction, represents in all 
respects the low-frequency 
component. Thus, for 
example, the arrows at (d) 
show the double amplitude 
of the low-frequency surge. 

A special form of this 
type of waveform is illus- 
trated in Pig. 19. At (a) 
the trace contains only two 
components of nearly equal 
frequencies, which combine to 
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'io. 18. Three-component waveform («) 
with a low -frequency sur^e (*'). The 
high-frequency components are shown 
at { b ). and the envelopes and envelope 
mean at (d). 

give a beat. The other traces in the 


v/v^wvaaAAAAA/w^-^vvaaAAAAaa^^wv w 


v\aa^$ (,■) 



Fru. 19. — The waveforms at (h), (r) and {tl) sliow the result of adding a 
component at the beat frequency, and in -phase with the toj> envelope 
of the simple beat at (a). 



104 


WAVEFORM ANALYSIS 


diagram fellow the effects of superimposing a wave at the beat fre- 
quency, which is in-phase with the top envelope of the beat. At 
(i b ) the amplitude of this surge is the same as that of the beat 
envelope, with the result that the bottom envelope at ( b ) is nearly 
a straight line and the amplitude of the top envelope is double that 
of the envelope in (a). The result is an unsymmetrical beat. At 
(c) and (d) low-frequency surges of still greater amplitude are 
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Fio. 20. — Tin ee -component waveform with frequencies in the ratio 

6:3:1. 

present. In all cases the envelope mean represents the added low- 
frequency component. The reader should observe that the envelope 
mean in (a) is a straight line, showing that there is no third component 
in that trace. 

An example of another type of waveform is shown in Fig. 20, 
where the frequencies are not so widely separated as in Figs. 18 and 
10. The higher frequency components have the frequency ratio 
2:1, and the lines marked A indicate corresponding points in 



C 

Fro. 21. — Analysis of waveform in Fig. 17a, page 102. 8ee also Table VI, 

page 115. 

successive cycles. The low-frequency component is the funda- 
mental, as shown by a modified form of envelope drawn to touch 
the larger troughs. The components are therefore the 1st, 3rd 
and 6th harmonics. 

Turning now to the detailed analysis of these and other examples, 
consider first the trace in Fig. 1 7a, reprinted in Fig. 21a. XX is 
a cycle, and there are 24 cycles of the ripple in this interval ; the 
ripple is therefore the 24th harmonic. The two envelopes being 
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identical their constant vertical separation (indiealed b\ the Arrows 
at A) is the double amplitude of the ripple. I ti the originarjW'nfjI 
from which the diagram is reproduced this distance was 6*s 
The envelope, which is redrawn at (h)< represents the low-frequency 
components. It has a beating form, with a waist at B and a bulge 
at L\ one beat occurring in the cycle. The major component of 
the beat is the 4th harmonic, and since the peak separation at the 
bulge C is greater than that at the waist B the minor component 
is the 3rd harmonic. The three components of the trace at (a) 
are therefore the 3rd, 4th and 24th harmonics. As a cheek on this 
result, it may be observed that the harmonic numbers 3. 4 and 24 
possess no common factor other than unity. 

The line D is the top envelope of the beat, and the vertical arrow s 
at C indicate the sum of the double amplitudes of the 3rd and 4th 
harmonics. This distance was 6*2 mm. in the original record. 
The corresponding measurement at the waist B is too small to be 
shown in the diagram, but w r as 0*4 mm. in the original record ; this 
is the difference between the double amplitudes of the 3rd and 4th 
harmonics. These double amplitudes are therefore 3*3 mm. (4th) 
and 2*9 mm. (3rd). The frequency and amplitude values for all 
the harmonics have now been determined (the frequencies being 
given by the harmonic numbers) : 

3rd harmonic : 2*9 mm. (d.a.) or 1*45 mm. 

4th harmonic : 3*3 mm. (d.a.) or 1*65 mm. 

24th harmonic : 6*8 mm. (d.a.) or 3*40 mm. 

If a timing trace enabled the fundamental period to be calculated, 
the actual frequencies could be found ; thus if the cycle XX occupies 
a time-interval of 1/10 second, the frequencies are 30, 40 and 240 
C.P.S. Alternatively, if the trace records vibrations in an engine 
running at 1200 R.PAI., the engine orders are UE, 2E and 12E, 
since the frequencies are 1800 ( — li x 1200), 2400 (— 2 1200) 

and 14,400 (= 12 ' 1200) C.P.M. 

Finally, the phase of each component is given by the fact that 
all harmonics have a trough at C. 

The waveform in Fig. 18a is reprinted in Fig. 22. The envelopes 

and envelope mean are drawn beneath the trace. A and A' are 

corresponding points in successive cycles, and it is at once evident 
that the components are the 2nd, 15th and 14th or 16th harmonics. 
The peak separation at the bulge B of the beat being slightly greater 
than that at the w aist W, the minor component must be of lower 
frequency than the major, so that it is the 14th harmonic. The 
arrow r s at C and D indicate, respectively, the sum and the difference 
4 * 
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of the double amplitudes of the 14th and 15th harmonics, and as 
these distances in the original record were 5*3 and 1*7 mm,, the 
double amplitudes are found to be 3*5 mm. (15th) and 1*8 mm. 
(14th). The arrows at E indicate the double amplitude of the 
2nd harmonic, which was 7*1 mm. in the original record. The 
components are therefore : 

2nd harmonic : 7*1 mm. (d.a.) or ± 3*55 mm. 

14th harmonic : 1*8 mm. (d.a.) or ± 0*0 mm. 

15th harmonic : 3*5 mm. (d.a.) or 4; 1*75 mm. 


Again, all three components have troughs at A, so that the phase- 

angles can be found with 



any convenient 
the analysis is 



Fig. 22. — Analysis of wa\ofoim, in Fig. 
lba, page 103. See also Table VII, 
page 116. 


reference to 
datum, and 
complete. 

In Fig. 23 the trace shows 
a waveform representing 
vibrations in an engine, the 
recording equipment being 
electrical in nature. The 
engine was running at 380 
R.P.M., and it is required to 
measure the amplitudes and 
frequencies of each component 
and to determine the source of 
each. The timing marks in 
the upper trace indicate in- 
tervals of 1/2 second. 

PQ is a cycle ; it will be 
observed that the character- 
istic pattern at P is repeated 
at Q and not elsewhere within 


the range PQ. The ripple is the 79th harmonic of this cycle, and 
the envelope contains the 5th and 20th harmonics. By means of 
the timing marks it is found that the frequency of the ripple is 50 
C.P.S. or 3000 C.P.M. ; the frequency of the 5th harmonic is therefore 
5 X 3000/79 = 190 C.P.M., and the frequency of the 20th harmonic 
is 4 x 190 = 760 C.P.M. These two frequencies, being respectively 
half and twice the engine rotational speed, are identified as the £E 
and 2E engine orders, and the ripple is “ hum,” due to induction 
from the alternating-current electric mains used to operate the 
amplifiers in the recording system. 

The amplitudes of the various components are easily found in 
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the usual manner. Thus, in the diagram the arrows at A indicate 
the double amplitude of the IE order, those at C or D the double 


amplitude of the 2E order, and those at 
B the double amplitude of the hum 
ripple. 

Two points of interest concerning 
this record should be noted. First, the 
analysis would not be invalidated if PQ 
were not a cycle, for the ripple would 
still be identified as mains hum and the 
frequencies of the other harmonics must 
be exact multiples of half the engine 
speed. Secondly, there is a slight ir- 
regularity apparent at X, as shown by 
the envelope there. This irregularity 
is due to fluctuations in the recorded 
vibrations and does not materially affect 
the analysis. 

The waveform in Fig. 24 exemplifies 
a type of trace, the appearance of which 
can be misleading. The short, vertical 
lines below the trace indicate corre- 
sponding points in successive cycles. At 
first sight the components appear to be 
the fundamental, 2nd and 6th har- 
monics ; for the trace has the appear- 
ance of a combination of the 2nd and 
6th harmonics (frequency ratio 1 : 3) 
superimposed upon a fundamental surge 
of small amplitude. This supposed 
fundamental component is, however, 
another example of the apparent low- 
frequency surge mentioned on page 38. 
It should be noted that the crests of 
the ripple at X are much larger than 
those at Y, which would not be the 
case if the analysis were as supposed. 
Construction of the envelopes yields 
the true result : the envelope mean 
consists of the 2nd harmonic alone, as 
shown in the diagram, and the 6th 
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harmonic is beating with either the 5th or the 7th, B and W in the 


diagram indicating the bulge and waist of the beat. The peak 
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separation at the bulge B is greater than that at the waist W, as 
shown, so that the minor component of the beat is the 5th harmonic. 
The amplitudes of the components can be found in the usual manner 
from measurements of the strip-width and the envelope mean. 

It will be seen that care has to be exercised in applying the 
envelope method of analysis ; in the case of the waveform in Fig. 
24 the presence or absence of a fundamental component might 
have been of considerable importance. The construction of the 
envelopes and the envelope mean normally gives, as here, a fairly 
accurate indication of the lower-frequency components and so 
proves in this case the absence of the fundamental ; the danger 
lies, however, in over-confidence in the analyst. After the routine 
analysis of many hundreds of records by the envelope method, a 
certain facility is acquired which may lead either to increased or 



I’Ki. 24. — Apparent ]o\v-froquanc*y surge duo to beating of high-frequency 
components.. The true components are the 2nd, 5th and 6tli har- 
monics, and there is* no fundamental component. 

to decreased accuracy, according to the individual. It is for this 
reason that the early part of the present volume describes the 
synthesis of complex waves from their components ; a thorough 
understanding and wide experience of the way in which sine-waves 
of different frequencies combine is of inestimable value to the 
would-be analyst, as they will prevent him from fC jumping to 
conclusions ” too readily. 

In Figs. 25-27 the envelopes are drawn, and some of the addi- 
tional constructions or measurements shown, and the complete 
analysis of these traces, and of that in Fig. 2, p. 87, is left to the 
reader as an exercise. Brief notes, including the correct harmonic 
numbers of the components, are given below, and the reader is 
urged to perform the analysis himself, measuring the amplitudes of 
the various components and determining as accurately as possible 
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the phase angles with reference i o some convenient datum, finally 
checking the results by a synthesis of the components. 

Fig. 25. AB represents two cycles, despite the slight irregularity 
discernible. It is immaterial whether the peak separations in the 
beat are taken to be as indicated at B , C or as at A, D. The com- 
ponents are the 4th, 3th and 15th harmonics. 

Fig. 26. The cycle is clearly defined in the trace. The com- 
ponents are the 3rd, 12th and 13th harmonics. 



Pm. 27. 

Flos. 25-27.- Examples for practice; the harmonic ruunbeis of the com- 
ponents are given in the Text. 

Fig. 27. The lines marked A indicate corresponding points 
in successive cycles. The components are the 2nd, 3th and fith 
harmonics. 

Fig. 2 (p. 87). AB is a cycle. The components are the 2nd, 
12th and 13th harmonics. 

8. General plan of attack ; systematic treatment. 

The majority of waveforms obtained in the recording of 
mechanical vibrations contain at the most three components, and 
the frequencies of these components are usually so related that 
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the method of analysis described in the foregoing sections may be 
used. The general plan of attack may be summarised as follows. 

(i) Determination of cycle. 

Wherever possible the wavelength of the record should be deter- 
mined. Use may be made, if necessary, of the characteristic patterns. 

The absence of a well-defined cycle does not preclude the possi- 
bility of using the envelope method. 

It is better to take too great a distance for the wavelength than 
too short a distance, so that in cases where there is doubt the longer 
distance should be taken. 

If the presence of an extraneous component is suspected — 
mains hum, for example — it may be evident that if this component 
were absent from the record the cycle would be well defined. In 
such cases the effects of the extraneous component can be disregarded 
in the determination of the cycle for the remaining components. 

(ii) Separation of low - and high-frequency components . 

Construction of the envelopes and the envelope mean enable 

the low- and high-frequency components to be separated. 

If the two envelopes are identical there is no necessity to con- 
struct the envelope mean, which would have the same form as the 
envelopes. In this case there is a single high-frequency component. 

In all cases the envelope mean represents the low-frequency 
component or components. 

In the construction of the envelopes, care must be taken to in- 
clude all the peaks of the highest frequency wave observable in the 
trace, even when these peaks are masked in some parts of the 
record. Where the spacing of the peaks directly observable in the 
trace is too iiregular to be accounted for by beat properties, peaks 
must be inserted so as to preserve a more-or-less even distribution. 

If the two envelopes are not identical it will usually be found 
that the width of the envelope strip — i.e. the area between the 
two envelopes — varies cyclically, indicating a beat in the high- 
frequency components. 

(iii) Determination of frequencies . 

The fundamental frequency — i.e. the reciprocal of the period 
of time occupied by one cycle of the complex wave — is found from 
supplementary timing marks or by reference to special frequency 
standards incorporated in the record. 

As a last resort the frequency can be calculated from the 
measured film speed, i.e. the speed at which the film or paper bearing 
the record moves through the recording instrument. 
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The frequencies of the various components are found by multi- 
plying their harmonic numbers by the fundamental frequency. 

Determination of harmonic numbers. The harmonic number of 
a high-frequency ripple, a low-frequency surge or the major com- 
ponent of a beat may be found by counting the number of cycles 
thereof that occur in the fundamental cycle. 

The number of beats occurring in the fundamental cycle is the 
difference between the harmonic numbers of the major and minor 
components. 

The minor component of a beat is of higher or lower frequency 
than the major component according as the peak separation at 
the bulge of the beat is less or greater than the peak separation 
at the waist of the beat. 

Non-harmonic components. The frequency of a non-harmonic 
component — i.e. one whose source is distinct from that of the 
other components, and which is not a harmonic of the main vari- 
ation — is found by reference to the timing marks or other frequency 
standard. The fundamental cycle of the main variation may be 
taken as a frequency standard if convenient. 

(iv) Determination of amplitudes. 

The double amplitude of a single high-frequency ripple is the 
(constant) width of the envelope strip — i.e. the vertical separation 
of the two envelopes. 

The amplitude of a single low-frequency surge is found from 
the envelope mean, which represents the surge in all respects. 

In a beating waveform, the strip-width at the bulge is the sum 
of the double amplitudes of the components, and the strip-width 
at the waist is the difference between these double amplitudes. 

In other combinations of two components, the amplitudes can 
be determined if two points A and B can be found, such that at A 
crests or troughs of both components coincide, while at B a crest of 
one coincides with a trough of the other. 

Use may also be made of special modified envelopes, as in 
Figs. 16 and 20. 

(v) Determination of phase-angles. 

With reference to any convenient datum, the phase-angle of 
a wave can be found if any crest or trough can be located. 

Location of peaks. In beating waveforms the components are 
temporarily in-phase at the bulge and temporarily anti-phased at 
the waist. 
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Table 


Observe distribution of peaks apparent in wave and 


Construct envelopes to touch (i) at or near all the crests, 


If envelopes identical and in-phase, there is a single H.F. component.; 


L.F. 

H.F. 

represented by either envelope. Use 

“ fills-in ’* the space between the 

as waveform for separate analysis 

envelopes. 

by this table, unless it is a single 


sine-wave. 

i 

| 



When a single component is obtained, analyse by 


Table 



(ti) Single component. 


From envelopes. 

H.F. ripple. 

Harmonic number. 

X umber of cr 

ests per cycle. 

Double amplitude. 

Overall amplitude of 
wave. 

Distance between the 
two envelopes. 

Location of peaks. 

As in wave. 

XTse properties 

As at those parts of 
wave where L.F. 

; component has peaks. 

s of symmetry and skew- 


If nave is symmetrical about point P, all com- 
ponents have peaks at P. 
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II 


indicate any that may bo masked or otherwise concealed. 

(ii) at or near all the troughs, whether apparent or indicated. 

If envelopes not identical, or not in-phase, construct envelope mean. 

L.F. 

H.F. 

represented by envelope mean. Use 
as waveform for separate analysis 
by this table, unless it is a single 
sine-wave. 

beating. Consider the valuation 
of distance between the two 
envelopes, determining bulges 
and waists, measure peak 
separations at bulge and waist, 
and count the number of beats 
per cycle. 

1 ' 1 

Table III (a). j 

Analyse by Table TH (b). 


III 


(b) Beating. 

i 

Major component. ! Minor component. 

i 

Number of crests per 
cycle. 

If peak separation at 
bulge is less than at 
waist, sum of har- 
monic number of 
major component 
and number of beats 
per cycle. 

If peak separation at 
bulge is greater than 
at waist, difference 
between number of 
major component 
and number of beats 
per cycle. 

Half the sum of the 
maximum and mini- 
mum distances be- 
tween the envelopes. 

i 

Half the difference between the maximum and 
minimum distances between the envelopes. 

j 

As indicated at centre ! In-phase with major component at bulge, and < 
of bulges and waists. i anti-phased with major component at waist, j 

i j 

symmetry where possible : j 

If wave is skew -symmetrical about point 1\ all 

values at P. 

components have zero 

l 

_ i 
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If the trace is symmetrical about any point, all the components 
have peaks (crests or troughs) at that point. 

If the trace is skew-symmetrical about any point, all the 
components have zero values at that point. 

If the trace is symmetrical or skew-symmetrical about any 
point in the immediate neighbourhood of that point, the above 
conclusions regarding peak or zero-point location hold with reference 
to the higher harmonics. 

The location of peaks in a ripple is most accurate where the 
low-frequency component has a peak, since there is no horizontal 
displacement of peaks of the ripple at such points. 

The procedure of envelope analysis is summarised in Tables 
II and III, where “LJV 1 and “ H.F.” denote “low frequency ” 
and “ high frequency ” respectively, and “ cycle ” refers to the 
cycle of the complete wave. The tables apply to normal types 
of waveform where no two components have a frequency-ratio 
2 : 1 or nearly equal to an integer greater than unity. 

Tables IV-IX show the method of applying the general Tables 

II and III to the particular cases illustrated in Figs. 1, 4, 21, 22, 23, 
28. Only the relevant parts of Tables II and III are quoted in 
each case, dependent upon the nature of the components as 
indicated by the systematic method of reduction. 

It will be noted that the waveform in Fig. 28, analysed in Table 
IX, contains four main components. The general Tables II and 

III are capable of handling such waves as easily as they do 


Table IV 

Analysis of waveform hi Fig. 1 (p. 86) 


Envelopes neither identical nor m-phase ; construct envelope mean 

Envelope mean is straight line ; 
hence no L.F. component. 

Beating. Peak separation at bulge 
greater than at waist ; 2 beats per 
cycle. Continue as under. 


Major component. 

Minor component. 

Harmonic number. 

Double amplitude. 

Location of peaks. 

15 

As in Tf 

Symmetry shows that 
ponents occur mkbi 
and B. 

15 — 2 = 13 

ible III. 

troughs of both com- 
’ay between waists A 
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Table V 

Analysis of waveform in Fig. 4 (p. 89) 


Envelopes identical and in-phase. 

Envelope represents L.F. component, which is a single 
sine-wave and is immediately analy sable. 

H.F. ripple. 

Harmonic number 

Double amplitude. 

Location of peaks. 

(L.F.) 3 (H.F.) 16 

As in Table HI. 

Symmetry shows that crests of both components 
occur at B. 


Table VI 


Analysis of waveform in Fig. 21 (p. 104) 


Envelopes identical and m-phase. 

Envelope represents L.F. components, whieli form a j 
complex wave. Analyse tins separately as under. j 

H.F. ripple. 
Continue as 
under. 

Envelopes neither identical nor m-phase. Construct ! 
envelope mean. j 

Envelope mean is straight ^ Beating. Peak separation 
line. Hence no com- I at bulge greater than at 

ponent other than those ! waist ; one beat per 

of beat. cycle. 

i 



} Beats. 

H.F. lipple. ! = 

j Major component. 1 Mmor component. 


Harmonic number. ' 24 ! 4 4 — 1 = 31 

Double amplitude A m diagram. As in Table III. j 

Location of peaks. Symmetry show s all components to have trouglis 

at X 
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Table VII 

Analysis of waveform in Fig . 22 (p. 10(5) 


Envelopes not identical ; construct envelope 

mean. 

Envelope mean is a sine -wave repre- 

H.F. components beating. Peak 

senting L.F. component. Con- 

separation at bulge greater than 

tinue as under. 


at waist ; one beat per cycle. 



i 

i Beats. 


L.F. 




Major component. 

Minor component. 


Harmonic number 

2 

! 15 

15 — 1 — 14 

Double amplitude 

E in diagram. 

1 l ( C + D) ill 

i(C - D) in 



! diagram. 

diagram. 

Location of peaks. 

Symmetry shows all components to have 



troughs at A. 



Table VIII 

Analysis of waveform in Fig . 23 (p. 107) 


| Envelopes identical and in-phase. 

Envelopes represent L.F. component, which form a 
complex wave. Analyse this separately as under. 

_ _ i 

H.F. ripple. 
Continue as 
under, 

Envelopes identical and in-phase. 



Envelope is sine-wave, re- Medium-frequency ripple, 
presenting L.F. com- S Continue as under, 
ponent. j 



L.F. 

Medium F. 

H.F. 

Harmonic number 

5 

20 

79 

Double amplitude 

A in diagram. 

C or D in 
diagram. 

B in diagram. 

Location of peaks. 

Trough at D. 

Crest at D. 

Symmetry in 
neighbourhood 
of E shows 
ripple to have 
trough thereat. 
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Table IX 


Analysis of wa reform hi Fig. 28 (p. 118) 


Envelopes not identical ; construct envelope mean. 


Envelope mean represents L.E. compon- 
ents, which form complex wave. Ana- 
lyse this separately as under. 


Envelopes identical and in-phase. 


H.F. components beating ; I 
peak separation at bulge ! 
greater than at waist (not 
evident in diagram, but 
clear in the original wave- 
form) ; one beat per cycle. 


i Envelopes represent 
L.F. component 
which is a single 
sine-wave. 


Medium -frequency 
ripple. Continue 
as under. 



L.F. 

Medium K. f 

Beats. 

Major cpt. j Minor opt. 

t 

Harmonic 

1 

4 i 

13 1 13 - 1 = 14 

number 

Double ampli- 

D in 

C in 

1 

J(B - W) 1(B - W) 

tude. 

diagram. 

diagram, j 

in diagram. j in diagram. 

Location of 

| Crest at C. 

Crest at C. 

Cannot be found accur- 

peaks. 


i 

1 

ately ; probably both , 
components have crests t 
at B. * 

i 


three-component waves, with the same restrictions on the relations 
between the frequencies of the components. A certain loss of 
accuracy is bound to result, however, from the drawing of numerous 
envelopes for the same trace, and too much reliance should not be 
placed on the amplitude figures obtained in such cases, unless the 
waveform is greatly magnified before analysis. 

The course followed in the systematic scheme of reduction is 
indicated in Fig. 29. 

The reader is advised to complete tables similar to Tables IV-IX 
for the other waveforms illustrated in this chapter, and to use a 
similar scheme of reduction for routine analysis of waveforms that 
can be handled by the envelope method. 
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9. Practical notes. 

The degree of accuracy obtainable in envelope analysis is 
enhanced by magnification of the trace. This magnification can 




C D 


Fig. 28. — ' Waveform with four components, analysed m Table IX. 



Fig. 29. — Schematic representation of the general procedure in the 
envelope method of analysis. 

be achieved by direct optical projection or by photographic repro- 
duction. Care should, of course, be taken in either case to include 
all time-reference markings and similar indications in the enlargement. 
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The use of parallel rules, made in some suitable transparent 
material, simplifies the determination of overall amplitudes of 
complex traces, and various other amplitude measurements. It 
is a fairly simple matter to construct a parallel rule operated by 
means of a cam, the cam being turned by means of a knob with a 
dial attached, which is calibrated so as to give a direct indication 
either of amplitudes or of double amplitudes, according to require- 
ments. Alternatively, the cam may be coupled to a potentiometer 
which is connected into an electrical resistance bridge circuit ; 
variable resistances in two of the other arms of the bridge are set 
so as to represent calibration constants, so that the setting of a 
variable resistance in the fourth arm ‘to give a balanced bridge 
indicates some desired physical quantity related to the amplitude 
measured with the rule. 

The construction of envelopes is best performed on slips of tracing 
paper. The process described on page 129 can be applied to the 
construction of the envelope mean, using the envelopes as data. 
Tracing paper is also useful for determining the cycle in complicated 
waveforms ; a length of record is traced-off, and the tracing is 
then applied to other parts of the record, to discover where repetition 
occurs. 

The general notes in Chapter III concerning measurement of 
amplitudes, frequencies and phase-angles will, of course, be kept 
in mind during all analysis. 
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CHAPTER V 

METHOD OP SUPERPOSITION 

1. Introductory. 

The process of analysing a complex waveform into its component 
sine-waves has been described in the preceding chapters, where 
the complex waves considered have been of such a type as to enable 
the analysis to be performed by means of the envelope method. 
These waves have in general possessed two or three predominant 
components. There are, however, many complex waves which do 
not fall into this category and which require analysis. For the 
complete determination of the components of such waves mathe- 
matical or numerical methods must usually be employed, and 
these methods are described in succeeding chapters ; but there is 
a process whereby a complex wave may be systematically simplified, 
by separating the odd harmonics from the even harmonics, or the 
sine components from the cosine components, or the 3rd, 6th, 9th, 
etc., harmonics from the remainder, and so on. 

This process is termed the “method of superposition,” and 
consists in principle of dividing the cycle into a number of equal 
sub-cycles and determining the variation which is the average of 
the variations in the different sub-cycles. A brief description of 
the method, with some examples, is given by Humphrey, reference 1 
in the Bibliography at the end of the book. 

The present chapter describes the theory of the method, and 
illustrates it by application to a waveform which cannot be analysed 
by the inspection method ; the application to waveforms with two 
components of frequency ratio 2:1 or 3:1, or with three com- 
ponents with simple integral frequency ratios such as 3:2:1, is 
then illustrated, and the main part of the chapter concludes with 
an indication of the method whereby in most cases the harmonics 
of a waveform containing components up to the 12th harmonic 
can be separated out with the minimum of computation. 

The final section gives the proof of a general mathematical 
theorem, the result of which is utilised in establishing the theoretical 
basis of the method. 

2. Theory of the method. 

A periodic variation y can be expressed in terms of the inde- 
pendent variable x in the form (4*. I) of Chapter II, page 49, i.e. 

y = /(*) = -V + Z Ak sin + &■)• • • (- 2 - 1 ) 

I 
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This variation has a period 2v in x. If the basic variable x is in- 
creased by 7 r, i.e. by a half-period, the modified function y' is given 

by 

>/ = /(* + n) = A 0 + 2 A, sin [*(r + n) + &J. (2.2) 

A- 

The effect of the half-period shift is to change the sign of the odd 
harmonics, as seen in Section 5 (ii), page 52 ; if N takes all integral 
values, including unity, the equation (2.2) can be written as 

V ~ f( x “b 7T ) = A 0 + 2 A 2X sin [2N(.c -j- tt) -f- ^ 2 \’] 

K 

+ 2 A 2 n— i sin [(2N - l)(a- + n) + f 2N _i], 

N 

and since sin [2 N(ab -f tt) + = sin [(2N)o; <£ 2N ], 

and sin [(2N — 1)(* + n) + ^ 2X _ t ] ■= — sin f(2N — l).r + ^-j], 

>/ =/(•» + w) = A 0 + 2 A 2)s sin [(2N)x -f <£ 2X ] 

Ji 

- 2 sin [(2N - l)x + (2.3) 

N 

From (2.1) and (2.3), the addition of y and 1 / yields 
V + y' ==/(*) +/(•£ + w) = 2{A 0 + 2 A 2y sin [(2N).c -p ^ 2N ]J. (2.4a) 

while the subtraction of y' from y fields 

y~y' = f( x ) -/(*-!- w) = 2 2 A 2N _j sin [(2N — I)* + <£ 2 X _i]. (2.46) 

The expressions on the right-hand side of the equations (2.4) 
are, respectively, twice the even harmonics, and twice the odd 
harmonics, of the original variation (2.1), so that by adding and 
subtracting two successive half-cycles of the function the even 
and odd harmonics are separated. Before considering the immediate 
application of this method of analysis, it will be convenient to deter- 
mine whether any extension of the method is practicable. 

For example, in the same manner as the complete cycle has 
been divided into tw T o sub-cycles, subsequently added together to 
yield twice the even harmonics, it is reasonable to suppose that if 
the cycle is divided into three equal parts which are subsequently 
added together, the result might yield three times the sum of those 
harmonics whose reference number is a multiple of three — i.e. the 
3rd, 6th, 9th, etc., harmonics. Investigation shows this to be in 
fact the case : let the harmonic reference uumiier k ~ 3X, 3X — 1 
or 3N — 2, where X is integral, according as the remainder from the 
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division of k by 3 is 0, 2 or 1. Then 
y =f{x) = A 0 + 2 A ts sin [(3N)x + 

X 

+ 2 A .JN~1 [(3N — l)X + 

X 

4” Z A 3N~2 L( 3 ^ 2)j? 4" ^3N-2]* • • (2*^) 

The function obtained by increasing the basic variable x by one- 
third of a cycle, i.e. by &r/3, is 

f(x + 2tt i 3) = A oT ^ A 3N sin [(3 N)jt + <£ 3 n] 
x 

- 2 Shl R 8N - ~ 2 ”l 3 + ^3K-J 

+ ][ a jn o sin r(3N - 2)x - 4tt/3 + <^ N J, (2.0) 

since sin (8 + 27 r) - sin 6 , while the function obtained by increasing 
.r by two-thirds of a cycle, i.e. by 47 t/ 3, is 

/(* r + 47 t/3) — A d + 2 A 3N sin [(3N)x + <^ JN ] 
x 

+ 2 A ax-i sin [(3N — l)a? — 4 tt/ 3 + ^ 3N _J 
x 

+ 2 A 3 N -2 sin [(3N - 2)x - 2tt/3 + & N _J. (2.7) 

x 

Now sin 0 + sin (8 — 277 3) + sin (8 — 4tt/3) = 0, 

(for a proof of this result see Section 6, p. 135), so that when the 
three functions (2.5, 6, 7) are added together, 

f( x ) f( x 4~ 2tt/3) + f(x + 47t/3) 

= 3 { A o + 2 sin [( 3N > + &n]} (2.8) 

x 

The process of adding together the three parts of the complete 
cycle therefore results in the separation of those harmonics whose 
reference numbers are multiples of 3. 

In a similar manner, if the cycle is divided into n equal parts, 
where n is an integer, the functions are 

/(*)> f( x + /»), f(x + 4tt jn), . . . f[x + (n — l)(27r/n)], 

and when these are all added together the result is 

«(A n + 2 A »\ hin r(«N).r + <f>„ K ]}. 

N 


(2.9) 
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This result depends upon the general formula of which the particular 
case n — 3 has been quoted above, viz. : 

sin 8 + sin (0 — 2v '») + sin (0 — 4? r/w) 

. . . sin [0 — (n — 1)(277*//i)] =~ 0. 

A proof of this formula is given on page 135. 

It should be noted that the constant term A 0 appears in the 
general formula (2.9), since zero may be regarded as a multiple of 
any integer. 

The results obtained above are independent of the choice of a 
datum-line for the measurement of the basic variable x , i.e. it does 
not matter at what part of the variation the cycle is supposed to 
commence. The only effect of a change in the datum-line for 
measurement of x will be to alter all the phase-angles of the 
harmonics. 

If the variation (2.1) is expressed in the alternative form (4.2) 
of Chapter II, page 49, i.e. 

y = f(x) = A 0 + 2 a k cos kx + b k sin kx, . (2.10) 

k k 

the general result (2.9) can similarly be transcribed in the form 
n{ A 0 + ]> cos (riS)x + 2 b nS sin . (2.11) 

X X 

A further procedure of the same general type consists of reversing 
the wave along the axis of the independent variable, i.e. changing 
the sign of x : 

y' — /(— x) =r- A 0 + cos kx — ]> b L sin l\x\ (2.12) 

k L 

since cos (— 0) =■= cos 8 and sin (—8) --= — sin 6. Adding y and /, 
f(x) + /(- x) -= 2[A 0 4- 2 a L cos kxl . (2.13a) 

k 

and subtracting y ' from y, 

/(#) — /(— x) = 2 ^ 6* sin £\r. . . (2.136) 

k 

The formulae (2.13) therefore enable the sine and cosine components 
of any periodic wave to be separated. 

3. Example of application to analysis* 

Suppose that a periodic variation y is given in the form of twenty- 
four values spaced at equal intervals over the cycle, 0 — 2rr in a\ 
the values being : 
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r 1 '. 

V 

,n ’ 1 

V 

i 

»« j 

V 

i" 

V 

0 

394 

i 

90 

12*6 

180 i 

13-9 

270 

27*9 

15 

294 

105 

6*3 

L 95 

10*9 

285 

19-5 

30 

26-5 

120 

17*7 

210 , 

19*5 

300 

16*3 

45 

26*5 

135 i 

27*6 

225 f 

23*7 

315 

16*1 

60 

174 

150 j 

18*3 

240 

15*6 

330 

15*2 

75 

15*0 

165 

14*0 

255 1 

21*0 

345 

30*0 


These values might alternatively have been obtained from measure- 
ments of a recorded graph of the variation (Fig. la). The graph 
is not symmetrical, skew-symmetrical or alternant, so that both 
sine and cosine components may be expected, as also both even and 
odd harmonics. 

In Table I the first twelve values, from x = 0 to x = 165°, 
are listed in order under (a), and the last twelve values, from x — 180° 
to x = 345°, are listed opposite them in the column under (6). The 
sum of ( a ) and (6) is given under (c), and this column represents 

Table I 


,0. 

(a). 

(b). 

<0- 
(*> T (6). 

d=\(c). 

00 = 

00 00- 

/-««)• 

0 

180 

39*4 

13*9 

53-3 

26*7 

25*5 

12*8 

15 

195 

29*4 

10*9 

40*3 

20*2 

18*5 

9*3 

30 

210 

26*5 

19*5 

46-0 

23*0 

7*0 

3*5 

45 

225 

26*5 

23*7 

50*2 

25* l 

2*8 

1*4 

on 

240 

171 

15*6 

32*7 

16*4 

1*5 

0*8 

75 

255 

15 O 

21*0 

36 0 

LS-0 

- 6 0 

- 3*0 

90 

270 

12 6 

27*9 

40*5 

20 3 

- 17*3 

- 8*7 

105 

2S5 

6*3 

19*5 

25* S 

12*9 

13*2 

- 6*6 

120 

300 

17*7 

16*3 1 

34*0 

17*0 

! 14 

0*7 

135 

315 

27*6 

16*1 

43*7 1 

21*9 

11*5 

5*8 

150 

330 j 

18*3 

15*2 

33*5 

16*8 

3*1 

1*6 

165 

345 | 

14*0 

30*0 

44*0 

22*0 

-16*0 

- 8*0 


j 


i 


26*7 


-12*8 


1 

1 


i 

i 


etc. 


etc. 


twice the sum of the even harmonics ; similarly, the difference 
(a) — ( b ) is given under (e), and this column represents twice the 
sum of the odd harmonics. Columns ( d ) and (/) are respectively 
half of (c) and (e) (correct to one decimal place), and the corres- 
ponding points are plotted in Fig. 16, c. The values given in the 
table refer, of course, only to half the original cycle, from 0 to 165° ; 
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in the case of the even harmonics the second half-cycle is identical 
with the first, since the period of the even harmonic series is 180° 
in x ; and in the case of the odd harmonics the series is alternant, 
so that the values for x from 180° to 345° are the same as those 
for the first half-cycle but with the signs reversed. 

The diagram (6) is a waveform whose components are clearly 
the 2nd and 8th harmonics, and it is easily analysed by the envelope 
method as a wave containing two components whose frequency 
ratio is high. The diagram (c) is a waveform which is seen to 
contain the 1st and 3rd harmonics, with an indication of some 
higher harmonic. If the process described in formula (2.8) is 
performed on the original variation (3.1), the result will disclose 
those harmonics whose reference numbers are multiples of 3. The 
numerical work is shown in Table II. Columns (a), ( b ) and (c) 

Table II 


(«) 

(b). 

(<*). 

(rf) = 

(«) (6) + (e) 


(/) 

39-4 

17-7 

15*6 

72*7 

24*2 

4*2 

29*4 

27-6 

21*0 

78*0 

26*0 

6*0 

26-5 

18*3 

27*9 

72*7 

24*2 

4*2 

26-5 

14*0 

19*5 

60*0 

20*0 

0 

17-1 

13*9 

16*3 

47*3' 

15*8 

-4*2 

150 

10*9 

16-1 

| 42*0 

14*0 

—6*0 

12*6 i 

1 19*5 

15*2 

47*3 

15*8 

-4*2 

6-3 

, 23*7 

30*0 

| 60*0 

20*0 

0 



1 

1 72*7 

24*2 

4*2 


! 

1 | 

etc. 

etc. 

etc. 


list the values in the three ranges 0 to 105°, 120° to 225° and 240° 
to 345°. The sums of corresponding figures in the three columns 
are given under (d), and these values are divided by 3 under (e). 
These last values are plotted in Fig. Id, and it can be seen at once 
that the diagram represents the function 20 + 6 sin 3(# + 15°). 
Column (/) in Table II lists the values obtained by subtracting the 
constant term 20 from column (e ) ; the validity of the conclusion 
that the series of the 3rd, 6th, 9th, etc., harmonics consists solely 
of the 3rd harmonic 6 sin %(x + 15°) can be checked from the 
fact that at x = 0, this harmonic has the value 6 X* 0*707 = 4*2, 
correct to one decimal place, and this value agrees with the figure 
in column (/). 

Column (/) of Table II therefore represents the 3rd harmonic ; 
the result of subtracting it from column (/) of Table I would be to 
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indicate the sum of the remaining odd harmonica. Table III gives 
the numerical working for the first half-cycle, the figures for the 
remaining half-cycle being derived from the fact that the result 
must be alternant, since it includes only odd harmonics (see Chapter 
II, p. 58), so that the value for x — 270° will be equal in magnitude 
and opposite in sign to that for x = 90°, and so on. 


Table III 


( tf )- l ( f ) 

( 4 ) = II(/) 

(<)=(«) (*) 

12-8 

4-2 

8-6 

9-3 

6-0 

3*3 

3*5 

4-2 

- 0*7 

1*4 

0 

1*4 

0*8 

- 4*2 

5-0 

- 3-0 

- 6*0 

3-0 

- 8-7 

- 4-2 

- 4*5 

- 6-6 

0 

- 6*6 

0-7 

4*2 

- 3-5 

5*8 

6-0 

- 0*2 

1*6 

4*2 

- 2*6 

- 80 

0 

-80 

-12 8 

— 4*2 

-8 6 

etc . 1 

i 

etc . I 

1 

etc . 


The result is plotted in Fig. le, from which it can at once be seen 
that the remaining odd harmonics are the 1st and the 5th ; the 
additional information that may be required concerning these 
harmonics (amplitudes and phase-angles) may be obtained by 
envelope analysis. 

More complete information can be obtained numerically by 
separating the sine and cosine components of the waves in Fig. 1, 
b and c . Table IV gives the separation for the wave in Fig. 16, 
by application of the process represented by formulae (2.13) to the 
figures of column (d) of Table I, after first subtracting from each 
of these figures the constant term 20. It will be noted that as the 
variation now being considered contains only the even harmonics, 
it is sufficient to include only a half-cycle in Table IT. 

Now, column [d) of Table IV represents the function 

y = a 2 cos 2x -f a & cos Sx. 

At x = 0, y = a 2 + a s = 6*7 ; and at x = 90°, y~—u> + a 8 — 0*3. 
Hence a 2 = 3*2, a 8 = 3-5. 
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Tablr IV 


2<i 

im 

20] 

+ (b) 

(<i) 

(e) = (a) (6) 

(/>-UO 


(a) > 

(ft) 

0 

“ 

6*7 

6-7 

13*4 

6-7 

0 

0 

15 

0*2 

2-0 

2*2 

1-1 

-IS 

-0*9 

30 

3-0 

-3 2 

- 0*2 

IM 

6*2 

3*1 

45 

5*1 

i 1-9 1 

7 0 

3*5 

3*2 

1*6 

60 

-3-6 ; 

■ -3-0 1 

- 66 

-3*3 

-0*6 

. —0*3 

75 

—2*0 

i -7-1 

- 0*1 

-4 6 

5*1 

2*6 

90 

0*3 j 

0-3 

1 0*6 

0-3 

0 

0 




1 

-4-6 


-2*6 


t 

i 



etc. i 

i 

etc. 


Similarly, column (/) represents the function 
y — b 2 sin 2x + b & sin Sx ; 
at x = 45°, y = b 2 = 1*6, and at a; = 75°, 

y = b, sin 150° + b s sin 600° = 0*8 — 0*866 b s = 2*6. 

Hence & 8 = — 1*8/0*866 = — 2*1. 

The amplitudes of the two harmonics are therefore given by 

A 2 = V <^2 2 H~ ^2^ == 3*6, 

A 8 = vV + V = *1- 
and the phase-angles are determined by 

tan <f> 2 = a 2 /6 2 = 2*0, </> 2 — 63° approx., 
tan <f> s = <7 8 & s — — 1*67, <^ 8 =- 139° approx. 

(See note in Chapter I, p. 15, on the determination of phase-angles 
by this means.) 

The amplitudes and phase-angles of the 1st and 5th harmonics 
can be found in this manner, and the calculation is left as an exercise 
for the reader. 

The determination of the sine or cosine component of a harmonic 
wave from a wave which is known to consist of the sine or cosine 
components of two harmonics can always be performed in this manner. 
The procedure suffers, however, from a disadvantage, in so far as 
the particular values taken for the determination of the amplitudes 
may be subject to errors which render the result quite inaccurate. 
The disadvantage could be overcome by determining the amplitudes 
from numerous different pairs of values, and averaging the results, 
on the principle that any errors inherent in the data would tend 
to average out ; this process is really the basis of the purely numerical 
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method of analysis, described in Chapter VII, and if the analyst is 
prepared to expend the time required by such a procedure in this 
special application he might as well use the purely numerical routine 
method, which will give the best possible results obtainable from 
the data. 

4. Frequency ratios 2:1, 3:1, 3:2, etc. 

The method of superposition is particularly useful in the 
analysis of waveforms containing two or three components whose 
frequency ratios are in the series 3:2:1, or some similar simple 
series ; these waves cannot usually be analysed successfully by the 
envelope method, and hardly justify the employment of the routine 
purely numerical method to be described hereafter. The general 
procedure consists of analysing the variation into two simpler 
variations, containing, respectively, the even and the odd har- 
monics, by graphical or numerical superposition of two half-cycles, 
and separating out the harmonics whose reference numbers are 
multiples of 3 by graphical or numerical superposition of three 
equal sub-cycles. 

The numerical process of superposition has been adequately 
illustrated in the preceding section, and the graphical method will 
now be described. 

Fig. 2 shows the application of the first part of the procedure 
to a particular wave, illustrated at (a). In the absence of any 
indication as to the zero-let el or mean line, ail arbitrary datum 
is drawn in as at AA' ; the direction of this line is determined by 
the fact that it must be parallel to any line joining corresponding 
points in successive cycles. The cycle AG is divided into two equal 
parts AB and BC, the two parts being superimposed as at (6). 
The full line in (6) show T s the mean of the variations represented 
by the broken lines AB and BC, and is in fact the second harmonic 
added to the constant term. 

This superposition is best performed with the aid of tracing 
paper. The second half-cycle BC is traced off and placed in the 
correct position over the first half-cycle AB ; the derivation of the 
mean (full) line can then be achieved by either of two methods : 

(i) With proportional dividers, corresponding ordinates to the 
two half-cycles are added with the dividers set at the 2 : 1 
ratio, and half the sum is marked off from the datum-line. 

(ii) A piece of opaque paper with a straight edge is moved 
over the traces, with the edge perpendicular to the datum- 
line. At each position a point is marked on the tracing 
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paper so that it bisects the segment of the edge of the 
movable paper cut off by the two half-cycles, the point of 
bi-section being estimated by eye. This method may 
appear at first sight to be crude, but very accurate results 
can be obtained with a little practice. 



Fig. 2.— Graphical version of superposition method, (a) Waveform to be 
analysed ; (b) even harmonics, found by graphical addition of two 
half-cycles ; (c) odd harmonics, found by graphical subtraction of 
two half -cycles. 

At (c) in the diagram the part AB of the cycle has been redrawn, 
and the part B has been superimposed after inversion (i.e. after 
the sign of each ordinate has been changed. The full line is again 
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the mean of the other two, and represents in this case the sum 
of the odd harmonics — the first harmonic only. The original tracing 
of the part BO can be utilised for this purpose, the paper being 
simply turned over so as to bring about the desired inversion. 

As a result of this procedure, the waveform has been com- 
pletely analysed ; the function represented by it is 

y = 2 + 10 sin x + 6 sin 2(x ~ 30°). 

Again, in Pig. 3 the wave is seen to have only odd harmonics, 



Fig. 3. — Graphical separation of third harmonic. 


since it is alternant (Chapter II, p. 58). The line AD is the mean 
line, and in Fig. 36 the three equal sub-cycles AB, BC and CD are 
redrawn ; the full line represents the average of the variations 
represented by the three broken lines, and is seen to be the third 
harmonic. The averaging process in this case is best performed 
by means of proportional dividers, the three ordinates being 
summed with the dividers set to 3:1; but it is quite practicable 
to use the eye-estimation method, a point being marked on each 
ordinate at the mean position between two of the values, and the 
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final point being selected so as to divide the distance between this 
point and the third value in the ratio 1:2. 

By subtracting the third harmonic from the original wave the 
remaining harmonics are indicated, and this is left as an exercise 
for the reader. 

In Fig. 4a is shown a fairly simple waveform which is not 
symmetrical, skew-symmetrical or alternant. Half-cycles of the 
even and odd harmonics are derived, at (6) and (c), by the methods 
already described. The full trace at ( b ) is the 2nd harmonic, and 
the full trace at (c) is the same as the first half of the waveform 



at Fig. 3(a) ; thus the waveform at (a) is a combination of a 2nd 
harmonic ( b ) and the waveform Fig. 3a which has already been 
analysed. 

The constant term can in any case be determined by the fact 
that all harmonic components have a zero average value over a 
complete cycle, so that the constant term A 0 in the series (2.1) is 
the average value of the function f(x) over the complete cycle. In 
the case of alternant or skew-symmetrical waveforms the mean line 
can at once be determined by the fact of the alternance or skew- 
symmetry. 
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5. Extension of method. 

By a further extension of the method of superposition it is 
possible to determine most of the components of a waveform which 
contains harmonics up to, say, the twelfth. 

If the variation is given in the form of numerical values at 
regular intervals over the cycle, the constant term A 0 is found by 
averaging, as explained above. If, however, the waveform is 
recorded, the determination of the constant term is deferred to a 
later stage. 

For convenience a new notation will be employed in the 
description of the method. The result of splitting a cycle of a trace 
(a) into n sub-cycles, adding them together and dividing by n, 
will be denoted by I w (u). Thus in Fig. 3 the trace (b) is derived 
from (a) by the operation ( b ) — I 3 (a), and in Fig. 4 the trace (6) 
is derived from (a) by the operation ( b ) = 1 2 (&). The process of 
subtracting the second half-cycle from the first half-cycle and 
halving the result will be denoted by I 2 ' ; thus in Fig. 4, (c) = I 2 '(a). 

Referring to the various harmonics by their reference numbers, 
and using zero to denote the constant term, the original waveform 
(y) containing a constant term and all the first tw r elve harmonics 
is represented as follows : 

(y) = (0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12). . (5.1) 

Then (a) = I >(y) =-* (0, 2, 4, G, 8, 10, 12) 

W - l/(y) - (1, 3, 5, 7,9,11). 

(c) = l<(y) -= (0, 3, 0, 9, 12). 

(d) = I 4 Q/) or I 2 (a) ~= (0, 4, 8, 12). 

In these expressions the numbers inside the brackets on the right- 
hand side represent the harmonic contents of the functions named 
on the left-hand side. 

Proceeding further, 

(e) = I /(c) or 1,(6) = (3, 9). . (5.2) 

[It should be noted that in all cases one cycle of the variation which 
is the subject of the operation is treated. Thus, for example, (c) 
has three cycles in one cycle of (y), and in deriving (e) the parts of 
the wave which are subtracted are halves of these cycles, i.e. sixths 
of the original cycle. On the other hand, (6) has the same wave- 
length as (y) ; but the final result is the same. It is assumed here 
that all the first tw T elve harmonics are present ; the procedure to 
be adopted in the simpler cases where some of the harmonics are 
absent will be evident : the difficulty lies rather in representing 
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the process concisely in symbolic form.] The sum of the 3rd and 
9th harmonics has thus been determined ; if either of these is zero 
the other is given at once by (5.2), and if both are present they can 
be separated by the process 

(/) = l,(e) = (9), (5.3) 

and (g) = (e) -(/) = ( 3) (5.4) 

Now, (h) = (c) - (e) = (0, 6, 12). . . . (5.5) 

If either the 6th or the 12th harmonic is absent the other is given 
immediately, together with the constant term, by (5.5). Other- 
wise, the process I 2 on ( h ) will yield the required information : 

(i) = \{h) = (0, 12), .... (5.6) 

and (j) = (h) - ( i ) = (6) (5.7) 

These last equations enable both the harmonics and the constant 
term to be determined. 

Further, ( 1c ) = (d) - (i) = (0, 4, 8). . t . . (5.8) 

If either the 4th or the 8th harmonic is absent, the equation (5.8) 
enables the other to be determined at once ; otherwise the process 
I 2 on (k) yields the 8th harmonic : 

(Z) = I a (^) = (0, 8), : (5.9) 

and (m) = (Jc) — (Z) = (4). . . . . (5.10) 

The following harmonics have so far been determined : 0, 3, 4, 
6, 8, 9, 12. 

Let (») = (h) + (h) - (0) = (0, 4, 6, 8, 12), 

and (p) = (a) - (n) = (2, 10). . . . (5.11) 

If either the 2nd or the 10th harmonic is absent the other is given 
at once by (5.11) ; otherwise the function (5.11) can be plotted and 
analysed into its components by inspection (envelope analysis), or 
by separating the sine and cosine components as described on page 
127 in connection with Fig. 1. ..... (5.12) 

Finally, (?) = (i b ) - (e) = (1, 5, 7, 11). . . (5.13) 

In the event of all four of these harmonics being present, the pro- 
cesses I 5 and I 7 yield, respectively, 

(r) = I 5 (?) = (5), (5.14) 

(s) - I 7 (j) = (7), (5.15) 

and (?) - (r) - (s) = (1, 11). . . . (5.16) 
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The last function can be analysed into its components by the 
inspection method. It is more probable, however, that only two 
of the four harmonics will be present in (q). If these two are (1, 5), 
(1, 7) or (1, 11) the wave can be analysed by the envelope method 
as a wave of two components whose frequency ratio is high ; if 
(5, 7), (5, 11) or (7, 11) it would be better to perform the operation 
I 5 or I 7 . 

6. Theorem. 

The theorem quoted on page 123, above, is here proved. In 
the course of the proof use is made of the elementary properties of 
complex numbers, for a short informal treatment of which see refer- 
ence 2 in the Bibliography at the end of the book. 

Let S = sin 0 -f sin (0 - 2 rrjn) + sin (0 - <hjn) -f . . . 

. . . + sin [0 - (» - 1)(2 t rjn)], 
and C = cos 0 -j- cos (0 - 2 jr/») -j- cos (0 — iirjn) + . . . 

. . . + cos[0-(»-l)(2ff/»)]. 

Then if 

i 2 = — 1, C -f iS = 2 -f zr + zr% + -f zr"" 1 , 

where z — p' 9 and r — r l ^ n . 

Hence C + itj - 

1 -r 

g 

= [1 - cos 2 tt -f i . sin 27r] = 0. 

1— r J 

Hence C = S — 0 ; in particular, 

sin 0 + sin (0 — 2n/n) -j- sin (0 - 4 j r/n) -j- . . . 

... -f sin [0 - (n - l)(&r/»)] = 0. 
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CHAPTER VI 

FOURIER SERIES: MATHEMATICAL ANALYSIS 
1. Introductory. 

Fourier may be said to have been the real founder of the 
mathematical study of periodic functions. Although for nearly 
fifty years before he presented his first paper to the Paris Academy 
in 1807 there had been a protracted controversy between D. Bernoulli, 
Euler, Lagrange, d’Alembert and others on the subject of the solu- 
tion to the problem of vibrating strings, in the course of which 
Lagrange almost stumbled upon the discovery vhich later made 
Fourier famous,* yet the vital discovery was made by Fourier in 
the course of an entirely different investigation. His interest in 
the mathematical theory of the conduction of heat was responsible 
for the formulation of the celebrated theorem which has proved 
to be a powerful tool in the solution of many widely different types 
of problems. 

It may be noted that the controversy which preceded and 
followed Fourier's contribution to the subject concerned the possi- 
bility of expanding arbitrary functions in the form of trigonometrical 
series. It was agreed that an analytic periodic function, i.e. one 
which could be represented by a single mathematical expression 
over the entire period, can be so expanded ; the argument concerned 
what Eagle terms “ artificial functions,” which are represented by 
different analytic functions over different parts of the cycle. For 
further details of the history of the subject, the reader is referred 
to the works of Eagle and Carslaw, references 1 and 2 in the 
Bibliography. 

Perhaps the most important application of Fourier’s Theorem 
is to vibration theory, and the fact that Lagrange was engaged 
on the problem of vibrating strings when he so nearly anticipated 
Fourier’s discovery is doubly interesting for that reason. Since 
the beginning of the nineteenth century the theorem has been 
applied in practically every branch of mathematical physics, and 
no textbook on mathematical methods in engineering problems is 
considered complete without a lengthy treatment of the theorem 
and its consequences. 

* Lagrange gave a formula m which it is only necessary to make two 
slight modifications — one a simplification — in order to arrive substantially 
at Fourier’s Theorem. 
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The theorem in its simplest form states that any periodic 
variation fulfilling certain conditions regarding continuity can be 
considered as the sum of a number of sinusoidal variations whose 
periods exliibit a simple relationship : furthermore, for any given 
function or variation the equivalent series of sinusoidal variations 
is unique. The theorem does not state that the original variation 
must necessarily be regarded as such a series; in fact, modern 
mathematics displays a large class of functions (the orthogonal 
functions) of which the sine function is the simplest, and any of w hick 
can be used as the basis of a series representation of arbitrary 
functions. However, the fact that the free undamped motion of 
a simple vibrating system having one degree of freedom can be 
represented as a sine function of time, together with the fact that 
the alternating electric current delivered from a dynamo is like- 
wise sinusoidal, concentrates the attention of practical investigators 
on the representation of periodic variations by series of sinusoidal 
variations — i.e. by Fourier series. This matter is discussed more 
fully in Appendix I, page 244. 

The mathematical treatment of the subject, which is given in 
the present chapter, is of more than academic interest. In very 
many practical cases the methods here described of analysing a 
complex variation into its component sine-waves are the only 
methods applicable ; furthermore, a thorough understanding of 
these methods is essential to the intelligent use of any mechanical 
aids to analysis, such as are described in Chapter Y1I1. An ele- 
mentary knowledge of the integral calculus is required, but beyond 
that the engineer or research technician may safely leave the 
theoretical niceties to the professional mathematicians ; as Heavi- 
side has remarked, one can tell the time by one’s watch without 
having a detailed knowledge of the mechanism. 

In this connection it is interesting to note that Fourier Iiiniself, 
who was a scientist rather than a mathematician, never proved 
the theorem to the satisfaction of contemporary mathematicians, 
who flatly denied the possibility of expanding an arbitrary function 
in the form of a Fourier series. 

Certain considerations of the continuity of functions are required, 
and these are discussed briefly at the beginning of the chapter. 
Fourier’s Theorem is then stated, and the method of determining 
the coefficients in the series by means of the Cauchy integrals ex- 
plained, the truth of the theorem being assumed. (An interesting 
and ingenious “ demonstration ” of the theorem, given by the late 
Professor Donkin, is quoted in Appendix IV, p. 233.) To illustrate 
the procedure, several simple waveforms of importance in electrical 
5* 
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theory are treated at length. In Section 6 the concept of periodic 
existence functions is developed briefly ; certain aspects of this 
concept are thought to be novel, and apart from the simplification 
which their use produces in the analysis of certain types of wave- 
form it may well be that these functions can be applied in other 
fields of investigation : for these reasons it has been considered 
advisable to include this short account. 

The convergence of Fourier series is discussed informally in 
Section 7, and an account is given of Gibbs’ phenomenon in a 
particular example. The chapter concludes with a reference to 
other forms of Fourier series which have been found of great use 
in engineering problems. 

Limitations of space prevent a full treatment of the theory of 
Fourier series from being given, and neither is this necessary for 
the purposes of the present work. The reader who desires a more 
extensive or more rigorous discussion of the general properties of 
these series is referred to the works of Carslaw, and Whittaker and 
Watson, references 3 and 4 in the Bibliography. 

2. Functions : limits and continuity. 

The functions which are the subject of harmonic analysis are 
single-valued and fulfil certain conditions of continuity ; these 
concepts are examined in this section. 

A functional equation represents a relationship between two or 
more variable quantities. Thus the equation 

y=fW (2.i) 

which is read cc y is a function 9 of x,” means that as x is given 
different values so definite values of y are indicated according to 
the functional relationship If f(x) — x 2 , then as x is given 

a range of values y takes a definite lange of values according to 
the equation 

y = x\ . . . . (2.2) 

In the functional form (2.1) x is said to be the independent 
variable , basic variable , or argument of the function y ; this means 
that certain values are assigned to x, and the corresponding values 
of y axe calculated from (2.1). As the values of y depend upon the 
values of x, y is said to be the dependent variable . In many cases 
it is possible to express the equation connecting x and y (of which 
2.2 is an example) in such a way as to define x in terms of y , say 

* = F (y), .... (2.3) 
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so that the dependent and independent variables are interchanged. 
The functional form F is then said to be the inverse to the functional 
form / ; and this is often expressed symbolically in the following 
manner : 

F - 1 1 (2.4) 

Of this last equation the trigonometiic inverse functions are well- 
known examples ; if y - sin .r, the equation giving .r in terms of 
y is put in the form 

x = sin -1 y. 

The function y is said to be a single-valued or a multi-valued 
function of x according as one, or more than one, value of y is 
determined by the equation y = f(x). Thus the equation (2.2) 
defines y as a single-valued function of x, since for any value assigned 
to x there is one and only one corresponding value determined for y. 
On the other hand, if (2.2) is rewritten as 

x = y\ 

x is now defined as a double-valued function of y , since for every 
value assigned to y there are two values indicated for .t, since 

(- xY - a- 2 . 

The functions which express the relation between the co- 
ordinates of points on waveforms are single-valued, m that the wave 
has only one point corresponding to any particular value of the 
basic variable. 

The concept of continuity , applied to functions, is capable of 
visual appreciation w T hen the graph depicting the function is 
studied. Thus the curve in Fig. la is obviously 91 continuous 
over the range plotted, while that in Fig. 16 is “ obviously ,5 dis- 
continuous at the value x = X. To obtain an analytic definition 
of continuity it is necessary first to consider limits 

The function f(x) is said to tend to the limit l when x tends 
to X from above s> if, no matter how small 3 is chosen, a quantity 
e can be found such that 

!/(*) - 1 1 < s 

whenever X < x < X — c. 

(In this formula the sign | | denotes “ numerical value of. 59 ) What 
constitutes a suitable value of € depends on the preliminary choice 
of 8, and to express this fact the quantity is usefully written in 
functional form as <=(S). The fact that l is the limiting value of 
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f(x) as x tends to the value X from above is stated symbolically thus : 

Lt. f(x) = l, . *. . . (2.5) 

X-+X + 0 

in which the notation x X + 0 denotes a restriction of attention 
to values of x greater than X. The complete statement therefore 
runs : 

Lt. f(x) — l if , given a value of 8 no matter how small, 

ar~>X*f 0 

a quantity €(8) can be determined such that 

| /(as) -l | < 8 when X < s < X + €(8).” (2.6) 



Fig. 1. — Continuity and finite discontinuity, (a) A continuous function; 
(6) a function with a finite discontinuity QjQg. 

Similarly, the condition for the existence of a limiting value 
1 of f(x) as x tends to the value X from below is expressed thus : 

Lt. f(x) = l if, given a value of 8 no matter how small, 

x — >■ X — 0 

a quantity e(S) can be found such that 

\f(x) — 1 1 < § when X — e(S) < x < X.” 


(2.7) 
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Frequently for brevity the two expressions for the limits are 
written in the form : 

/(X + 0) =. Lt. /(*), 

*-*X+0 

/(X — 0) =- Lt. /(. r), 

-i—X 0 

and if /{X + 0) -- /(X — 0), the simple form /(X) suffices to 
indicate the value of f(x) when x = X. 

Two points in connection with these definitions should be 
observed. First, the use of the modulus sign (| |) shows that it is 
immaterial whether f(x) is an increasing or a decreasing function 
of x in the neighbourhood of x = X, since the numerical value 
without sign of the difference f(x) — l is to be taken. Secondly, 
in the development of an analytic condition for continuity it is im- 
portant to note that both the limits (2.6) and (2.7) may exist (and 
may be equal) and yet the function be undefined for the value 
x - X. Thus if 

f(x) = x . sin 

x 

then, since the sine function never takes any value greater numeric- 
ally than unity, 

Lt. j\x) = 0, 

but /(0) is undefined, since no meaning has been assigned to the 
expression sin cc . The notation x -*■ X is commonly employed if 

/(X + 0) = /(X - 0). 

The “ obvious 55 discontinuity of the function represented in 
Fig. lb at x = X is now seen to be due to the inequality of the 
two limits </(X + 0) and <?(X — 0), for 

</(X + 0) = PQ l3 
and g(X. — 0) — PQ 2 

and Q 1} Q 2 are not coincident. With the condition, evidently 
necessary, that for f(x) to be continuous at the value x -= X it must 
be defined for this value, so that /(X) has a determinate value, the 
definition of continuity at a point is obtained : 

“ The function f(x) is said to be continuous at the value 
x = X if it tends to a limit as x tends to X from either side, 
and each of these limits equals /(X).’ 7 

From the definitions (2.6), (2.7) of the limits ail alternative 
form of statement is obtained : 
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C6 f(x) is continuous at x = X if, given S no matter how 
small, a quantity *(8) can be found such that 

|/(a)-/(X)| <8 if 0<|z-X| <c(8)” . (2.8) 

To demonstrate the discontinuity of the function depicted in 
Fig. 16, according to this definition, suppose that g(x) is defined 



Fig. 2. — Discontinuities : (a) finite ; (b) infinite. 


to be equal to PQj at * = X. Then if 8 be chosen less than Q^, 
it is not possible to find the required quantity e(S) ; for although 
any value of x in the range from x x to x 2 (Fig. 2a) gives a point in 
RS such that [ g(x) — g(X) | < 8, any value of x in the range from 
*a to X gives a point in SQ a such that | g(x) — g(X) | > 8, and the 
condition “ if 0 < | a; — X | < e (8) ” is not fulfilled. 

It is now possible to define continuity over a range. The function 
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f(x) is said to be continuous over the range a < x < b if it is con- 
tinuous for all values of x in that range, From the preceding 
remarks it can be seen that the function may be continuous over a 
range without being defined for the end-points x •= a and x = b ; 
and that an essential condition for continuity over a range is that 
the function be defined for every value of x in the range. 

The function depicted in Figs. 16 and 2a is finitely discontinuous 
at the value x = X, since the difference between the limits <?(X + 0) 
and g(X — 0) is finite ; in such circumstances X is said to be a 
value of ordinary discontmuity. On the other hand, the function 
tan x is infinitely discontinuous at the values x = trj 2, 3 77 -/ 2 , etc., 
since for example tan (tt/2 — 0) = oo while tan (ir/2 -f 0) = — oo, 
as shown in Fig. 2b. The distinction between ordinary and infinite 
discontinuity must be preserved ; functions involving infinite 
discontinuities require special treatment in Fourier Analysis. 


3. Fourier’s Theorem. 


4 4 If a function f(x) of x has a finite number of points of ordinary 
discontinuity and a finite number of maxima and minima in the 
interval 0 < x < 2tt, and if the function be arbitrarily defined within 
this interval and defined by the relation 

f(x + 2tt) =/(J"), . . . (3.1) 

for values of x outside this interval, then 


where 


l=zo 

f(x) = ia 0 + 2 (®* cos sin kx), 

i = l 


1 f 2jr 

a k = - I f(x) cos kx . dx 

rrjQ 


1 f 2 ** 1 

6^ = - 1 f(x) sin kx . dx (k = 0, 1 , 2, etc.) 
J o 


(3.2) 


(3.3) 


and at every point x = X in the interval the series (3.2) converges 
to the value 

/(X) = &/(X 4. 0) -r /(X - 0)1" . * (3.4) 

This is a statement of Fourier’s Theorem, named after the 
celebrated French scientist. Fourier’s first paper on the subject 
of trigonometric series was read to the French Academy in 1807. 
He discovered the theorem in his researches into the conduction 
of heat. The series (3.2) is known as the Fourier series or Fourier 
expansion of the function f(x) ; the coefficients a k and b k are termed 
the Fourier coefficients , and the process of determining these co- 
efficients is called Fourier analysis or harmonic analysis . 

The conditions stated are unnecessarily stringent. Dirichlet 
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established various sets of conditions during the years 1829-1837, 
but it is probable that the necessary and sufficient set of conditions 
has not yet been formulated. Infinite discontinuities can be dealt 
with, but the case is seldom met in practical work and the accuracy 
of the series for values of z in the neighbourhood of such discon- 
tinuities is not great unless a very large number of terms is taken. 

The equation (3.1) states that f(x) is a periodic function of z, 
with the period 2tt. Periodic functions with periods other than 2tt 
can easily be converted into this form, as described in Section 2 
of Chapter II. The equation (3.4) states that for points of con- 
tinuity the series converges to the value of the function, while for 
points of finite discontinuity the series converges to the mean of 
the two limits /(X — 0) and /(X — 0). In the present section the 
truth of equation (3.4) is assumed, and the quantity /(X) given by 
substituting x X in the series (3.2) will be taken as agreeing 
with the arbitrary function f(x) at every point x — X. General 
considerations of the convergence of Fourier series are set out in 
Section 7 below . 

The equations (3.3) are due to Cauchy. It is to be noted that, 
in order to enable the constant term in the series to be calculated 
from the same formula as the coefficients of the cosine terms, the 
symbol A 0 of equation (4.2) of Chapter II has been replaced by 
la 0 In the following proof of the Cauchy integrals (3.3) it is assumed 
that it is legitimate to integrate a series such as (3.2) term by term. 
The consideration of this point is too involved to be included here, 
but reference may be made to any comprehensive textbook on 
mathematical analysis or the theory of functions (see references 
A, C in the Bibliography at the end of the book). 

Determination of coefficients (Cauchy hitegrals ). In the proof of 
the equations (3.3) the following results are required : 


(a) j“\in mx . sin nx dx = 0 

(b) J sin mx . cos nx dx = 0 V 
(r) J^cos mx . cos nx dx = 0 

~ sin kx . cos Tex dx — O'] 

C i 

(e) \ sin kx dx = 0 
^ Jo j 

(/) J'^eos kx dx = 0 j- 

/*2rx 

(^) J sin 2 kx dx = n 

(h) J^cos 2 kxdz = 7 r 


if m and n are unequal " 
integers. 


if k is an integer 


y (3.5) 
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These results are easily obtained. By ordinary trigonometrical 
substitution, 

sin mx . sin nx = cos (m — n)x — } cos (m + n)x, 
so that if ?/? and n are unequal, 

sin mx . sin nx dx — 1 cos (w — w ds — \ cos (?n + n)x dx 


2(m — n) 


[sin (m - «)a[f - [sin (m + n)x]^. 


Now as both m and n are integers, the quantities sin (m — n)x 
and sin (m + n ) x both have zero value at the upper and lower 
values of x ( = 2 tt and 0). Hence both terms in the last equation 
are zero, and thus equation (3.5a) is established. 

If, however, m = n — J : , say, then as 

cos 2 kx =1 — 2 sin 2 kx , 

[ sin 2 kx dx — l [ ( 1 ) dx — | f cos 2kx dx 

Jo “Jo Jo 

= iwT = IT, 

since the second integral is zero. Thus equation (3.5gr) is estab- 
lished. This result may be obtained directly from the proof of 
(3.5a) given immediately above, by utilising L’HospitaFs rule. 
As this rule is sometimes useful in the determination of Fourier 
coefficients, it is now given and proved. 

“ If f(t) and F(£) are both zero when t = T, the limit of the ratio 
f(t)j¥(t) as t tends to T is equal to the limit of the ratio /'(i)/F '(£) 
as t tends to T, where dashes denote differentiation with respect 
to t ” 

Let t — T + ST, then expanding by Taylor’s Theorem, 

/£) /( T + ST) 

T P(0”i J I*oF(T + ST) 

= Lt /( T) + ST ./'( T) + a(ST) 2 /"(T) + etc. 
dT -^oF(T) + ST . F'(T) -t-l (ST) 2 F"(T) + etc. 

Now /( T) = F(T) = 0, hence 

T . t_ T , /'(T) + %ST . /"(T) + etc. 
m wI’oSTT) + iST . F"(T) - etc. 

_ Lt m 

F(T)- ( r T F'W 


(3.6) 
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Applying this rule to the last line in the proof of equation (3.5 a) 
above, the first term on the right-hand side becomes, when m -> n. 


sin (m — n)x i 2-1 


Lt. ri 

2 (mi — n) 


= r Lt. 

0 L. m — > » 


x cor (m — tt)an 2jl 


since [sin (m — «)*^] ~ # cos ( m — * 

(L771 % ** t 

and ~ = 2 * 

The value of this last limit is clearly lx, and 

MT~ ’• 

The remaining equations of (3.3) are proved in a similar manner. 
For equations (6) and (r) the trigonometrical results are used : 

2 sin mx . cos nx -= sin (m -f n)x +■ sin (m — n)x, 
and 2 cos mr . cos nx — cos (m + n)x + cos (m — n)x , 

and the results established in a manner similar to that employed 
for (3,5a). For (c?), 


r r'lx 

sin kx . cos kx dx = i sin 2 kx dx 
Jo “Jo 

— cos 2&a;j 2; * 


For (e), 


sin kx dx 


cos fcrq 2 * 

. k l 9 


and similarly for (/). For ( h ), the result is used : 

cos 2 kx = 2 cos 2 kx — 1, 
and the integration performed as for [g). 

To derive the formulae (3.3) for the coefficients in the series 
(3.2), first integrate both sides of this equation with respect to x 
over a cycle (0 < x < 2?r). Then as k is an integer, equations 
(e) and (/) of (3.5) give the result 


Hence 


f2* i>2x 

f(x) dx — 1 £a 0 dx 
Jo Jo 

~ itQq, 

1 f 2 * 1 

a o = - f(x)d 
^J* 
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Secondly, multiply (3.2) by cos kx and again integrate over a cycle. 
Then 

p2 n /*2ji I & ~ p o "1 

I f(x) cos kx dx — \ Ha 0 + 2 (a t cos kx + b k sin kx) cos kx ax 
Ju J 0 v A - 1 - 

= Tra ki ....... (ii) 

by reason of equations ( b ), (c), (/) and ( g ) of (3.5). Similarly, it 
may be shown that 

f(x) sin kx dx = irb k . . . . (iii) 

o 

The equations (i)-(iii) are equivalent to (3.3), since putting 
k =-= 0 in the first equation of (3.3) gives the result (i). The whole 
process of determining the Fourier coefficients may be stated thus : 

“ The average value of the function over a cycle (i.e. from 
x = 0 to x = 2 tt ) gives the constant term %a 0 (or A 0 ). 

“ The general cosine coefficient a k is obtained by multi- 
plying the function by the corresponding cosine function (cos kx) 
and taking twice the average of this product over a cycle. 

“ The general sine coefficient b k is obtained by multiplying 
the function by the coi responding sine function (sin kx) and 
taking twice the average of this product over a cycle.” 

The procedure is now illustrated by an example. 

Example, 

The function represented by the line in Fig. 3a may be expressed 
in the form : 

y = x/a for 0 < x < a 
= 0 a < x < 2-77, 

and y =f(x) =f(x + 2tt) 

for values of x outside the interval 0 — 277. 

The coefficients are determined as under : 




(3.8a) 


The determination of the coefficients a k and b k depend upon the 
process of integration by parts. From the results of elementary 
differential calculus, 
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Let 

Then 


ir ~ so that r - J //' 


dx. 


^ (?*JV dx) -- uw — fir dx. 


dx J 


and integration of this last equation with lespeot to x gives 


i.e. 


dn 
dx 

| inv dx = aj * w dx ~ J J * to dx)dx. 



a \ a ' (U r cfLr -J( 



Fio. 3. — Pei iodic function expressed by (3.7), with coefficients as given 
by (3.S). At (&) the wa\e becomes the “ saw-tooth wave '* well- 
known to electumie engineers. 


Applying this formula. 


j- 


x cos kx . dx - sin kx 

fu 


X 


sin kx 


{ sin kx . 

j k *■ 

cos kx 
~k r ~' 


and 


Hence 


x 


x sin kx . dx ~ — — cos kx 
k 


-f 


— cos kx 


k 

sin kx 


dx 


7ra k 


= — y cos kx -f- 

A fc“ 

= f - cos kx dx 
Jo® 

ir# . 7 

? sin k~ , 

.A; le 

sin £& 1 — cos ha 


= -F- 

aU 


cos itan® 


: tel® 
k 2 Jo 


ak 2 
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If. 1 — cos ka\ . B ,v 

1.0. a^j-ismka ^ M 

Similarly, it can be shown that 

6 ‘ “ k(- *■ + tt) • ■ (m) 


For the special case where a = 277 the waveform takes the form 
illustrated in Fig. 36, and the coefficients have the values : 


A 0 = •£«„ = | 
o* = 0 

h=- 


1 

kir 


(3.9) 


Figs. 4u, 6, c show the synthetic waves produced by the addition 
of the first two, four, and six harmonics, respectively ; i.e. the 
functions represented are : 


Fig. 4 a 
Fig. 46 
Fig. 4c 


y= l- 

U = i ~ 


1 

77 

1 

77 

1 

77 


^sin x + 
^sin x 4- 
( sin x 


sin 2x 
~2~ 

sin 2x 
2 

sin 2x 
2 


sin Zx ^ 

H 3~ * 


sin Zx 

* O I" 


sin 4 x\ 

r 

sin 4x 
4 “ 


sin 5x , sin 6x 


+ 


6 


)• 


The rapidity with which these curves approach the limiting curve 
(Fig. 36) shows how accurately an arbitrary function can be repre- 
sented by only a few harmonic terms. (See note in Section 7 on 
Gibbs 5 phenomenon.) 


4. Half-range series (symmetry and skew-symmetry). 

In Section 7 of Chapter II it was shown that a wave which is 
symmetrical about the values x = 0 and x ~ tt can be represented 
by a series containing cosine terms only, while a wave which is 
skew-symmetrical about these values can be represented by a series 
containing sine terms only ; a constant term may be included in 
the symmetrical case, and the constant term involved in the case 
of disguised skew-symmetry may be removed, by a suitable change 
in the variable y , so as to leave a truly skew-symmetrical wave. 
Under conditions of symmetry or skew-symmetry the wave may 
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be represented by a so-called half-range Fourier series, such as will 
now be discussed. 

Taking first the case of symmetry, let F(^) be a periodic function 
with period 2tt, symmetrical about the values x = 0 and x ~ -tt. 




Fig. 4. — Sum of 

first two, four and six harmonics of the wave shown in 
Fig. 36. 

Then 

II 

1 

or, if 

II 

1 

7 

s 

Now, 

£ F(a:) dx = j F{z) dx + | E(«) dx, 
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and, since 


Hence 


dx = — dz, 



dx. 




dx . 


Now let F(#) =f(x) cos kx , where k is an integer. Then if f(x) 
is a periodic function with a period 2rr, which is symmetrical about 
the values x = 0 and x = 77 , cos kx fulfils the same conditions and 
so does F(#), so that 


Hence 



Similarly, if F(#) = f(x) sin kx, where f(x) is skew-symmetrical 
about the values x = 0 and x = 77, then since sin kx fulfils these 
same conditions of skew -symmetry it follows that F(a;) is sym- 
metrical about these values ; for 


and 


/(*) = ~ /(2ff — *), 

sin kx = — sin &(27 t — x ). 


Hence F(x) = /(#) sin kx = /(27t — #) sin &(2 tt — x) 

= F(2tt — #). 

Thus in this case, 

b k = - f f(x) sin fcr . dx, . . (4.2) 

The series 

1=00 

y = i « 0 + Z 008 

1=1 

representing a symmetrical wave-form, the coefficients being given 
by (4.1) and the series 


1=00 

y — 2 b k sin kx 
1=1 

representing a skew-symmetrical wave-form, the coefficients being 
given by (4.2), are termed half-range series , as the integration is 
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carried out over half a cycle only. Similarly, the series (3.2) repre- 
senting a general waveform, the coefficients being given by (3.3), 
is termed a full-range writb, as the integration is carried out over a 
full cycle. 


Tumi: 1 


Vidua s oj ruiu in rotfftnmf'i fw equate -peaked warefoi m (Fig. 5a) 

See text for ot a in enter tlmn i 2 radians. Table gives values of 

general coefficient a } foi values of k fiom 0 to 12 ; constant term 
A 0 -= Vz () . 


It 

7 t* 

T 4 

T > 


t 

0 

0 333 

0 500 

0 007 

i 

I 

U 31 b 

0-450 

0 351 

0 037 

2 

n -276 

0 318 

0-276 

0 

3 

0-212 

0-150 

o 

- 0-212 

4 

0 - 13 S 

0 

- 0-138 

0 

5 

l 0-063 

- 0-090 

- 0-110 

0-128 

t> 

0 

- 0-106 

0 

o 

7 

— 0-046 

0-064 

0-079 

- 0-091 

s 

- 0-066 

1 (> 1 

0-069 

0 

11 

-0 071 

0-050 

0 

0*071 

10 

- 0 053 

[ 0 063 

- 0-055 

0 

11 

0 029 

0*041 

0-050 

-0 058 

12 

0 

0 

1 0 

0 


Enuilph'S. 

B\ using the formula* (4.1) and (4,2) whenever occasion permits 
the work involved in the evaluation of the integrals is considerably 
reduced when the function to be analysed is complicated. To 
illustrate the method some simple examples are first described. 

(i) Symmetry. 

Fig. 5a represents a “ square-peaked ,5 waveform, which is 
• symmetrical about the points A and B. Let the axes of x and y 
be as shown in the diagram ; then the function represented is 


y = 1 for 0 < x < a, 

and 2 tt — a < £ < 2ir, l 
and y = 0 for a < x < 2n — a. 

From equations (4-1), 


(4.3) 





a 

TT 


. (4.4 a) 
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2f . , 2 V . , 1" 

a / =- -I cos kx ax — r - sm lex 
tt } o A‘ttL o 

2 

— 7 - sin ka, .... (4.46) 

K7T 

b k is of course zero for all values of A\ since tlie function is sym- 
metrical and therefore contains no sine terms. The values of the 
coefficients (4.4) are clearl} T dependent upon the value of a ; Table I 
gives the values of a 0 and the first twelve cosine coefficients for 
various typical values of a not greater than 77 -/ 2 . For values of 



Fig. 5. — Squaie-peaked ’* waveform. 


a greater than 77/2 radians, let n — a = 6 ; then if the column 
headings in Table I are taken to represent b instead of a, the values 
of the even coefficients should have their signs changed, the odd 
harmonics remaining unaltered, while the constant term A 0 =l— "|a 0 ' 9 
where a 0 ' is obtained from the Table. Thus, for example, if 
a = 277 / 3 , 6 = 77/3 : A 0 = ia Q = 1 - 0*333 = 0*667, k x = 0*551, 
k 2 = — 0*276, etc. 

The square-peaked waveform is of some importance in electrical 
theory, since the response of circuits is now being measured by 
reference to the transmission of such waveforms , furthermore, 
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these waveforms form the basis of the concept of periodic existence 
fvnciions (see Section 6 ). For these reasons, they will now be 
further investigated. 

The waveform illustrated in Fig. 56 is the same as that in Fig. oa 
except that the function represented is now 

»- 1 f0r 0<J,<0 1 . . (4.5) 

y ~ 0 for c < x < 2n j 

i.e., there has been a shift along the .r-axis through a distance a, 
and r 2a. Since any function when multiplied by this function 
will have zero value except over the range from 0 to c (and for 
corresponding parts of other cycles, since the function represented 
in Fig. 5 is periodic), and will have its own value over this range, 
the term “ periodic existence function is applied to the function 
(4.5). This concept is de\eloped in Section 6 , belov\ The Fourier 
coefficients of the series expansion of (4.5) may be obtained in tw^o 
ways : In application of the basic formula (3.3), or by changing the 
variable x in the results (4.4). 

From (3.3), 




cos kx dx 


lb™ fa I 


sin kc. 


l( c — If T 

- 1 sin kx dx -=- — cos kx 

rJu fa T L Jo 


-- -(I — cos kc). .... (4.6c) 

tCTT 

Alternatively, if x x ~ x — a i 

cos kx = cos (kx x — ka) 

= cos kx x cos ka + sin kx x sin ka, 

and the general term (the coefficient of which is given by (4.46)) is 

T 2 . , , , 


eft cos kx 


sin ka . cos ka . cos kx t 


7 - sin 2 ka . sin kx, 
fa T 1 


sin 2 ka . cos kx x + ^(1 — cos 2ka) sin kx v 
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Since c = 2a, this last equation gives the results (4.66) and (4.6c). 
The constant term A 0 = la Q is of course unaltered by the shift 
along the x-axis. 

In Fig. 5c the wave has been shifted again along the #-axis, 
so that the function represented is now 

y = 1 for p <x <q," 
j-0 for ► . . (4.7) 

and q < x % 2 rr^ 

Let the actual dimensions of the wave be the same as in Fig. 56, 
so that c — q — p ; then since x = x x + p, where x refers to Fig. 5c 
and x x to Fig. 56, 

cos kx x = cos ( lex — kp ) 

= cos kx . cos kp + sin kx . sin kp, 
and sin kx x = sin (to — fcp) 

= sin kx . cos — cos kx . sin kp. 

The general term (i.e. representing the &th harmonic) from equations 
(4.66) and (4.6c) is 

^-[sin he . cos kx\ + (1 — cos kc) sin to J, 

and omitting the multiplier 1 kir for convenience, this expression 
can be written as 

sin k(q — p) . cos kp . cos kx x 
+ sin k(q — p) . sin kp . sin kx x 
+ [1 — cos k{q — p)] cos kp . sin kx x 
— [1 — cos k(q — p)] sin kp . cos kx x . . . (4.8) 

By using the result (2.4) of Chapter I the following identities are 
easily derived : 

sin (A -f B) = sin A . cos B + cos A . sin B 

sin (A — B) — sin A . cos B — cos A . sin B 

cos (A + B) = cos A . cos B — sin A . sin B 

cos (A — B) = cos A . cos B + sin A . sin B 

Now (4.8) can be written in the form 
cos kx x [sin k(q — p ) . cos kp + cos k(q — p) . sin kp — sin kp] 

+ sin kx x [sin k(q — p) . sin kp — cos k(q — p) . cos kp + cos kp], 
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and this again, by using (4.0), can he written : 

ms kx\ (sin kq -- sin kp) - sin kx x (cos kp — cos kq). 
Hence the coefficients in the seiies representing (4.7) are 


d t i -(sin lq — sin kp) j> . 

b ; (cos kp - cos kq) j 

kir j 


(4.10) 


On comparing (4.10) with (4.r>) it ean be seen that if the symbol 


Ep rep resents the function (4.7) then 

e;-.e2-e* . . . (4.ii) 

This equation states in effect that the range from -p to ^ is the same 
as the difference between the ranges from 0 to q and from 0 to p, 
and may appear to be a truism ; the formal statement (4.11), how- 
ever, is useful in connection with the existence functions discussed 
in Section 6. The formula? (4.10) could of course have been obtained 
directly from (3.3). 

(ii) Skt w-symmetry. 

The function represented by Fig. (to can be expressed : 
y - 1 for 0 < a* < a 1 

if 0 for a ' r * : 2ir — a L . . (4.12) 

y - l for 2 77 - a < x < 2ttj 

and is skew vwnmetucul about (lie points A and B. The formula 
(4.2) uives 

hj -- I .sin k\r . dx - cos kx 

77-Jo KIT L Jo 

■==- 7^(1 - cos ka) (4.13) 

K7T 


There is no constant term and no cosine term in the series. If 
the function (4,12) is added to the function (4.3) then, denoting the 
sum by Y, 

if 0 < x < a, Y = 2, 

if a < x < 2?r Y = 0, 

and a comparison of equations (4.4) and (4.13) with (4.6) checks 
the evident result that (4.3) and (4.12) represent respectively twice 
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the symmetrical and skew-symmetrical parts of (4.5), with c replaced 
by a . 

Table II gives the values of b k (k — 1, 2, . . . 12) for various 
values of a. When a = tt, the waveform is as shown in Fig. 66. 
This is the same form as is obtained if a = tt/2 in (4.3), except that 
the basic variable has been increased by a quarter -period, and that 
the total amplitude of the function has been doubled. Comparison 
of the last columns of Tables I and II in the light of the results listed 
in Table II of Chapter II, relating to the quarter-period shift, confirms 
the agreement : the waveform is alternant, so that there are only 



Fig. 6. — A skew-symmetrical function, which degenerates in a special 
case ( b ) to the same form as Fig. 5, with c = tt. 

odd harmonics present in the series, and the table in Chapter II 
shows that the first, fifth, etc., cosine terms become sine terms with 
the same sign, while the third, seventh, etc., cosine terms become 
sine terms with a change of sign. 

With an alternant waveform (i.e. one for which the condition 

/(*■+ «•) = —/w 

is true) which is both symmetrical and skew-symmetrical, it is 
frequently more convenient to make use of the property of skew- 
symmetry than that of symmetry in order to simplify the process 
of integration, as will now be shown by an example. 
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Table IX 


Values of Fourier coefficients for reave form illustrated m Fig. 6 a 


1 

, 





* 1 



1 


1 1 

0*318 

0*637 

| 0 953 

1*274 

! 2 

0*477 

0*637 

0 477 

0 

3 i 

0*424 

0 212 

1 0 

0 424 

4 

0*230 

0 

j 0*230 

0 

5 

0*064 

0*127 

I 0*191 

0*255 

! 6 

0 

0 212 

0 

0 

1 7 

0*04,5 

0*091 

0 136 

0*182 

! 8 

o no 

0 

0 119 

0 

i o 

0 141 

0 071 

0 

0*141 

1 10 

0 00IJ 

0*127 

0 096 

0 

H 

0 029 

0 058 

0*087 

0*116 

1 12 

| 

0 

0 

i ° 

0 


The w aveform illustrated in Fig. 7 consists of parabolic arcs ; 
with the axes as shown, use is made of the property of skew- 
symmetry and the mathematical expression for the function formu- 
lated only for the range 0 ^ x < tt. Since x = tt/2 gives the 



Fig. 7. — Approximation to bine wave by paiabolic arcs. The coefficients 
of the harmonics are given, in (4.17). 

maximum value for y, and the curve is given as parabolic, over 
this range y is given by 

y = i • • • ( 4 - 14 ) 

where a has to be determined. Since y — 0 when x = 0, a = 4/tt 2 ; 
checking for x ~ tt, the corresponding value of y is given as 0, which 
is clearly correct. Substituting this value of a in (4.14), 

4 


tt' 


2 
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In order to determine the Fourier coefficients by means of (4.2) 
it is first necessary to evaluate sin to . dx. This may be done 
in the same manner as that in which the results (3.86) and (3.8c) 
were obtained : 


J*-*-* 

~= — cos to + cos kx . dx 


a* 2 . 2x . 7 , 2 , 

cos kx + sm to + ^- 3 cos to. 


Hence from (4,2) and (4.15), the coefficient of the general sine term 
in the series expansion of the function is given by 


8 f 31 

x 2 sin to . dx J — A x si 
^ 2 Jo 

* 2 2x 


sin to . dx 


8f x* . . 2z .2 7 

■== -J — 7 cos to + y-r sm to + 7 ~ cos to 

tt 3 1 A; a; 2 A 3 J 0 

. 8 r x sin ton* 

+ ? L _ i°“ fa + -F-J„ 

8 [7 'jt 2 2\ 2] 8 r 77 cos ton 

- - pL(- i + b) “ s - I-.J + Jl - —k~ J 


id , 

From (4.16), 


COS Lw). 


if k is odd, b L = 


32 1 


kV 

if k is even, b L — 0 
The series representing the function (4.15) is therefore 
32 / . , sin 3x , sin 5x 


(4.16) 

(4.17) 


y 


32 / . , sm 3x , sm 5z , , \ 

= p ( s “ 1 + ~w~ + ur + rt0 -) 


and it is evident that a waveform composed of parabolic arcs in 
the manner of Fig. 7 is a very good approximation to a sine-wave, 
since the amplitude of the next term in the series is only one 
twenty-seventh of that of the fundamental, and all the other terms 
in the series are negligibly small. 

If the origin of x is taken at a value giving the maximum value 
1 to y (i.e. the wave is shifted along the z-axis through a distance 
representing 77/2 radians in the negative direction), the function 
can be expressed in the form 

y = 1 — ax 2 for 0<ic< 77 ]2,\ 

V = — 1 + < 2(77 — xf for 7 t/2 < x <tt, J * ^ 
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100 

over the half range. Tf now the Fourier coefficients are evaluated 
from the formula* (4.1) for a symmetrical waveform, the work in- 
volved in the integration is roughly double that involved in the 
determination of the Fourier coefficients from the formula (4.2) 
for a skew-symmetrical waveform. If the reader performs this 
evaluation for the coefficients of the symmetrical case, using the 
expressions (4,18), lie will appreciate that much trouble can he 
saved by intelligent simplification of the problem in the manner 
indicated. 


5. Further examples. 

Two further general examples will he treated in this section. 


(i) Satr-tooth form. 

The waveform illustrated in Fig. is the general saw-tooth 
form, taken as a skew -symmetrical function. The function can 
lie expressed as 


.r 



for 0 ^ a * a 


if 



- a 
a 


for n 


' * "C TT S 


77 — .r 


77 


a 


(5.1) 


Since the waveform is skew -symmetrical about the values ^ = 0 
and x - it , the series expansion contains sine terms only, and 
these can be evaluated by the formula (4.2). Thus : 


1 r** 1 r 15 

Wb; I .<* sin kr , dr 4- - - I (tt — r) sin kx . dr 

"Jo tt — a} a K ' 


_ 1 “ 

a 


cos kx 


1 Jcx a 
A Jo 

, 1 f tt 7 . x sin kx~\ n 

tt — a L k k k 2 -L 


This last equation reduces to 


&7bk 


77 

k 2 a( 7 T — a) 


sin ka , 


and hence b k = ^ ~ - sin ka. . . . (5.2) 

Three special cases arise. If a = 0, the waveform degenerates 
into that shown in Fig. 86. The coefficients (5.2) must be evaluated 
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l>v I/HospitaTs rule (3.6), since when a -- 0, sin ka is also zero. 
Thus : 

,, x sin ka k cos ka 

Lt. — — — -Lt. 

a — > (J ^ a —v 0 

-b, 

and hence in this case 



Fig. 8. — Saw-tooth waveforms. (6) -(d) are special cases of the general 

form (a). 

If y represents the function (5.1), and y x represents the function 
(3.9) which is illustrated in Fig. 36, it is evident that 

2/ = 1 — %i (5.4) 

Writing out the series in full, 

„ 2/ . sin 2x , sin 3x , \ 

V = ~{ sm x + -j- + —3— + etc.], 

6 
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and 


!h -- i 


77 ' 


sin 2x 


sin 3x 
3 


+ etc.), 


and substitution of these expressions in (5.4) confirms the result. 
This procedure of comparing a special case of one waveform with 
that of another is very useful in checking the working. 

If a -- 7T, 2 the resulting waveform is as shown in Fig. Sc, The 
coefficients an' given by 


b k - f ~ , sin far ft 

U- 7 T- 




For even values of sin kn 2 is zero ; if k = 1, 5, 9, etc., 

sin I'tt 2—1, while if k — 3, 7, II, etc., sin £ 77/2 = — 1. Hence if 


k - 2w, b L = 0 ' 

I: - 4« - 1, b K - Yj 

/t/ 77 


(5.5) 


where n is an integer. That the even terms are absent from the 
series is evident from the fact that the wave is alternant (see 
Chapter LI, Section 7). 

If the origin of x is shifted to a value giving a maximum value 
to y, i.e. if the basic variable x is decreased by a quarter-period 
(oi increased b\ t In ee- quarters of a period), the resulting waveform 
is s\ mmetrical about the \ allies x 0 and x — 77. Utilising the 
results summaiised in Table IV of Chapter II, the corresponding 
series Is 

i - X 

y ~ 2 C0fe 

i—i 

where if k — 2 n, a k = 0, 

+ a k = ~, 

i=4«-l 5 a* = ~ 


i.e. if k = 2m, 

k = 2n- 1, 

where n is an integer. 


ax = 0 

_ 8 
a x i. it 

A, “77“ 


(5.6) 
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When a = 7T, the waveform takes the form shown in Fig. Sd. 
Using L’Hospitahs rule (3.6) to evaluate b k from (5.2), 

y , sin ka t , k cos ka 
Lt. = JLt. — 

ci— > 71 ^ to a—+7t “ 

= — k cos krr 


Hence 


b k — — =— cos krr. 

K7T 


Now. for even values of k, cos krr = 1, while for odd values of k, 
cos — — 1. Hence 

if k is odd, b k 

if k is even, b k 

The graph (Fig. 8 d) is the same as that in Fig. 8 fe, except that the 
wave has been shifted along the axis of x through a distance Repre- 
senting a half-period (i.e. the basic variable x has been increased 
by a half-period), and the sign of the function has been changed. 
Referring to Table III of Chapter II, it is seen that the effect of the 
half-period shift is to change the sign of the odd harmonic terms, 
while leaving the even harmonic terms unaltered. Comparison of 
the results (5.7) and (5.3) confirms this rule, it being remembered 
that the sign of the function has been changed in the transition 
from Fig. 8 b to Fig. Sd. 

A very close approximation to this type of waveform occurs 
in cathode-ray tube practice ; a cc saw-tooth ” voltage is applied to 
one pair of deflector plates to give a relatively slow sweep in one 
direction, with a very rapid fly-back at the end of the stroke. 


Jo7T 


krr j 


(5.7) 


(ii) Intermittent sine-wave. 

The waveform illustrated in Fig. 9 a takes the form of half of a 
sine-wave cycle intermittently. Treating the wave as symmetrical, 
the function can be expressed as 


y — cos — for 0 < x < a 
y — 0 for a < x < rr 


(5.8) 


Using the formulae (4.1), 


A 0 



cos N# . dx , 
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where 


and 


7T 

N = This integral gives 
A 0 = = Jr si 11 Na — ,3- sin ~ 

IN 7T j\77 2 

J. 2a 

XtT 7T 2 ' 

2 f tf 

a* l cos X.r . cos lex . rfjr 
^Jo 

1 C a 

1 [cos(X -- i:)x -f cos (X — k)x]dx 
77 J 0 


(5.9a) 


_ 1 pin (X - /i’).r sin (N — k)xT 

"ttL N“F~ * r N -* Jo’ 

I, sin (N f- k)a sin (N - k)a\ 

rtA - A- n+T- ~ n - 1 )• ' (5 - 96) 



Fig. 9. — Intermittent sine wave and “rectified” waves. The half -rectified 
and full-rectified waves at (6) and (c) are special cases of the general 
form (a). 


This expression can be put in an alternative form : 

= ^T~ ~ -^- 2 j[(N T - k) sin (N + k)a -f (N + k) sin (N — k)a] 
2 

— _ £ 2 )^ ^ • cos k a — k cos Na . sin ka). 
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But Na = hence sin N a = 1, cos Na — 0. 

2 

2N 

Therefore, a 1 ™ ^ 7-7 . cos A*a. .... (5.9c) 

7r(J\" — JC~) 

If X is integral, 1/ Hospital's rule (3.0) must be used to obtain the 
coefficient a y . Since 

sin (X — k)a r a cos (X — k)a 

JLt. — =-= j = -ut. 

.\ -W. — K !N->& t 


and sin (X -f k)a — 0 when X — A, this coefficient is, from (5.96), 


a 

a K = - = 


2N* 


(5.9d) 


Two special cases of this form which are of particular importance 
are those in which X = 1 and -i. When X == 1, a = irj2, and the 
wave has the form shown in Fig. 96. This is the half-rectified wave 
familiar to electrical technicians. The coefficients are 


and, for 


A 0 — 

k =# 1 , (tj 


1 

77 

1 

2 

0 


77(A’ 2 - 1) 
2 

~ 1) 


if k i& odd 
if I: = 4 n 


> . 


if k — 4/i + 2 


(5.10) 


where n is an integer. 

When X = a = 77, and the waveform has the form illustrated 
in Fig. 9c. This is the full-rectified wave well-known in electrical 
theory. The coefficients are : 


A 


0 — 


= 


2 

3 

77 


(5.11a) 


a i = 


cos A77 


- ir 

If k is odd, cos l: = — 1, wdiereas if lc is even, cos k = 1. Hence 


a 1 = 


ir(k* - 1 
— 1 
77(/j 2 


i) 


if k is odd. ] 

\ 

if k is even 


(5.116) 


J 
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The values of the constant term and the first twelve cosine co- 
efficients for these two rectified waveforms are given in Table III, 
The actual values given are those of a k ; the constant term A 0 = 
where a 0 is the value stated in the Table. 

Table III 

Values of Fourier coefficients a K for the rectified waveforms (Figs. 9 b and 
9<j), The constant term A 0 = £a 0 . 


l 

H'xlf-rectifled 
(Fig 0 b) 

Full-i ectifled 
(Fig 9c) 

0 

0-637 

1-274 

1 

0-500 

0-425 

2 

0 212 

-0-085 

3 

0 

0-036 

4 

-0-042 

-0-020 

5 

0 

0-013 

6 

0-018 

-0-009 

7 

0 

0-007 

8 

-0-010 

-0-005 

9 

0 

0-004 

10 

0-006 

-0-003 

11 

0 

0-003 

12 

-0-004 

-0-002 


It is to be noted that the amplitudes of the higher even harmonics 
of the full-rectified wave are half those of the half-rectified wave. 

The general form (5.8) is of importance in many practical in- 
vestigations, for example, in the detei mination of the periodic forces 
imposed on a rotating aero-propeller by disturbances in the airflow, 
which may be caused by such obstructions as radiators, etc. 

6. Periodic existence functions, and derived forms. 

The function illustrated in Fig. 10 a, which may be expressed as : 
y = 1 for p < x < q 

y = 0 for , 0<*<i> l . . (6.x) 

and q < x < 

and y =/(#) =/(2tt + x) 

is termed a periodic existence function with the interval (p, q). The 
function may be said to exist, i.e. to have a non-zero value, over 
this interval ; hence the name. 

The notation E® will be used to denote the function (6.1). It 
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is to be noted that the function is periodic, the period being 2tt 
radians, so that by definition 

E q T7" ae t* 9 

p ~ - p' 

From a consideration of the diagrams in Figs. 1<V/, ft, c, which 
represent respectively the functions 

K K and E o> 

it is clear that the relation holds : 

E‘ = E*-E 0 P (6.2) 



Fig. 10. — Periodic existence functions. The function (a), operative over 
the interval pq, is the difference between the functions (6) and (<*). 


The function E* can be expressed in the form of a Fourier series ; 
in fact, this expansion has already been given in Section 4 of this 
chapter. The formulae (4.10) for the coefficients of this series are 
here repeated for ease of reference : 




(sin kq — sin kp) 


r • 


(6.3) 



(cos kp — cos kq) 


The symbols (A 0 )®, (a,f p - and (&i)* will be used here to denote 
the coefficients (6.3) of the function E*. 
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The periodic existence functions are useful when it is required 
to express a function F(a;), which is defined by a number of equations 
of the form 

F(*) for 0 < x < a 

F(®) ■=/!(•») for a < x <b 

etc., etc., . . . 

F(ar) = fT( x ) f° r n < x < 27t 

in a single formula. For since multiplication of a function by an 
existence function is equivalent to limiting its range to the interval 
of the existence function, i.e. 

E P • /(*) -=• f( x ) for P < x < q 

=■= 0 for 0 < x < p, 

and q < x < 2i t, 

the function F(.r) can be represented over the whole range (0, 2 tt) 
by the sum 

F(.r) = e: ./Xv) + e: ./ a (x) + . . . + e r . (6.5) 

and if the coefficients of F(jb), analogous to those of a Fourier series, 
are A 0 , a k , b k , then 

A 0 = (A 0 )o -fo( x ) + ■ • • + (A„)f •/!»' 

= (aOo -fo( X ) ■+■•••+ -fn( x ) y • ( 6 ' 6 ) 

b k = (b k ) a 0 .fi(x) +. . .+ (b k t -/fw. 

It must be noted, however, that unless all the functions /“(a 1 ), etc., 
are constants, the series 

_ k~ Xj l=CO 

F(a*) = A 0 + ]> a K cos kx + ^ sin fc# 

* = 1 A =1 

is not a Fourier series, since the coefficients are themselves functions 
of x. If the functions are all constants, however, the series is a 
Fourier series. 

Two special forms of existence function apply to the cases of 
symmetrical and skew-symmetrical waveforms. 

(i) Symmetry. 

Let (E')* = E* + * t (0< p<q< „). . . (6.7) 

This function (6.7) is then symmetrical about the values x = 0 
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and x — 7T. If A 0 , a,, and h k are the Fourier coefficient a of the 
function E^’ p q , then 

A ° = i (2?r - P ~ 2 ” + ?) - lj.'t - P) ~ (A,)J, 

a, ~ .-[sin /».(— 77 — p) —■ sin jt(3sr — 7)] 

IilTT 

= l^ 1 (&in ^ — sin kq) = 

and b, - ~[cos £(277 — 7) — cos £(277 — p)] 

= ^(c°s £7 — cos £p) = - (6J®, 

and hence if (A' 0 f p , «)*, (6$ are the Fourier coefficients of the 
function (6.7), then 

(A'f p - 2(A 0 );l 

(«I)J -= !• (6.8) 

(*2)5 - « j 

(ii) Skew-symmetry. 

(E")* = EJ - Ej’ * . . . (6.9) 

which is skew -symmetrical about the values, .r = 0 and a = 77 ; if 

(AX («X (bl)l 

are the Fourier coefficients of (6.9), then 

(AX = 0 "j 

(«i)p = 0 !■ ... (6.10) 

{b$ = 2{b L )l j 

Linear function . A similar type of procedure is useful in the 
analysis of waveforms made up of linear functions. Suppose that 
a function y — f(x) is defined as follows : 

y = c -+• mx for p < x < q 1 
= 0 for 0 < x < n | 

, * V • • (6.11) 

and q < x < 2tt 

and f{x) =f(x 2 tt). J 


6 * 
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The Fourier coefficients are given by the expressions 

A 0 = — — J (c + mx)dx = j^ca; + \mx 

- P) +-1™(7 2 - P 2 )] 

\c + bn(q + p)], 


-1$ 

,2 

J « 


aw" 

_ iZLJPr 


277 


(6.12a) 


and 


Q k ” “ J ( c + nw) cos kx . dx 

lfc , mx . _ , m , 

= sin + ~Y Sm kx + jjj 2 C0S &CJ 

“ £(c S ^ n ^ ~~ (c + wp) sin kp 

+ ^ (cos &</ — cos &p)l, (6.126) 

* -i 

6^ ~ - J (c + mx) sin £\r . dx 

~ ;L~ i coa *' ~ t cos ** + p sm fa J, 

= ^|~( c + m P) cos fcp — (c -j- wi^) cos kq 


+ 




(sin % — sin hp)"j. (6.12c) 


These formulae are included in this work so that the analysis of 
certain types of function may be facilitated. In order to eliminate, 
for the research worker, much of the “ donkey work ” involved in 
the evaluation of the Fourier coefficients of arbitrarily defined 
functions, some indefinite integrals are listed below. 

Indefinite integrals. 


cos kx 
~k 


| x sin kx .dx = a;( — c ° s — j — 

X ‘ 1 

= — ~ cos kx -j- — sin kx . 
k k z 

f _ 7 , /sin kx\ fsin kx , 

J x cos kx . dx — x ^ — — — j — I — — — dx 


dx 


(6.13a) 


x i 

sin kx + p cos kx. 


(6.136) 
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1 sin kx , dx = x 2 




cos kx\ 


2x 2 

cos kx + y-r sin kx + yz cos kx. (6.13c) 
ic k, 6 


cos kx . dx = # 2 




sin &c\ 


^*2 2^j 2 

= sin ^ cos ^ p ^ i’Jf. . (6.13d) 


la^ sin kx . do; = W 


, 3a:®.. 6a: . 

^ cos ra; + -p- sin Au’ -(- ^ cos kx 


, 4 sin A\r. (6.13c) 


ja; 3 cos kx . dx = ^(^—j 7 —) — js?' 2 j 

a- 3 . . 3a: 2 6a: . , 

— ^ sin A\r + p cos kx — p- sm A*.r 

— ~ cos kx. (6.13/) 

| sin Na; . sin kx . dx — 1 j cos (N — k)x . dx — -1 j cos (N + k)x . dx 

^sin (N — k)x sin (N 4- k)x~\ /c 10 „, 

~\-W=k N+X J* • (6 - 13?) 

| sin Na: . cos kx .dx = || sin (N + k)x . dx + ij sin (N — k)x . dx 

, r cos ( N + k)x , cos (N - k)x~\ /a 

= ~ ^"T+r ~ in J- ((U3/t) 


"cos (N + k)x . cos (N — k)x 


N + k 


N - k 


| cos Na; . sin kx . dx = ij sin (N + k)x . dx — sin (N — k)x . dx 
jTcos (N — k)x cos (N 4- A*)aq 

= *L — w=k N + i J- • (6 - 130 


N-fc 


N4 -t 


J cos Na; . cos kx .dx — ^ cos (N 4- k)x . dx 4- £ J cos (N — k)x . 1 


"sin (N 4- k) x , sin (N — k)x 


N + jfc 


N - k 


. (6.13 j) 
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These expressions, in conjunction with the existence functions, 
will enable the Fourier coefficients of an arbitrarily defined periodic 
function to be evaluated speedily if the separate functions of which 
it is composed are constants, linear, quadratic or cubic functions 
of x , or any of these plus a trigonometric function of the type sin N# 
or cos N#. All that needs to be done is the insertion of limits in 
the (at present) indefinite integrals (6.13) for each part of the 
arbitrary function, and the Fourier series so determined from the 
formulae (3.3) can then be added directly to obtain the series ex- 
pansion of the function. 

7. Convergence of Fourier series ; Gibbs’ phenomenon. 

It is outside the scope of this book to consider the convergence 
of Fourier series in a rigorous mathematical manner ; for such 
discussions reference should be made to any textbook on Fourier 
series or mathematical analysis (see, for example, references 5, 6 and 
7 in the Bibliography at the back of the book). In this section 
the subject w T ill be treated as fully as is necessary for practical 
purposes. So long as the main principles involved are borne in mind 
it is unnecessary for the technician to be fully conversant with the 
mathematical niceties of the subject. 

Determination of coefficients by consideration of least squared 
error. Let f(x) be the function, defined over the period from x = 0 
to x — 2 tt radians, to which it is required to fit a Fourier series. 
Let S* represent the sum of this series as far as the nth. harmonics, 

k=n 

i.e. S n = A 0 + ^ ( a k °os kx -f b k sin lex). . . (7.1) 

It is required to find the values of the coefficients which will give 
the nearest approximation S n to f(x). First it is necessary to pre- 
scribe some means of assessing the nearness of an approximation. 
For this purpose the theory of the mean squared error is applied. 
Denoting the mean squared error by E, then 

E = ^0/^) - S„Pcfo 5 . . . (7.2) 

and it is seen that E is in fact a measure of the total deviation of 
the series S n from the function f(x) ; the deviation is squared so 
as to avoid the possibility of two deviations of opposite sign 
“ cancelling out. 1 ’ The most accurate approximation will be 
obtained when E is a minimum, i.e. 

aE _ c)E __ aE 
2 )a k <)6 ft 2)A 0 


. (7.3) 
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The meaning of this equation (7.3) is as follows. It is assumed 
that if all the coefficients A 0 , a ?4 , b h are kept constant except one, 
say a p then as a 3 is given different values the error E will vary ; 
and it may be possible to determine a value of a } which gives a 
minimum value to E. cij is now fixed at such an optimum value, 
and some other coefficient, say a t , varied. The procedure is re- 
peated for all the coefficients, and is summarised in the equations 
(7.3). It is assumed that when all the coefficients have been found 
in this manner, the corresponding series S* is the best approximation, 
as far as the ttth harmonic, that can be found. 

Substituting for E from (7.2) in (7.3), and solving first for <i k9 


Hence, 

and 


<>E 

Mi 







dx - 0. 



— S J cos lex . dx = 0, 


>2te 

f(x) cos lex . dx = a h cos 2 kx . dx\ 
o Jo" 


by reason of equations (3.5), which give 



cos kx . dx 


•=11 


a L cos 2 kx . dx 


= Ka k . 


Hence, 


Ct k 



cos kx . dx. . 


(7.4a) 


In a precisely similar manner the values of b h and A 0 are found to be 

If 2-1 

b k = -I f(x) sin kx . dx\ . . . (7.46) 

o 

A 0 = J-f 'f(x).dr, . . . . (7.4c) 

and these equations (7.4) are exactly the same as (3.3). All that 
has been proved so far is that the values (7.4) for the coefficients 
give a series S n which is either the most accurate approximation 
to that number of terms (i.e. as far as the ?*th harmonic) or the least 
accurate approximation. It has not yet been determined whether 
the approximation is best or worst, or whether there is any ad- 
vantage in taking more terms in the series. 

On consideration it is evident that the approximation is best 
rather than worst, i.e. that the value of E corresponding to the 
determined series S n is a minimum and not a maximum ; for if 
f(x) is finite throughout the cycle, as it will be in all practical cases. 
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the coefficients determined by (7.4) are all finite, and clearly a worse 
approximation can be found by making all the coefficients very 
large. Hence if the number n of harmonics included in the series 
S n is fixed, the coefficients determined by (7.4) give the best 
approximation to the function f(x). It remains to determine 
whether there is any advantage in taking a larger number of terms 
in the series, which is the informal method of determining whether 
the series (3.2) is convergent. 

Let the mean squared error for the sum S n be E w , and that for 
S w4 1 , E /h1 . Now since 

E„ - -0/(z) - Snfdx, 


and S M|1 =• S„ + « Mt1 cos (>i + l)x + b li+1 sin (n + l)a;, 
1 f- 


E 


f f/(x)— S„ — a„. n cos (n+l)x—b n+1 sin (n -f \)xfdx 
Jo 

If 251 

= E„ — - [/(■»)— S„][a„ fl cos (n+l)x + b n+1 sin {n+\)x\dx 

TTJo 

1 f 2 * 1 

+ K+i cos ( n + l ) x + b n+i sin (n + l)xfdx. 

47TJq 

Now the first integral term in this last equation is equal to 
1 f-' 1 

— I /(«)[««+! COS (n + l)x + b ll+1 sin (n + 1 )x\dx 
n J o 

- Ki 1 1 + 


since theie are no terms involving sine or cosine functions of 
(n l)r in and the second integral term is equal to 

2 ( a n i i + j. x ), 

by reason of equations (3 .od, y, h). Hence the result is obtained : 

Eim-i = — i( a « + i + + • • (7.5) 

Equation (7-5) shows that the mean squared error when the 
first (n + 1) harmonics are included cannot be greater than the 
error when the first n harmonics are included, and if the (n -f l)th 
harmonic is not zero the error is decreased by its inclusion. Hence 
the more terms are taken in the Fourier series, the more accurately 
will the function f(x) be represented. 

It still remains to demonstrate that as more and more terms are 
taken the error converges to zero, i.e. that 


Lt. E n = 0. 

n -> co 
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Writing E 0 for the error when the constant term A 0 alone is 
taken in the series, 

E ° = ^r\j f{X) ~ A ° ]2dX 

and hence 

E X = - V - $(«i“ + V)- 

Proceeding in this manner, it is found that 

i /»2 .t Jc**n 

E„ = ±\ f{x)Hx - A 0 » - * 2 (a* a + V). . (7.6) 

It is a well-known theorem in the analysis of infinite series that, 
if f( 0) = /( 27t), and /(a-) is continuous in the interval from 0 to 2n, 

i ff(xy-dx = a 0 - + 4*2 + 6 * 2 ) 

(for a proof of this result, known as the Hxirwitz-Liapounoff theorem, 
see reference 8 in the Bibliography). Hence as n is made greater 
and greater, the error E n converges to zero. 

The practical result of this analysis is that if the arbitrary 
function f(x) is continuous within the interval of the cycle, the 
Fourier series can be made to approximate the function as closely 
as is desired by making n large enough, i.e. by taking a sufficient 
number of terms. 


Gibbs’ phenomenon . 

When the arbitrary function has finite discontinuities, however, 
as in the case of those functions illustrated in Figs. 3, 5, 6, 8b, 8 d, 
and 10, this result is not true. The function 

f(x) = — ^ for 7T < x < 2 tt 

= 5 for 0 <j<»t ' ' 


and /(0) -=/(w) =/(2ir) = 0 J 

is illustrated in Fig. 11a, and can be represented b\ the Fourier 

series 


f(x) = 2(sin x 


sin 3x sin ox 

~ 3 5 




(7.8) 


" ~ 2k -1 ’ 


Let 
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which is the series (7.8} taken as far as the (2>? — l)th harmonic. 
Then 




Fio. II. IJibhs’ phenomenon. The Fourier series for the function illus- 
trated at converges to the form (b), where the finite '‘jumps ” are 
exceeded by about 9 per cent. 


' sin 2 nt , 

, “7 ' 


r s 4' A « 

Jo * 


and hence 

— f dt — f (sin 2nt) — h + etc. W 

Jo t J„ sm/\3! 5! / 

Xow as x continually- increases from 0 to v,2, x . cosec x continually 
increases from 1 to tt 2, and 

0 < Fi - S - etc ' < 5T 

t “ us 



when 


0 < x < t r/2. 


+ 8ee section 9, page 181, for a proof of this result. 
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No matter how small the arbitrary positive quantity e is chosen, a 
positive quantity m can be found such that 

A < e when 0 < x ^ m 


for all values of n . If n be chosen so large that 

ir 

2n < m> 

1 sin t 


then 


Now 


f“ sin t , it 

J„ — d ‘=2- • 


< 6 . 


(7.9) 


as is shown in section 9, page 182, and 

f <j>(t)dt — f <f>(t)dt — f <f>(t)dt, 

Jo Jo J ft 

hence from (7.9) the approximation curve y = S n (x) exceeds the 
value 7 t/ 2 in the immediate positive neighbourhood of the origin 
by the amount 


0-261. 


From considerations of symmetry it is evident that at the finite 
discontinuities of the function the series overshoots the jump by 
about 9 per cent, of the jump, as filustrated in Fig. life. 

This phenomenon is known as Ck Gibbs’ phenomenon,” for a 
full description of which see reference 9 in the Bibliography; the 
discussion given above is taken substantially from this work. 
The practical significance of the phenomenon is that the Fourier 
series approximation to a discontinuous function is not very reliable 
in the neighbourhood of the discontinuities unless a very large number 
of terms is taken ; and even when many terms are included the 
series does not actually approximate to the function in these regions, 
but to a composite function made up of the original function plus 
the “ overshoot ” at either end of the line of discontinuity. 

Rapidity of convergence of series. At parts of the wave where 
there is no discontinuity the Fourier series converges to the correct 
values ; but if there are discontinuities anywhere in the cycle it 
is inherent in the nature of the series that the convergence in the 
continuous portions of the wave will be slow — i.e. that many terms 
will have to be included before a reasonable approximation is 
obtained. Fig. 12 shows, on a greatly magnified scale, part of 
the curves given by taking the first 5, 7, 9, 11, and 13 terms in the 
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series (7.8). Even when 13 terms are taken there is considerable 
excursion from the mean position indicated by the broken line. 

An interesting general property concerning the rapidity of 
convergence of the Fourier series representing a periodic function 
has been mentioned by Hussman (reference 10 in the Bibliography 
at the end of the book). This may be stated as follows : the value 
of the A'tii Fourier coefficient is in general expressible in the form 

a k or b L = . . . (7.10) 



Fig. 12. —Part of the approximation curves for the function in Fig. 11a. 
(ah(e) hhowfe the sums of the first 5, 7, 9, 11 and 13 terms of the series 
(7.8), respect ively. 

where F(£) is some function of the harmonic number k, frequently 
periodic (see, for example, formula (4.16), where 

F = 16 (1 - cos ibr)/7r s ), 

and P n (k) is a polynomial function of degree n in k ; in formula 
(4 18). P ,.(/>■) = I s and n = 3. The rapidity of convergence of the 
.series is controlled mainly by P„(A*), and so depends largely upon 
the value of n. Now n has been shown to be equal to a certain 
reference number, determined thus : give to the original function 
represented by the series the reference number one, the first 
derivative the number two. the second derivative the number three, 
and so on ; the numbering scheme is thus : 
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/(*) 

!>> 


i, 

9 

3 , 

4, etc. 


Then ?? is the reference number of the lowest order derivative which 
is discontinuous. 

This conclusion is admirably illustrated by the functions depicted 
in Figs. 5, 8 and 7, for which the Fourier coefficients are given by 
formulae (4.4), (5.-2) and (4.16). The square-peaked wave in Fig. 5 
is itself discontinuous, and the value of n is therefore one ; in (4.4) 
it is seen that in fact the coefficient a k is, apart from the factor 
sin ka, proportional to 1 jk, and the series is not very rapidly con- 
vergent. The saw-tooth wave in Fig. 8 is itself continuous, but its 
first derivative is discontinuous (there being violent changes in the 
slope of the graph at the angular points of the wave) so that n = 2 ; 
formula (5.2) shows that, apart from the factors representing F(&) 
in (7,10), the values of a L and b k are proportional to 1/& 2 . Finally, 
the wave of parabolic arcs in Fig. 7 is continuous and has a con- 
tinuous first derivative (the slope being such that there are no 
violent changes in direction along the graph) but the second derivative 
is discontinuous ; formula (4.16) shows that, apart from the factor 
1 — cos Jcttj the coefficient b k is proportional to 1 /A 3 and the series 
is very rapidly convergent — so much so, in fact, that the parabolic-arc 
wave is a very good approximation to a sine-wave. 


8. Other forms of Fourier series. 

Two other forms of Fourier series are given brief mention below. 
They -will be found useful in some engineering applications (see 
Karman and Biot, reference 11 in the Bibliography). 

Complex form . Let 

S = A 0 + ( a k cos hx + b k sin kx). 

i=i 

Now cos kx and sin kx can be written in the forms 


( 8 . 1 ) 
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and hence ( 8 . 1 ) can be written as 


k • C 

2 (<v tx - i - I v ,If ) 

i ii 

where <\, - A 0 L 

l>u - « 

C, i{«/ /6J 

I> J(tf/ T" K) 


or even more concisely as 

* - t tv ,; ' 

/ x 


where 


V. 0 A w 

-- IK - K) 
C_; - JK f ib t ). 


I • 


( 8 . 2 ) 


(8.3) 


Fourier integrals . It will be apparent, from a study of the fore- 
going sections of this chapter, that a Fourier series can be made to 
represent any periodic function wilich fulfils certain conditions of 
continuity ; furthermore, it can he made to represent any function, 
not necessarily periodic, w hieh fulfils these conditions of continuity, 
but if the function is not periodic the Fourier series will only ap- 
proximate to it over the cycle of integration. It is a natural ex- 
tension of the general theory to enquire whether this cycle of 
integration can be extended indefinitely, so that a function which 
is not periodic can be approximated by a Fourier series over an 
unrestricted range. The solution of this problem involves Fourier s 
inttgrah\ The merest sketch of the derivation of these integrals 
is given below ; for fuller details the reader is again referred to the 
w'orks of Carslaw, and Karman and Biot (references 12 , 13 in the 
Bibliography). 

If a function is periodic with a period 2tt radians it can easily 
be shown that the limits 0 , 2 - 7 ? in the integrals connected with the 
Fourier coefficients (equations 3.3) can be replaced by — 77 , tt, 
since that part of the cycle from — it to 0 is identical with the 
part from tt to 2 tt, and similarly for the functions cos hx and sin lex. 
Furthermore, if the period of the function is 21 , then if f(x) is the 
function and 


7TX 



it is seen that f(x) =/(^) = F (z) say, and 

A — x 

F(r) = A 0 — (a K cos kz + b k sin kz ), . 

A=1 


. (8.4) 
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where A 0 - if F(s) = |f /(X) dX . . (8.5 a) 

(the letter X is used in place of x to avoid confusion in the later 
stages ; since the integral is definite its value is independent of 
the variable). Similarly, 

a, -= jf /(X) cos dX, . . (8.56) 

6/ — || /(X) sin dX . . (8.5r) 

Substituting these values in (8.4), 

m = |f /(X) . tfX + f /(X)(cob ^ . cos ~ 

. . hXn . &£7r\ 7 , r 

+ sm — j~ . sm -j-J . dX 

1 r* i pi i 

= -J ; /(X) • dX + 7 y j ^ /(X) . cos y (* - X) . dX. (8.6) 

If X k = i’7r /, and A,^ — = w/Z =• AA, then the second term on 

the right-hand side of (8.6) is 

-2 AAf /(X) . cos A, (a- - X) . dX, 

77 I J -l 

and if J* /(X) . dX is finite, then as Z — > oo, AA 0 and 

/(#) = - f °°<?A f °° /(X) . cos A (x - X) . dX. . (8.7) 

o j x 

The expression in (8.7) is termed a Fourier's integral . These 
integrals are useful in the analysis of the elastic properties of beams 
of very great span, to mention only one practical application. 


9. Two integration results. 


C x sin 2rti 

Jo t 


dt 


C 2nc sin t Jx 

j. — * 


(9.1) 


This result, utilised on page 176 above, is easily proved. 

Let y = 2nt, then dt — <Iy 2 n ; and when t = x, y = 2nx. 
Hence 


r s x« iy 

J o t Jo y 


~ nx sin t 
o l 


dt } 
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since the definite integral is unaltered in value no matter what 
letter is used to represent the variable. 


(ii) f — — dt — . . . (9.2) 

The formal proof of this result requires a thorough knowledge 
of the continuity of functions and validity of integrals ; for these 
matters the reader is referred to any textbook on the theory of 
functions. In this section it will be assumed that all integrations 
performed are valid. 

Since Lt. e~ at — 1. 

o — * 0 


and if 


Now, 


Jo * * 

F(„) 

Jn S 

poo 

-- — e~ ot sin t . dt. 

J I) 

d 

J t t~ at (cos t + a sin t) - - (a 2 -f l)e- ai sin f, 


and hence 


c~ at sin t .dt = 


1 r “I 60 

__ e 0< (cos t -f a sin t) 
a “ + 1L Jo 



Thus 

and 

(since 

Thus 


*» - 


1 



r 


F(o) — Tij'l — tan -1 a 
Lt. 1(a) = 0). 

a->x 

1 ^sin t 

— 7 — dt = Lt. (tt/2 — tan -1 a), 
0 1 a-+0 


and the result (9.2) follows. 
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CHAPTER VII 

NUMERICAL METHODS 


1. Introductory. 

The mathematical method of analysis described in Chapter VI 
is limited, in its immediate application, to that type of waveform 
which can be regarded as composed of segments of simple mathe- 
matical curves — straight line segments, parabolic arcs, and arcs of 
sine-waves, for example — so that the necessary integrations can 
be performed exactly. Some of the periodic variations occurring 
in engineering problems are of this type ; for example, the force 
transmitted during a hammer-blow applied to a structure can be 
represented approximately by a cycle of the saw-tooth wave analysed 
on page 160, and the effects of a regular repetition of such blows, 
including the so-called £ * recurring transients/’ can be determined 
by straightforward mathematical methods (see reference 1 in the 
Bibliography at the end of the book). Similarly, the tangential 
effort variation in a single cylinder of an internal-combustion 
engine can be represented very roughly by an intermittent sine- 
wave of the type analysed on page 163. 

The majority of waveforms and periodic variations encountered 
in engineering and scientific research, however, are not amenable 
to this treatment, and in such cases recourse must be had, in general, 
to the numerical method described in this chapter. There are 
two distinct ways of regarding the numerical method : first, as an 
approximation to the integration method employing the Cauchy 
integrals, and secondly, as a process of curve-fitting. The method 
itself, and the results obtained by its use, are of course unaffected 
by the choice of point of view ; but it is always advisable to keep 
the dual nature of the process in mind when applying or interpreting 
the results. 

A periodic function can be expressed as a Fourier series in only 
one way, the coefficients being determined by the Cauchy integrals. 
The fact that the Fourier series representation of a periodic function 
is unique is known as Riemann’s Theorem, an informal demonstra- 
tion of which is given in Appendix II (p. 247) ; the rigorous proof 
is given by Whittaker and Watson (reference 2 in the Bibliography 
at the end of the book). The theorem applies only to a series in 
which no limit is imposed upon the number of terms which may 
be included ; if any arbitrary limitation is imposed, the result of 
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the theorem is not necessarily true. Such a limitation is involved 
in the numerical method of analysis, as may best be seen by 
regarding the process as one of curve-fitting. Suppose that 24 ordin- 
ates are drawn to the curve representing the periodic variation, 
the ordinates being convcnienth distributed evenly over the cycle. 
The points at which these ordinates intersect the curve will be 
termed hereafter the * selected points/' Xow, an unlimited 
number of different curves can be drawn to pass through the 24 
selected points ; in particular, one cun e will represent the sum of 
a harmonic series which contains a constant term, the first eleven 
sine components and the tiist twelve cosine components. It is 
this series which is determined In the normal 24-ordinate scheme 
of analysis. It will at once be e\ ident that if the unique milimited 
Fourier seiies expansion of the \ ariation contains harmonic com- 
ponents of higher order than the 11th (sine) and 12th (cosine), 
the coefficients for these higher harmonics will not be determined 
by such a process What is not so evident, and has been the cause 
of much misapprehension concerning the accuracy of numerical 
haimonic analyses, is that in such a case the coefficients of the 
lower harmonics, as determined by the analysis, may be grossly 
in error. 

In several textbooks on engineering mathematics, and in other 
memoiis, there appear statements which imply that the number 
of ordinates used in a numeiical analysis must exceed twice the 
reference number of the highest harmonic wiiose coefficients it is 
required to determine ; such statements err, not by reason of 
complete falsity, but b\ suppression of the most important aspect 
of the matter 

in actual fact, the number of ordinates must exceed twice 
the reference number of the highest harmonic present in the 
unlimited and unique Fourier series expansion of the vari- 
ation, and this number may be far greater than the one quoted 
above. 

The curve representing the sum of the limited series found by 
the numerical method will certainly pass through the 24 selected 
points (or however many points w’ere selected for the analysis), 
but any correspondence between the sum of this series and the 
'original variation at other points in the cycle is purely coincidental 
if the unlimited Fourier series contains harmonics of higher order 
than those specified above, and the analysis will not yield an 
accurate assessment of the harmonic contents of the variation. 

If the function actually contains components of, say, the 1st, 
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3rd, 7th, 10th and 11th, harmonics, the coefficients of these terms 
will be given accurately by a 24-ordinate scheme of analysis. If, 
however, there are present in the function components of, say, 
the 13th. 14th and 20th harmonics as well, the series found will 
contain components of the 1st, 3rd, 4th, 7th, 10th and 11th har- 
monics, and of these the coefficients of the 1st, 3rd and 7th alone 
will be correct. With a 24-ordinate scheme of analysis, the 13th, 
14th and 20th harmonics are confused with the 11th, 10th and 
4th harmonics respectively, and on the basis of such an analysis 
alone it is not possible to determine whether an indicated 4th 
harmonic, for example, really represents a 4th or a 20th (or, for 
that matter, a 28th, 44th, 52nd or 68th, etc.) harmonic, or some 
combination of these. 

Naturally, the extent to which results are rendered invalid by 
this phenomenon depends upon the amplitudes of the higher 
harmonics in the true Fourier series, and several examples have 
been included in this chapter to illustrate typical cases. Un- 
fortunately, several engineering textbooks in describing the method 
have completely disregarded this matter, and in some cases have 
actually given misleading statements concerning the accuracy of 
numerical analyses. For this reason, a detailed discussion of the 
matter has been given in Sections 4 and 5, pages 189, 192. 

A 48-ordinate scheme of analysis, which is capable of giving 
accurate results for functions of which the harmonics are not higher 
than the 23rd (sine) and 24th (cosine) components, is sufficient 
for most practical purposes, since harmonics higher than these (if 
they are present at all) hre usually so small as to produce negligible 
errors. A 72-ordinate scheme, ascribed to Denman and Withers, 
is given by Stansfield (reference 3 in the Bibliography). 

The development of systematic schemes of numerical analysis 
seems to have originated with Runge (reference 4). Many forms 
have been devised for various special problems, and the reader 
will find detailed references to the more important descriptions of 
the methods in the Handbook of the Napier Tercentenary Exhibition 
(reference 5). 

The chapter deals exclusively with methods of numerical 
analysis utilising a number of ordinates spaced evenly over the 
cycle. Other special methods have been developed, wherein the 
ordinates considered are spaced at uneven intervals, according to 
a special pattern ; for descriptions of these methods the reader 
should consult references 6 and 7 in the Bibliography at the end 
of the book. 
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2. Derivation of formulae from mathematical method. 

The numerical method of harmonic analysis is used when the 
periodic function to be analysed is given in such a form that its 
value is known at various points in the cycle. These values may 
be the direct results of physical observation or may be interpolated 
graphically from such observations. For the sake of simplicity in 
numerical work it is usual to take as data the values of the function 
at an even number of points evenly distributed over the cycle. 

Let f(x) be a continuous function to be analysed ; if 2tt radians 
is the period of /(.r), then fix — 2 w) —/(*). Let ordinates to the 
curve y = f(x) be drawn at the points .r 0 — 0, x u x 2 , . . . x N _ u 
= 27 r, such that 

,r r r . A.r, A.r- 277/N, . . . (2.1) 

and let the corresponding values of the ordinates be y 0 , y x , . . . 
y y . Since f(x) is a continuous function of x with period 2 ? t radians, 

!fo = 

The formula? (3.3) of Chapter VT (p. 143) can be regarded as 
limiting expressions in the following manner : 

1 f *-** I 

f(x) cos tv . dx — Lt. > y r cos kx t . Ax 
■n'Jo X-^»J0 7r r=l 

2 f==N 

= ^ f I Vr cos hx r . 

Hence the cosine coefficient is given approximately by the formula 

9 

^ I COS l-X r 
^ r=l 

2 

and similarly, b L ~ Vj s * n 

This derivation is quite informal and requires to be substanti- 
ated by further reasoning ; in particular a lower limit must be set 
to the value of N (i.e. the number of ordinates taken) in accordance 
with the number of harmonics present in the function /(x). These 
matters are considered in Sections 4 and 5 below. The procedure 
summarised in the formulae (2.2) can be stated thus : 

" The coefficient a k in the series 

k=n 

S = A 0 + 2 (a k cos kx + b k sin kx), . . (2.3) 

h~l 

representing the function y = f{x) is found by dividing the cycle 
into N equal divisions, measuring the ordinates of the curve y = /(x) 
at these N points, multiplying each ordinate y r by the corresponding 
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value cos L\r r of the function cos Jcx, summing the products so 
formed for all the ordinates and multiplying the sum by 2/N. 

fck The coefficient b k is found in a similar manner, the function 
sin kx being substituted for cos Jcx. 

“ The constant term A 0 = a 0 / 2, where a 0 is found as for 
putting 1c = 0 ; i,e. A 0 is the average value of the ordinates.” 

It should be noted that, as shown on page 193, if N is even the 
value given by (2.2) for a k , when h = N/2, is twice the correct value. 


3. Simple example. 


Expressing the periodic variation in the form (2.3) slightly 
modified, i.e. 


y s= f(x) — A 0 + 2 % cos Jcx + b h sin Jcx , . (3.1) 

k k 

where the period is 2tt radians or 360° in x, suppose that the values 
of y for x = 0, ?r/2 n r, and 37r/2 are known or measured from a 
record of the waveform. 

Denoting these values by y 0 , y l9 y 2 , y z respectively, 

Vo ^ A 0 2 a K 

k 

yi = /(w/2) = A 0 + 2 a k cos Jcrr!2 + £ b k sin Jctt/2 

* k L (3.2) 

U a ~ f( 7r ) ~ A 0 -f- a L cos Jctt 

k 

y j ~/(3 t7/2) — A 0 + 2 a k cos SJcTr/2 + ^b k sin 3A?r/2 
& * 


Now consider the effect of summing these four values. Denoting 
the sum by t* u , 


c 0 - y<) + + y* + i/a — LA 0 + 2 a k G k + 2 b k H k " 

\\ here G k — 1 + cos Jctt! 2 - f - cos Jctt + cos 3for/2 
— sin JcTr/2 + sin 3Att/2 


(3.3) 


The value of c 0 clearly depends upon the value of G k and H*. Now 
if k is a multiple of 4, say 4P where P is an integer, then 
cos Jctt! 2 = cos 2 Ptt = 1, 
cos Jctt = cos 4Ptt = 1, 
cos SJcv’2 — cos 6Ptt = 1, 


so that G 4P = 4 ; similarly, it can be shown that H 4P = 0. 

If Jc = 4P — 1, it is found that G 4P _! = 0, and = 0, 

and similarly, G 4P _ 2 = H 4P _ 2 = G 4P _ 3 = H 4P _ 3 = 0. Substituting 
these values in (3.3), 

c 0 = 4(A 0 + ^ a 4P ). 


(3.4) 
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Again, consider tire effect of performing the summation 

c i — tJo cos 0 -j- y x cos ~ 2 — y., cos it cos 37r/2 

= Uo - y-i 

= 2 a '- < 1 - cos 
i 

If A - is even, cos — 1 and (1 — cos Air) = 0 ; but if k is odd, 
cos kit — — 1 and {1 - cos kit) — 2. Representing odd values of 
k by 2P - 1, 

Ci 2 ^ «21’-1 (3-5) 

V 

Similarly, the summation 

Xj ~ t/u sin 0 ~r l/i *in n* 2 — y, sin 77 + fc>in 377/2 


-= — V 3 ? 

yields *1 = + E bjH.' k 

where 0[. — cos 1*77/2 — cos 3/:-7r/2 ► . . (3.6) 

K[ — sin /jtt 2 — sin 3 &tt /2 
If A* = 4P, G^p = cos 27 t — cos 6?r = 0, 

H4P = sin 2 tt — sin 677 — 0. 

If i- = 4P — 1, — cos 7 t /2 — cos 3 tt /2 = 0, 

— — sin 7 t/ 2 + sin 3nj2 — — 2. 

If k ~ IP — 2, G^p^ — cos 77 — cos 3 tt = 0, 

H' iP 2 — — sin 77 4- sin 3 t r = 0. 

If k IP - 3, G' t p cos 3:7 ! 2 - cos 77/2 = 0, 

H^, ^ — — sin 377 2 — hin 77/2 — 2. 


Substituting these results in (3.6), 

6 1 “ ^ 2 (^4P —3 ““ ^4P-l)’ • • * (3-7) 

p 

Proceeding in a similar manner to perform the summations 
c 2 = yo cos 0 t 2/1 cos 77 + y 2 cos 277 + y 3 cos 377 
= y 0 — yi + y 2 *- y* 

and s 2 = y 0 sin 0 -j- y x sin 77 + y 2 sin 2tt + y 3 sin 37r 
= 0, 


the results are obtained : 


Co 

s 2 


= 4 2 «4P-2= 1 

p V 
■= 0 . j 


(3.8) 
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(3.9) 


The results (3.4, o, 7, 8) are expanded below : 

-= (4A 0 ) + 4 + 4a 8 + etc. 
r i = ( 2 <*i) + 2or (5 + 2 a- + 2a 7 + etc. 

,<? i — (^i) — 26, j + 26 5 — 26 7 4“ etc. 
c 2 — (4u 2 ) 4~ 4ct(j + 4cti 0 etc. 

The most important point to be noted is that if the variation 
(3.1) contains harmonics higher than the 2nd, no information con- 
cerning the coefficients of any harmonics is afforded by the equations 
(3.9) ; if, however, the variation consists merely of the constant 
term A 0 and the first two harmonics, i.e. 

y = A 0 4- cos x 4- a 2 cos sin x 4- 6 a sin 2x , (3.10) 

then the terms outside the brackets on the right-hand side of the 
equations (3.9) are zero, and these equations then yield the results : 

A 0 = c 0 /4l 
= Cl/2 
a 2 = c 2 /4 

b x = « x /2 J 

No information has been obtained concerning the value of the 
coefficient 6 2 of the second sine component, since this component 
has zero value for x = 0, 7 r/2, 77, and 3 tt 2. 


(3.11) 


4. False indications from using too few ordinates. 

The processes by which the quantities c 0 , etc., were found in 
the preceding section are approximations to the Cauchy integrations 

7r . a k = I f(x) cos kx . dx, 

Jo 

A 0 = cLq/2, 

t*2n 

ir . b k = I f(x) sin kx . dx , 

Jo 

except for the numerical constant by which the coefficient a 2 is 
multiplied (see Section 10). Whereas these integrations yield accurate 
results, however, the numerical approximations do not, unless the 
3rd and higher harmonics are absent. In general, as will be shown 
in the following section, accurate results will only be obtained if 
the number of ordinates used is greater than twice the reference 
number of the highest harmonic present in the waveform or vari- 
ation. It is quite true that the function 

y ' = c 0 /4 4 - (c x /2) cos x 4- (c 2 / 4) cos 2x -h (s 1 k2) sin x, (4.1) 
found by substituting the results (3.11) in the equation (3.10) 
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assumes the correct values y 0 , y l9 y 2 , and y 3 at the values x = 0 , 
tt/ 2 j 7 Tj 3 tt/ 2, regardless of the presence or absence of higher har- 
monics : for example, at x = tt 2, 

S/'(W 2 ) = c 0 /4 — c 2 ! 4 -f 5 x /2 

= too + «/it !/2 + &»)/* - (&o - yi+ya—ys)M + toi— y*)/2 

If, however, the 3rd or higher harmonics are present, the function 
(4.1) does not assume the correct values at any other points in the 
cycle ; or at any rate, any correct value assumed for values of x 
other than 0, n % tt or 3 n]2 is purely coincidental and not inherent 
in the theory of the method. 

The practical importance of this result cannot be over-emphasised. 
In several reputable engineering textbooks a statement may be 
found, which expresses in effect the opinion that if the coefficients 
of only a few of the lower harmonics are to be determined, a simple 
method of numerical analysis can successfully be employed, where 
the number of ordinates used is just greater than twice the reference 
number of the highest harmonic whose coefficients are required ; 
for example, it is sometimes contended that if only the first ten 
harmonics are required a scheme of analysis using 24 ordinates will 
give accurate results. Such a statement is definitely erroneous and 
misleading. If it were correct the process outlined in the preceding 
section, which utilises four ordinates, would on all occasions yield 
the correct values for A 0 , a t , and b l9 whereas the form of the 
equations (3.9) shows that these values will only be obtained if the 
harmonics higher than the second are absent. 

Consider the variation illustrated in Fig. 96, Chapter VI (p. 164). 
The four ordinates used in the method of the preceding section 
are y 0 = 1, y x = 0 , y 2 = 0, = 0 . Thus c 0 = 1, c x = 1, c 2 = 1, 

Sx = 0. The false indications obtained by assuming these quan- 
tities to be respectively 4A 0 , 2a l7 4 a 2 , and 2b x would be 
A 0 == 0-25, a x = 0-5, a 2 = 0*25, b x = 0. 

The correct values are given in Table III, page 166, as 
A 0 = 0*319, a x = 0*5, a 2 = 0*212, 6 X = 0. 

Utilising the other values given in the table, it is seen that 

4Aq -f- 4 $4 -f- 4&g -j- etc. 

= 1*274 — 0-168 — 0-040 — 0*016 — etc. 

= 1*050 — some small quantity. 

2a x -f- 2oq -}- 2a§ -j- etc. = 1*000. 

4 4 -f- 4 -{- etc. 

= 0-848 + 0*072 + 0*024 + etc. 

= 0-944 + some small quantity. 

2b x ~ 2b B + 26 5 - etc. = 0. 
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The quantities 1*050 — and 0*944 + both become 1*000 when the 
harmonics higher than the 12th (not given in the table) are taken 
into account, and thus the equations (3.9) are verified for this par- 
ticular example. The errors involved by the erroneous supposition 
that only the terms inside the brackets on the right-hand side of 
these equations are represented by the quantities on the left-hand 
side are indicated below : 

A 0 : true value 0*319, false value 0*25, error 22 per cent. 
a 2 : true value 0*212, false value 0*25, error 18 per cent. 
a x and b x are correct. 

The absence of error in the values for a t and b 1 is due to the complete 
absence of the sine components, since the wave is symmetrical, and 
the absence of all odd cosine components other than that of the 
1st harmonic. 

Again, consider the variation illustrated in Pig. 9c on page 164. 
In this case the four ordinates are y 0 = 1, y l = 0*707, y 2 = 0, 
2/ 3 = 0*707. Neglecting the sine components, which are all zero 
since the wave is symmetrical, the values of c 0 , etc., are 

c 0 = 2*414, c x = 1, e 2 =- 0*414, 

and if these are supposed to be the values of 4A 0 , 2a ^ and 4a 2 , 
respectively , the faLe results are : 

A 0 - 0*604, aj = 0*500, a 2 =- — 0*104. 

The true results are given in the last column of Table III, page 166, 
and it is seen that the errors are as indicated below : 

A 0 : true value 0*637, false value 0*604, error 5 per cent. 
a x : true value 0*425, false value 0*500, error 15 per cent. 
a 2 : true value — 0*085, false value — 0*104, error 22 per cent. 

Moreover, 

4A 0 + 4a 4 + 4a 8 + etc. 

= 2*548 - 0*080 - 0*020 - 0*008 - etc. 

= 2*440 — a small quantity. 

2a x + 2 a 2 + 2a 5 -p etc. 

= 0*850 0*072 + 0*026 -4- 0*014 + 0*008 

-j- 0*006 -j- etc. 

= 0*976 4- a small quantity. 

4u 2 + 4 €Lq 4&iq -f- etc. 

= - 0*340 - 0*036 - 0*012 - etc. 

= — 0*388 — a small quantity. 
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The values 2-440—, 0-976 -f , and —0-388— become 2-414, 1, 
— 0-414 (i.e. r # , and c,) when the harmonics higher than the 
1 2th are included. 


5. Alternative derivation from process of curve -fitting. 

The series (2.3) may he regarded as an approximation to the 
function \j — f(x) and the coefficients a , and b h determined by 
consideration of in or. Putting x — x\, x, . . . a: N in turn in 
(2.3) gives the equations 




s, 


S.N 


l u 

A 0 2 ( a { cos fo x -j- b k «in lcx y ) 

k i 
k ;» 

A (J r ^ («/ k cos Lv 2 + b L sin &u? 2 ) 

k- i " f * 

etc., etc., 

l—n 

A 0 + 2 (*k 

x=i J 


(5.1) 


and from these equations it is required to determine the values 
of the (2 n + 1) coefficients A 0 , a t . . . a m b x . . . b n . It follows 
that N must not be less than (2 n + 1), since as many equations 
are required as there are unknown quantities to be determined. 
If X = 2n - 1 - 1, the coefficients are uniquely determined by the 
equations (5.1) and it is easy to show that their values are given 
by (2.2). If N > 2w 4* 1 it may not be possible to solve the 
equations (5 1) exactly; for example, it is not possible to find 
quantities p and q satisfying the three equations 


•and 


P - V = 1 (fl)i 

2p -q -= ± (5), 

p- 2q= - 4 ( c ). 


Taking equations (a) and (6), the values p = 3, q — 2 are found ; 
taking {a) and (c), p = 6, q = 5 ; and taking (6) and (c), p = q = 4. 
The three equations between tw r o unknowns are in this case in- 
consistent, as may be seen at once from the fact that by adding ( b ) 
and (c) together the result p — q = 0 is obtained, and this is incon- 
sistent with (a). On the other hand, if the third equation had been 
p + q — o the solution p — 3, q = 2 would have satisfied all three 
equations. 

When N > 2n -h 1, i.e. when the number of ordinates exceeds 
one more than twice the reference number of the highest harmonic 
present, or supposed to be present, in the variation, recourse is had 
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to the principle of least mean squared error, to determine the best 
values for the coefficients so that the curve y = /( x) is most nearly 
approximated by the curve y' = S(."c). Let S, be the value of the 
series S for x — x,, (r — 1 , 2 ... N), then (y, — S,) is the ditference 
between the value of the function f(x) and the series S(a') for x = x n 

and E -i’Sto-N,)* • • • (5-2) 

IN r=1 

is the mean squared error involved in using the series fi(a?) in place 
of the function f(x). The coefficients are found by solving the 
equations 

(5.3) 



which give a maximum or minimum value to E, in a manner similar 
to that used in Section 7 of Chapter VI (p. 173), and it is found 
that the solutions give the formulae (2.2), with a trivial exception : 
if X is even, the value of a L where k = N/2 can be found, and is 
just half the value given by the formula (2.2). In this process 
the following equations take the place of equations (3.5) of Chapter 
VI (p. 144) : 

^ sin mx, . sin nx r - 0, etc., etc, 

/- i 

if m and n are unequal integers, and m -+- w < N, 

i-N 

]> hin kx r . cos lex, — 0 

T~ 1 

£ sin 2 kx, = N 2 ifl- - N 2 ^ • • (M 

= 0 if k = 

£ cob- kr, - N.2 if k = X 2 j 

r-l ! 

- X if k - X 2 j 

if k is an integer, j 

it being understood that x, fulfils the condition (2.1) (p. 186). The 
equations (5.4) are proved in Section 10, below (p. 210). The argu- 
ment given in Chapter VI to show' that the error is a minimum 
rather than a maximum is repeated here for convenience : since 
7 
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the coefficients determined are all finite If the function f(x) is finite 
throughout the cycle, as it is in all practical cases, a worse ap- 
proximation can be found by making all the coefficients very large ; 
the conditions (5.3) therefore give a minimum value to E. 

It is now possible to examine the general solution to determine 
why it is essential to use N ordinates when the variation includes 
harmonics up to and including the wth, where N is greater than 2n. 
Suppose that it is required merely to determine the coefficients 
of the harmonies up to and including the will, where m < n. 
Utilising for this purpose M ordinates, where M is greater than 2?n, 
M equations corresponding to (5.1) are obtained, and these equations 
contain (2« -r- 1) unknown quantities, A fl , a x . . . a n , b x . . , b tr 
It will not be possible to solve the equations completely unless 
there are as many equations as there are unknown quantities, i.e. 
unless M is greater than 2 n. Owing to the peculiar nature of the 
equations, it will in all cases be possible to solve them in terms of 
(2/// ~ r 1) quantities c 0 ', c x . . . c„/ } s x . . . s m \ where 


<■;- 

= A 0 ~f 



etc. 






«i - 


-1 fl M,l 

1- 

a> 

£ 

+ 

®2M+1 

+ 

etc. 

t ' - 

“t- 


2 ~f* ^Mt2 

+ 

+ 

a 2M f 2 

+ 

etc., 


ete. 








/ 

- 


•1 + ^M-rl 


+ 

^2 1U 1 

— 

etc. 

t 

- 

&M- 

•2 + 2 

^2M-2 

+ 

^2M (-2 

— 

etc., 


etc. 









(5.5) 


In the critical case M 2 m -f- 1, this solution can be effected by 
ordinary elimination ; when AI exceeds 2m + 1, that is when there 
are more equations than there are unknown quantities, the method 
of least squared error is used. It will be found that for M > 2rt -j- 1, 
i.e. m n , the quantities (5.5) degenerate to the coefficients A 0 , 
a i • - • a*, h . . . b H . 


6. Simple example of application of method : tabular scheme. 
Consider the function 

y = A 0 — a x cos x + a 2 cos 2x + b x sin x + b 2 sin 2x. (6.1) 

For the complete analysis of a given function of this type it is 
necessary to take at least five ordinates, since the 2nd harmonic 
may be present. For convenience, six ordinates are taken, at the 
points x = 0. 60, 120. 180, 240 and 300 degrees. The corresponding 
values of cos hx r and sin kx r are given in Table I for r = 0, 1 ... 5 
and k = 1, 2. 
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Table I 


Values of f c . osV ) r and ( C ? S ) for r r — r . 60° 
\sin f 1 ' r 


tr 

Sill It. 

COS XT 

sin 2jr r . 

cos 2ar. 

0 

0 

1 

0 

1 

60° 

0*866 

0-500 j 

0-866 

-0-500 

120° 

0-866 

-0*500 

-0866 

-0-500 

180° 

1 0 I 

-1 

0 

-1 

240° 

1 -0-866 ! 

i -0*500 

0-866 

-0*500 

300° i 

-0-866 j 

0*500 

-0-866 | 

1 

-0*500 


Let the corresponding values of y be y 0 . . . // 3 . Then application 
of the formulae (2.2) gives the results : 


Ao - '6 (l/n + //!••• + !/&)• 

a t = ^ (*/ n cos 0 -t- //j cos 60 J . . . -j- y 5 cos 300") 

= lt 0-50 ° (>Ji ~ !h~ !h 4- ,Vb) + 2/o - 2/a]- 
a 2 — cos t~ >/i cos 120 1 . . . f i/ 5 cos 600°)- 

- O-SOO^ + i)z + 2 /t + 2 /s) + Da + Ifa]- ► ( 6 - 2 ) 

h ~ i(!/ « fain 0 + y 1 sin 60° . . . + y s sin 300°) 

= i[°’ 86 %i + Vi ~ Vi - 2/s)]- 

b t — sin 0-j-y, sin 120° . . . — y 3 sin 600°) 

= | [° - 866(^1 - y z t yt ~ 2/s)]- 
These equations enable the five coefficients to be found. 

In the particular case where the ordinates are 

y 0 Vi V 2 2/3 V* 2 /s 

5-0 11*3 -0*4 -1*0 1*4 -4*3 

the coefficients are given by (6.2) as : 

A 0 = 1(5*0 4- 11*3 - 0*4 - 1*0 + 1*4 - 4*3) « 2*0, 

a 1 = £[0*500 (11*3 -r 0*4 - 1*4 - 4*3) + 5*0 + 1*0] = 3*0, 

a 2 = £[- 0*500 (11*3 - 0*4 + 1*4 - 4*3) + 5*0 — 1*0] = 0, 

b x = [0*866 (11*3 - 0*4 - 1*4 + 4*3)] = 4*0 

6 a = [0*866 (11-3 -r 0*4 + 1*4 -f 4*3)] = 5*0 

The series representing the function is therefore 

y = 2 + 3 cos js + 4 sin x + 5 sin 2.r. 

Tabular scheme. The simple example given above can be treated 
quite adequately by the method described, but tabular schemes 
have been evolved for dealing with more complicated functions 
(in the analysis of which a larger number of ordinates are taken), 
and the development of these tabular schemes can be illustrated 



196 WAVEFORM ANALYSIS 

by applying the process first to this simple case where only six 
ordinates are taken. 

The ordinates are written down as shown below, and the sums 
V and differences W formed, so that \\ = y l + y rr and W x = y 1 — 
etc. : 

//«> it i th lh 

!h Hi 

s mils V 0 V x V, V, 

diftVrenres — W x \\ 2 — 

From the V's and Ws the sums and differences P, Q, R, S and L 
are formed : 

V„ V, \V t P„ 

v, v. 1 w. r, 

sums P„ P, | R L 

ihtfereni-es Q, Q, ' R — 

Then the coefficient s are given by the formula' : 

«A„ -r- L 

3a, - 0-300 Qj -r Qn 

3a 2 - — 0-500 P 1T PJ . . . (6.3) 

36j = 0-866 R 
3 b 2 =■ 0-866 S 

Por p o = V 0 + V 3 = y 0 -j- y 3 , 

p i = y. + V* = yit*/ s + y 4 + y t , 

^ o ~ = i o ^ 3 == y o y 

Qi = Vn - V a = Ui - y s - yt + y 5 , 

p W 2 = ji 1 rj ! -y 4 - y s , 

s ■= — W, — y x — </ 2 + i/i — y 5 , 

R — p u t p i — Uo t yx + Ui H- Us + yi + Vz- 
The calculation for the particular case detailed above is set out 
below : 


y 

y 

r >- o 

11-3 

-4-3 

-0*4 

1-4 

O 

»— l 

i 

V 

5*0 

7-0 

1-0 

-1-0 

\v 

— 

lo*6 

-1-8 

— 

V, W, P 

5-0 

7-0 

15-6 

4-0 

v, w, P 

-10 

1-0 

-1*8 

8-0 

P,B,L 

4-0 

8 0 | 

13-8 

12-0 

Q,s 

6*0 

6-0 1 

17-4 

— 

6A 0 = 
3a! = 

12*0, A 0 
6-0,2 + 

= 2-0. 

6-0 = 9-0, 

a ± ~ 3-0. 


3a 2 = 

- 8-0/2 

+ 4-0 = 0 

, a z = 0. 


36i = 

0-866 X 

13-8 = 11-95, &! = < 

1*0. 

3 b s = 

0*866 X 

17-4 = 15-07, b s = l 

5*0. 
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7. 24-ordinate scheme. 

The process outlined above is common to all the usual methods 
of numerical analysis ; the 24- and 48-ordinate schemes given in 
this and the following sections are based on the same principle. 

When the variation contains no harmonics higher than the 1 2th 
(or very small components of these higher harmonics) a method of 
analysis utilising 24 ordinates will give the constant term and the 
coefficients, both sine and cosine, of the first eleven harmonics ; 
it also gives the coefficient of the 12th harmonic cosine component. 

The variation being substantially of the form 

k~ 12 A. -1L 

y A 0 + 2 a i 008 kx + 2 ^ a sin 

k -X k - 1 

w ith a period of 2rr radians in x, the ordinates are drawn to a graph 
of the function at x = 0, 15, 30, 45 . . . 345 degrees, and the lengths 
of the ordinates are denoted, respectively, by y Q , y x > y 2 , y 23- 

Since the value of sin l'2x is zero at all these values of x, b Vi will 
not be found. 

The ordinates are written down in two columns as shown at the 
left-hand side of Table IIa, and the sums V and differences W 
formed ; thus Y t — — y 2 4 _„ and \Y t = y t — y ± 4 _ t . The V’s 

and W’s are then subjected to the same process, forming sums 
P and R and differences Q and >S as shown in the table. The process 
is continued as shown, and the quantities, C, D, E, F, J, T, X and 
U determined by the relations printed at the foot of the table. 

Table I1 b gives the scheme for calculating the cosine coefficients 
a h . For each letter reference stated in the table the corresponding 
value from Table IIa is substituted, after first multiplying it by 
the factor in the same line under the column-heading “ {%)•" The 
sums of the various columns then give the values of 12a* [thus, 
for example, 12a> — 0-5000 M 2 -p 0-8660 M x -f M 0 ] with the ex- 
ception of the 12tli harmonic : J = 24a 12 instead of 12a 12 . 

A similar procedure for completing Table lie determines the 
sine coefficients in the form 126*, and also the constant term : 

F = 24 A 0 . 

The checks printed after the table are very useful and should 
never be omitted. It is quite easy for slips to occur even in such 
simple numerical work as that required in completing the tables, 
and the checks enable such slips to be detected. 

In applying the method, a certain amount of work can be saved 
when the variation is symmetrical or skew-symmetrical. If it is 
symmetrical, only the cosine components are present, so that 
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Tvblk IH 


Analybis uith 24 oidinattb 



Tvble 11b 


Athnltjbi* with 24 ni<ttnatu> cusint coefficients 


| (?) 

X 

2 1 

Jj 

1 4/ 

"U 

bx 

1 

7j J Sr 

1 

Ox 

lOx 

llj 

12j; 

0 2588 

Q= 



! 

1 

Qt 


-Q. 



-Q. 


0 5000 

q 4 

m 2 


H 2 

Q. 


Q 4 -Gx 


m 2 

Q 4 


0 7071 

Q 3 


Ex 


— Q 3 


Qa 1 

-Ex 


— Qa 


1 0 8660 

Qi 

M x 



— Q 2 


Qa 


-Mx 

q 2 


0 9659 

Qi 

1 



q 5 

| 

— Qs j 

* 


-Qi 


1 

Qo J 

at.| 

E„ 

|H, 

' l 

Qo 

! 

T 

t 

i 

Qo, Go 

E„ 

M 0 

Qo 

J 

[ Sums of columns give 1 2a L 

24a 12 
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i 


U) 

X 

‘2» 

1 

n ' 

’ r 

bj 

7 JL 

bl 

Mr 

11)/ 

11/ 

0 2588 

Ri 



Re 


Re 




Ri 

0 5000 

r 2 

K t 

1 

Rn 


-R> 



K. 

— Ra 

0 7071 j 

R, 

1 

v. 

— R, 


-R, 




R, 

0-8660 1 

E, 

kJ 

l c 

-Re 


r 4 

D 


-k 2 

-R* 

0 9659 . 

R, 



Ri 


Ri 




Re 

1 1 

Rr 

K,| 

U, ! 

I 

Re 

X I 

! ! 

R« ) 


:-r, 

k 3 

j-Re 


Suras of columns give I2b k 


24A 


0 


12 

Cl leeks : (i) >/ 0 — A 0 H- ]> a k . 

l 

(n) J('/i - 0 25KS (b t -J 6n) t- <> 50 UO (5. + V) 

-r 0 7071 (h , r hi) -1 0 Sf>60 (h x 4- b 6 ) - 0 9659 (6, -f 6-) -r V 


Table lie can be dispensed with ; also, all the W’s are zero, so that 
there is no need to evaluate (as zero quantities) the R\ S’s, K's, 
N's, C, D, X or U\s. Similarly, if the variation is skew-symmetrical 
as it stands, the sum of all the ordinates being zero, the quantities 
V, P, Q, L, M, E, G, H, F, J and T are all zero, and Table IIb can 
be omitted. If the skew-symmetry is disguised (see p. 58) the 
best plan is to determine the constant term as the average of the 
ordinates, and then subtract it from each ordinate ; the variation 
represented by the resulting values is then truly skew-symmetrical, 
with a zero constant term. 

The process has been applied in full to the analysis of the 
variation (3.1) of Chapter V, page 124, as an illustration of the 
method. The numerical work is given in Table III. The final 
multiplications and divisions have been performed with the figures 
corrected to the first decimal place. The sine and cosine coefficients 
are converted to amplitudes and phase -angles by means of the 
relations 


i.e. 


cij = A k sin 6j 1 
K = A, cos <f> k J 

A* 2 = -r V 1 

tan <f)j = a } bj J 


(7.1) 

(7.2) 


In determimng the value of <£, from tlie calculated value of tan <f> k •> 
the choice between the two possible values is dictated by a con- 
sideration of the signs of the sine and cosine coefficients ; details 
of the method are given in Chapter I, page 15. 
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The numerical work is completed in Table IIId, and it is seen 
that the variation has the form 

y = 20 -p o*0 sin (*r -p 105") -p 3*6 sin (2x + 63°) 

-f 5*9 sin (3.r — 45 J ) — 4-3 sin (5.r -f- 120°) 

+ 4*0 sin (S.r - 120°). .... (7.3) 

Equation (7.3) can be expressed in a slightly different form : 
y ~ 20 + 5*0 cos {.r — 15~) -^-3*6 sin 2(x -f- 31*5°) 

-r 5*9 sin 3(.r — 15°) 4*3 sin o(x + 24°) 

-p 4*0 sin S(.r — 15"), 

and if the basic variable is changed to at, where x x = x 15°, 
the expression l)ecomes 

y — r 20 — 5*0 cos jl\ — 3*0 sin 2(.r x -p 16*5°) + o*9 sin 3aq 

— 4*3 sin 5(^! — 9") 4*0 sin $x l9 

or 

y — 20 - o.o cos -p 3*0 sin (2jq -f- 33°) ~f- 5*9 sin 3»iq 

— 4*3 sin (5.1’j — 45 ) -f *1*0 sin $x\. 


Table III\ 


Analysis of fnnvtion (3 1) of Chapter T\ patje 124 



Mini 

intr 



hum 

l)iff 


Sum 

Biff. 


L , >> 

* 



l’ 

Q 


L 

M 

' " 

1 i 


r 

‘ 



r \ 



39*4 

1 1 

— ■ 139*4 

_ 

39-4 

13*9 

53-3 

25*5 

53-3 

40*5 

93*8 

12*8 

|2!l-4 30-0 i .» !* - 4 

— 9 6 

59*4 

24-9 

84-3 

34*5 

84-3 

61*8 

146*1 

22*5 

|2K-5 

15*2 ,41*7 

11*3 

41*7 

37-8 

79*5 

3*9 

79*5 

66*7 

146*2 

12*8 

29*5 

KM 42-6 

19-4 

42-6 

51*3 93*9 

-8*7 

93*9 

— 

93*9 

— 

17*1 

16-3 33- t 

9*8 

33 4 

33 3 

66*7 

0-1 





13*9 

19*5 34*o 

— 4*5 

34*5 

27 3 

61*8 

72 





l2-t> 

27*9 40*5 

-15*3 

49*5 

— 

40*5 


-3*7 

10*2 

6*5 

-13*9 

9*3 

21*9 27*3 1 —14*7 





12*5 

6*5 

-1*3 

11*2 

6*5 

13*7 

■17*7 

15 6 33*3 

2*1 





— 

— 

27-<S 

18-3 

23 7 31-3 
19-5 37-8 

3*9 

- 1*2 

- 9*6 

3 1 








6 , 

^ ) 



11*3 

- 1*2 

10-1 

12*5 

s 

K 

N 

14-0 
13 9 

10*9 24-9 
— 13*9 

3*1 

10*4 

*« 

14 3 

6*5 

Slim 

Dur 

— 

0*8 

2*1 

2*9 

-1*3 








- 4*5 

- 14 7 

-19*2 

10*2 

L 

Sum 

U 

Diff 

H 




-15*3 


-15 3 



t 

1 




i 





93*8 

93*9 

187*7 

- 0*1 





j 






\\ 

li 

Sum 

s 

Biff 

146*1 

146*2 

292*3 

- 0*1 


t 1 - - 0*1 





T 

== 0 



, 

D - -27*7 


F = 

480*9 


X 

= 0 




K„ - 23-4 


J ^ 

0 


U, 

- 36*0 



Ej ~ 30-9 





u> 

= 25* 

4 




Hjjf :E7trvj 
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,7 1 o 

| o 1 

1 

! 


s h m ii « o 


s *— 1 i ‘-b CO CO >is 


-H co oi 

- I 

^ o x 

« 

CS Ci JNI 

— i ' 


i 

! 

i 1 i 

l 

O '■+ \ 

I - ; 

£ th i 

oh 

- ! ■ 

! 1 1 

! ; « i r 

l ? *? 

1 o r- 

rH JO 

? . tH X 


1 X i pH 

i 1 ' 


1 

9 H -N ^ C 9 

rH 

s x 5 c « h t: 

A 

*' j j w 

‘ ! 






(’hooks : (i) y„ = 30-4 = A„ -|- ■>«,. 

(D) Ulh !h*) = - 0-3 - 0-2588(6j + 6„) + 0-5000(6, + 6,„) 

+ 0-7071(6 3 + & 9 ) + 0-8060(6 4 - b„) -| 0-!)659(6- + 6,) + 6,. 
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Table TIId 

Amplitudes and phast-amjhs of hat monies found from Tables IIIb and I lie 



[A h mu (I'jt - 

- = aj cos J: t 

— b L sin kx 


t 

ai 

h t 

U 


n 


- 

20.0 

— 

1 

4-s 

1*3 

3*0 

103 

1 2 

3*2 

1*0 

3*0 

03 

3 

4-2 

+•2 

3-9 

43 

4 


l 

1 

— 

- 

3 

3-7 

2*1 

4*3 

120 

) b 

* 



- 

* — 

S 

3.3 

-2*0 

4*0 

120 

9 

1 

-- 

— 

— 

10 

1 

— 

— 

— 

, 11 

— 

— 

— 

— 

1 12 

i 

l 

— 

— 

— 


Xo \ allies cm 1 be given for A 1S aiui <£ 12 in any case, as the method 
gives no value for b vl . 


The accuracy of the analysis can be judged from the fact that 
the variation vas actually sj nthesLsed, by means of Table II in 
Appendix V, pages 238-2(50, as 

y - 20 ~n 3 cos x t + 3 sin 2*r x -f 2 cos 2,r x + 6 sin 3x r 

+ 3 sin Zx x + 3 cos 5,r x + 4 sin 8.r x 

— 20+3 cos + 3-6 sin (2^^ + 34°) + 6 sin 3.^ 

-j- 4-2 sin (3a*! -p 45 L ) + 4 sin 

8. 48-ordinate scheme. 

The method of analysis utilising 48 ordinates follows precisely 
the same general scheme as for 24 ordinates, and is set out in 

Table IV. It will be seen that Table IYa is similar to Table IIa ; 

(b) and (c) are slightly different from the corresponding parts of 
Table II, in that the 2 *th and (24— £)th harmonic components are 
grouped together, each group being derived from two columns headed 
a 5 and te jS ” ; the coefficients up to those of the eleventh harmonic 
are given by the sums of the columns a, ft, and the remainder by 
the difference a — /5. These details are illustrated in Table V, which 
gives the numerical work for the function 

„ 24 1 

y = f( x ) = —a: for tt/2 < x < tt/2 

7 T 

= 24(l — for ■n-/2 < x < 3tt/2 ’ ^ 0 

f(z + 2n) = /(*) 
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Tliis is an example of the general form illustrated in Fig. 8c of 
Chapter VI, page 101, with an amplitude of 12 units instead of 
one unit. 

Table [Va 


Analtfi s/.s* with 48 on l mat it . 
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luff 



| Sum 
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f — 

'i 
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- 

1 
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0 

1 0 


0 

24 

0 

0 

0 

12 

0 

0 

l 

47 1 

1 

1 

23 

1 

1 

1 

11 

I 

1 
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46 1 2 

2 

0 

22 

2 

2 

2 

10 

2 

2 
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15 3 

3 

3 

2J 

3 

3 

3 

0 

3 

a 

4 

44 ! 4 

4 

4 

20 

4 

4 

4 

8 

4 

4 

0 

43 ; r> 

• r > 

5 

10 

5 

5 

5 

7 

5 

5 

a 

42 1 6 

6 

6 

18 

6 

6 

6 

-- 
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7 

41 7 

7 

7 

n 

7 

7 
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8 

8 

16 

8 

8 





0 

30 0 

0 

0 

15 
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9 

l 

11 

1 

1 

10 
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10 

10 

14 

10 

10 

2 

10 

2 

2 

11 

37 11 

n 

11 
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11 

3 

0 

3 

3 

12 

36 12 

12 

12 

— 

12 

— 

4 

8 

* 

4 

13 

35 13 

13 
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14 
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14 
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15 

16 

1 
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1 
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22 

0 

2 

V 
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3 

S 

Sum 
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18 
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7 
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0 * 

1 

5 

1 

1 
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14 

10 

10 ! 

2 

4 

2 
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13 

11 ! 

11 1 
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— 
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— 
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— 
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T> 

-»0 

E 10 

T„ - 
h = 

= M 0 - 

= Mj - 
_ XT 

rj M 

1 

■m 5 
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J 3 Ja — ^2 's' 6 'Sc 1 0 3 — ■*■'■3 -“u ^ V 1 — -“"1 — -EV3 

E 3 = Q3 — Q 5 — Qn L 4 = R 4 R12 = R.o — jK.0 

F 0 = G 0 J- G 2 
F x = G 4 + G 3 
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Sum 48A 0 24 a x 24 a 2 24 a, 24a 4 24a 6 24 g 6 24a 7 24a 8 24a 9 24a 

Diff. 48a 24 24a 23 24ct 22 24ot 2 i 2Ad 2 Q 24 24 cj 18 24of 47 24of 16 24cfjj 24 a- 
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The wave being skew-symmetrical . all the cosine terms are zero ; 
and since the wave is also alternant, the even sine terms are zero. 
Much of the work is therefore simplified. The odd sine terms are 
determined in Table Vb, and are reprinted in the second column 
of Table YL These figures are corrected to the second decimal 

Table VI 

Compnnson of npptoz imuti rind con cct rallies of coefficients for the function 

( 8 . 1 ) 


1* 

bk 

N'umtnc'il 

bk 

Accurate 



1 

9*74 

9-73 

3 

— 1*09 

-1*08 

5 

| 0*40 

0-39 

7 

i -0-21 

—0-20 

9 

j 0*13 

0*12 

11 

: -(mo 

-0*08 

13 

0*07 

0*06 

15 

-0*06 

-0*04 

17 

0*05 

0-03 

10 

— 0 Oo 

-0*03 

21 

, 0-04 

0*02 

28 

-0-04 

-002 


place. In the last column of the table the accurate values are given, 
also correct to two decimal places. These values were determined 
by means of the formulae (5.5) of Chapter VI, page 162, multiplied 
by 12 on account of the modified amplitude. The effect of neglecting 
the harmonics higher than the 23rd can be seen from Table VI, 
and it will be observed that the values calculated by the numerical 
method are not correct to the second decimal place. 

9 . Practical notes on the method • 

When separate observations are made to enable values of a 
periodic variation to be measured for various values of the basic 
variable, it is desirable to arrange matters so that the measurements 
can themselves be used as the ordinates for a scheme of analysis. 
For this purpose the values of the basic variable should be distributed 
evenly over the cycle, and in order to make use of the available 
computation schemes the number of the ordinates should be 12, 
24, 48, or 72. 

When it is not possible to fulfil these conditions, and the values 
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of the variable have to be determined for some unusual number of 
values of the basic variable, or for some such number of values 
distributed unevenly over the cycle, it is preferable not to interpolate 
numerically or graphically (i.e. by making use of finite differences 
or by drawing a smooth curve through points representing the 
known values) but to proceed as follows. Suppose that there are 
X distinct values of the function y , denoted by //,, corresponding 
to the X values x t of the basic variable x (r = 1, 2 . . . N). If 
X is odd, the function may be approximated by the series 

n 

A 0 + T (a i cos kx + b L sin kx) 

kti > . . (9.1) 

where 2n + 1 = N 

and if X is even, by the series 

» - L 

* + 2 ( a L cos kx -f b h sin kx) -f a n cos nx 

where 2n = N 

Substituting in turn x -= x 2 . . . in the series (9.1) or (9.2), 
and equating the sum of the series to y v y 2 . . . */ N , there are ob- 
tained X equations in X unknown quantities, and these unknown 
quantities (the Fourier coefficients) can be found by any of the usual 
methods of solving simultaneous equations. 

In the case of recorded waveforms it is usually necessaiy to 
enlarge the graph by optical projection or photographic means, 
so as to enable the ordinates to be measured with a sufficient degree 
of accuracy. The division of the cycle into 12, 24, etc., equal spaces 
may conveniently be performed on a drawing-board by the familiar 
method of elementary geometry ; this will be found to give more 
accurate results than by measurement along the axis of multiples 
of A/24, say, where A is the wavelength. On the other hand, the 
record may be enlarged so that the wavelength becomes a convenient 
length, such as 9*6 inches, which can easily be divided into 12, 
24 or 48 equal spaces by means of an inch scale graduated in 
tenths. 

When it is desired merely to determine the coefficients of a single 
harmonic, or of two or three harmonics, the full scheme of com- 
putation need not be completed. If, for example, it is required 
to evaluate the seventh harmonic in a 48-ordinate analysis, it is 
sufficient to find the quantities Y, W, Q and R in Table IYa, and to 
use the columns (7) in Tables IVb, c. 
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10. Proof of summation formula. 

uti z z 'Z:t b ,re " d in 


Lemma* 




coh (N 4 - 1)| sin n| 


"ft here z is any quantity. 

For, the summations extending from r — 1 to r = N, 

sin - H cos rz — H cos rz sin - 
** o 

= ] rrsin (;• - 3)s - sin (r - <)-], 

= ] [sin (N + i)~ — sin * j, 

whence the result, 

r™o/. The summations covering the same extent a» before, 

‘ ™ '"■? »4? - | <» - »)f J - cos (» + „„£l 

_ 1 Cte ~ ^ sin (m - n)Tr 

2 L sin (m - «)^/N 

__ cos ( m + ”)(^ + !)^ sin (m -f n)w 

sin^Tf - J- ( 10 - 2 ) 

Now if /« * fi, m -r n < N, £ = o. 

If m = « = 1 % cos (N -J- i)(« _ n)7T , K = 1; 

and ij sin(m — 9^)77 

«-*'» s"in(m — re)n-/N ~ N - 

hence in this ease N ^N ^ 1161111 m th<? Rquare braoket s is zero ; 

, , , n ~~ k ~ ^ 2 ’ SUl2 l ' r If = bin2 rn = 0. &o that if m = n 


the results are obtained 


isin^-r| = N2 if * * N/2 

=• 0 if I' = N/2 


(10.3) 
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In a similar manner it may be proved that 
* « . ‘ 

2 coy mr N (cos/ N ~ 0 if Wi * », >ra + ft < N 

=-(^ 2 ) if m = n * N/2 l. (10.4) 

= (n) if Wi ^»-=N/2 

The eqmtions (10.2, 3, 4) are the same as (5.4), which were to be 
established. 
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CHAPTER yin 

MECHANICAL AND OTHER AIDS TO ANALYSIS 

1. Introductory. 

In certain instances the process of determining the Fourier 
coefficients for a function or recorded waveform can be performed 
by a mechanical, optical or electrical instrument designed specially 
for the purpose. New varieties of such instruments are continually 
being devised, both for general and specific applications, and it is 
impracticable to attempt a comprehensive description of all the 
available arrangements. Neither is so complete a description 
desirable, several important varieties of instrument being very 
limited in their range of useful employment. 

One disadvantage of mechanical and other analysing instruments 
lies in the fact that the time-base of the record must be accurately 
constant ; if the record does not fulfil this requirement it may be 
possible to replot it on a constant time-base, but the process is 
tedious. 

In this chapter one general-service type of mechanical analyser 
is described in detail — the Harvey machine. Several other types 
of instrument receive brief mention, and some notes are included on 
the use of filter circuits. The chapter concludes with a reference 
to the scientific computing services, which are prepared to undertake 
numerical analyses. 

2. Mechanical analysers 

There are several different types of mechanical analyser for 
general use. Many of these are described in the Handbook of the 
Napier Tercentenary Exhibition (reference 1 in the Bibliography). 
A typical machine is the Harvey Harmonic Analyser, which is 
available in several forms : the most complete instrument will give 
the Fourier coefficients of the first 14 harmonics, and can also be 
used as a straightforward planimeter or integrator. The graph of 
the function to he analysed must be drawn so that its wavelength 
is 24 cm. ; recorded waveforms can of course be adjusted photo- 
graphically to fulfil this condition. The following description by 
the inventor, Mr. J. Harvey, A.R.C.S., B.Sc., is reprinted from 
“ Engineering,’’ December 21, 1934, by permission of the publishers. 

Mr. Harvey’s notation is in general the same as that adopted 
in this book, the only important exceptions being the use of the 
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symbols “ a 0 55 and “ n 55 to represent the constant term and the 
harmonic reference number (A 0 and k in this book). 


Harvey Harmonic Analyser 

(By J. Harvey, A.R.C.S., B.Sc. ; reprinted from “ Engineering/ 5 
December 21, 1934, by permission of the publishers.) 

In the Philosophical Magazine of April, 1895, Mr. G. Udny Yule 
described a principle and an instrument based on the principle by 
which, with the employment of a planimeter, the harmonic analysis 
of a function could be effected. The author of this article had re- 
discovered the principle, and had almost constructed the instrument 
about to be described before he became aware of Mr. Yule’s paper. 
This instrument is independent of a planimeter ; further, the 
mechanism is adapted for finding area, and first and second mo- 
ments of area about an axis. The explanation of the principle will 
be given in a modified form from that in which Mr. Yule gave it, 
so as to bear more directly on the special instrument. 

The formulae for the coefficients, a 0 , b n) n = 1, 2, . . . of a 
Fourier series, a 0 + Sa n cos nx + sin nx, for a function f(x) 
of an angle x, from x = 0 to x = 2-rr, are 

1 C 2n 

®o= 2 ^J 0 f{x)dx 
1 f 2jr 

a n = - I f{x) cos nx dx, 
nj o 

1 r 2 " 

b n = - f(x) sin nx dx. 
nj o 


The coefficient a 0 is the mean height of the curve y = f(x) over 
the range 0 — 2rr. It may be found by dividing the area bounded 
by the curve, the #-axis and the 
ordinates x = 0 and x = 27r, by the 
length a of the base line representing 
the range 0 — 277. The method of 
employing the instrument for finding 
area will be described later. 

The theory on which the instru- 
ment finds a n and b n will now be 
explained. 

Let the extremities P and W of 
a bar of length Z, move over curves 
AA' and BB' from an initial position AB of the bar to a final 
position A'B', Fig. 1. 



Fig-. 


1. — Theory of analyser 
(“ Engineering ”). 
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Let PW be a position of the bar which makes an angle 6 with a 
fixed line DD, and such that the arc AP = s, and the arc BW = s'. 
Let P'W' be a position of the bar near to PW and making with it 
an angle A0. 

If P'L and W'M are perpendiculars on PW, 

LP' = chord PP' . sin LPP', 

MW' = chord WW' . sin MWW', 

also, 

MW' = LP' + W'P' sin A6 : 

from which, 

chord WW' . sin MWW' =- chord PP' . sin LPP' + W'P' . sin AO, 


or, 

chord WW' 
As' 


sin MWW' . As' 


chord PP' 
As 


. sin LPP' . As 


+ W'P' . sin ^ . A9 
Ac/ 


Integrating between the positions AB and A'B', we have 

f sin fids' = j sin cf>ds -f 1(0' — 0), 

Jb Ja 



Pig. 2 . — Theory of analyser 
(“ Engineering ”) 


where (f> and fi are the 
angles which the tangents 
to the curve AA' and BB' 
at P and W, respectively, 
make with PW, and 6 and 
& are the angles which 
AB and A'B' respectively 
make with DD. 

If, during the motion, 
there is a wheel fixed to 
|*7 r the bar at W, which can 
turn freely about its axis 
coincident with PW, and 
which can roll and slide on 


the paper, the distance w , rolled by the wheel is 


r, 


sin fi . ds f . 


w — | sin cfxte + l{& — 0). 


Hence 
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Let, Fig. 2, the function y = f(x) between x = 0 and x = 2tt 
be represented by the curve AA', the range of angle being represented 
by the length a. Let one end P of a bar PW, with wheel at W as 
described above, be brought round the boundary 0AA'A"0. Let 
PW during the movement make, for any abscissa x of P, an angle 
nx with the positive direction of y, n being a positive integer ; so 
that PW makes n complete revolutions clockwise as P traces AA', 
and makes n complete revolutions anticlockwise as P traces A"0. 
As P moves along the lines OA and A'A", PW lies along these lines, 
and the wheel slides only on the paper. As P moves along the 
curve AA', PW makes with the tangent to the curve at P an angle 

'77* 

4> = - — {nx + ip), where ifj is the angle which the tangent to the 

curve makes with the cr-axis. The distance, w l9 rolled by the wheel 
positively, in the movement is 


uu 


r.i=2rc 

=- I sin <f>(h + l . 
Jx- o 


• ( -171 


— f cos (nx f- if>)ds + l . 

J 1-0 

{ t = 2n /» r=2» 

cos nx cos ifjds — I sin nx sin ifjds + 1 . 2tt?i 

i-l) Jj-0 




~ “ cos nx dx 
27rJo 


/M— 2.71 

si nntdy 
J 1-0 


, (i dx . . dy 

{Since cos w ~ ~ -=-> and sm 6 ~ 

27 t as T as 


y sin n x — n^y cos nx dx 
[By the rule for Integration by Parts.] 

= 7i I y cos nx dx + l . 27 m. 

Jo 


-f l . 27 rn 


-j- 1 . 2i7T)1. 


As P moves along the path A"0, the distance, w 2 , rolled negatively 
by the wheel is, since y is zero for a point on A"0, equal to l . 27 m. 
Hence in the complete circuit by P, the distance rolled positively 

J 2 71 

y cos nx dx . 
o 


If d is the diameter of the rolling wheel and m is the number of 
turns made by the wheel, as given by a counter attached, 

w 1 — w 2 = mud. 
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Hence 
from which 


mird = wj 

md If 
n 7T J 


j*=2te 

y cos nx dx, 

x—0 

2jt 

y cos nx dx — a ni 
o 


a cosine coefficient in the Fourier series. 

Let, during the movement of P round the path 0AA'A"0, the 
bar PW make, for an abscissa x of P, the angle nx with the negative 
direction of x. As P moves over the line OA, the wheel rolls 
positively a distance w x — OA. 

As P moves over the line A'A", the wheel rolls negatively a 
distance u\ = A' A". 

As P moves over the curve AA', PW makes with the tangent 
to the curve at P an angle $ - v ~~ (nx + i/j) ; the distance w z rolled 
positively by the wheel is 


w , 


1 sin (f)ds + l . 2t tu, 

J 

pr~2 ji 

= I sin (nx + ifj)ds + l . 2n n 

= sin nx cos i/jds -f 1 cos nx sin ifjds + l . 27m, 
J jL—a 

a* f r=2r * p^~2rr 

— — 1 sin nx dx + I cos nx dy + Z . 27 m, 
j £=U J f=0 

[ p -"r—2 n 

y cos nx + t?-J y sin nx dx J + l . 2irn, 


--= A" A' — OA + n 


y si 
0 


sin nx dx + Z . 27 m. 


As P moves over the path A"0, the distance w 4 rolled negatively 
by the wheel is Z . 2 7 m. 

Hence in the complete circuit by P of the boundary, the wheel 
rolls positively a distance w x + w z — - w 2 u\ 

p$=2 n 

= n\ y sin nx dx. 

J x—0 

If m is the number of revolutions of the wheel, then 

md 1 r 2jI . 

— = - I V sm nx dx = b n , 

n 7T Jo* 


a sine coefficient in the Fourier series. 

The instrument is designed so that one end P of a bar PW can 
be made to trace any boundary within a range a representing 277 
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radians in the ^-direction, and so that PW can make the angle 
nx with the positive ^/-direction or the negative ^-direction for 
co-ordinates x and y of P, according as a n or b n is required, from 
n = 1 to n = 6. 

A rectangular frame CDEP, Fig. 3, can be moved in the ^-direction 
on three rollers, R ls R 2j and R 3 , two of which, R x and R a , have the 
same axle, to which and also to the cc-axis the axis of R 3 is parallel. 
A bar BB is fixed to the frame. On its top surface is cut a groove 



GG, and to one vertical face is fixed a rack KK ; both groove and 
rack are parallel to the ^-direction. A trolley L is suspended by 
two edged wheels Y 1 and V 2 , which roll on the edges of the groove, 
and a wheel V 3 which rolls on the bar CD. The trolley can be 
moved freely in the ^-direction between stops S T and S 2 , so that 
a tracing point T fixed to it can traverse a distance a ( = 24 cm.) 
in the ^-direction, representing the range 0 — 2-77. Thus, owing 
to the freedom of motion of the frame in the ^-direction and of the 
trolley in the ^-direction, the point T can be made to trace any 
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boundary within the range 0 — 2tt, in the ^-direction ; there is 
no limit to the movement of T in the y-direction. 

A bar HH in the ^-direction can be drawn through guides under 
the trolley by a milled screw-nut N. In HH there is a vertical 
hole in which a spindle P can turn. To the upper end of the spindle 

one of a set of gear wheels of radii n = 1, 2, ... 6, can be 

ZttTI 

fixed. To the lower part of the spindle P is fixed a small frame in 
which is set the recording wheel W to roll on the paper, with its 
axis passing through the axis of the spindle P. 

To set the instrument, the trolley is brought up to the stop S l5 
so that T is at the origin of co-ordinates, then by means of the 
screw-nut N, the gear wheel is drawn in to engage with the rack and 
so that the direction of PW is the positive direction of y or the 
negative direction of x, according as a n or b n is required. 

As T is brought round the boundary, P will describe a similar 
boundary, and PW will make the angle nx with the povsitive y- or 
the negative ^-direction for a position {x, y) of T. The diameter d 
of the rolling wheel W is 2 cm. The reading m of the wheel when 

multiplied by - gives the required coefficients as centimetres for 

the plotted curve. 

The instrument is manufactured by Messrs. A. J. Amsler and 
Company, Schaff hausen, Switzerland. 

3. Other forms of analysing instruments. 

Many instruments have been devised to perform the necessary 
integrations by other than purely mechanical methods. Two of 
these are briefly described below. 

Cathode-ray tube method. The periodic variation which is required 
to be analysed is converted, by some suitable method, into a voltage 
wave which is applied to one pair of deflector plates in a cathode-ray 
tube. A vertical excursion of the light-spot on the screen is thus 
produced, this excursion being proportional to the variation being 
analysed. To a second pair of deflector plates is applied a constant 
amplitude sinusoidal voltage variation, which imparts to the light- 
spot a sinusoidal horizontal motion. When the frequency of the 
horizontal or time-base voltage is suitably related to the funda- 
mental frequency of the variation, a Lissajou figure is produced, 
the area of which is proportional to the Fourier coefficient of a 
particular harmonic component. In practice, arrangements are 
made so that the time -base frequency is easily adjusted to any exact 
multiple of the fundamental frequency of the complex variation, 
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and so that the correct phase-relationship is obtained. A series 
of Lissajou figures is obtained, from which the Fourier coefficients 
are determined by means of a polar planimeter. 

A more detailed description of the instrument is given in 
reference 2 in the Bibliography at the end of the book, where it is 
stated that further development of the method may enable the 
hitherto difficult analysis of ultra-high-frequency waves to be 
performed with comparative ease. 

Optical integration method . An ingenious method whereby the 
analysis is performed optically is described in reference 3 in the 
Bibliography. A variable-area film record is made of the variation 
to be analysed. This is similar to a normal waveform, except that 
a line of demarcation between opaque and transparent parts of the 
film replaces the usual opaque line on a transparent background ; 
the effect can be obtained from an ordinary record by “ blacking-in ” 
the area to one side of the trace. [Engineers familiar with the R.A.E. 
Vibrograph will notice that the record produced by the vibrograph 
is of this type.] 

The instrument is provided with 30 “ harmonic plates/’ each of 
which comprises a variable-density sinusoidal record. The plate 
corresponding to a particular harmonic is set up parallel with the 
variable-area record, and as the distance between the two records 
is varied a photo-cell automatically indicates the values of the 
corresponding harmonic. The difference between the maximum 
and minimum readings determines the amplitude, and the position 
of the harmonic plate corresponding to a maximum photo-cell 
reading gives the phase-angle. The instrument is so arranged that 
curves showing the first 30 harmonics of a complex variation can 
be obtained in 90 seconds. 

The instrument was devised in the Bell Telephone Research 
Laboratories of America, for a specific purpose, and so far as is known 
at the time of writing it is not available as a commercial product. 

4* Filter circuits. 

The electrical type of waveform analyser, utilising a highly 
selective filter circuit, is capable of giving accurate and useful 
results in certain restricted ranges of application. The variation 
to be analysed is, so far as the instrument is concerned, a voltage 
variation which in some forms of design is “ mixed ” with the 
output of a local oscillator to set up sum and difference frequencies. 
The following particulars of an instrument of this type are quoted 
from a Catalpgue of the General Radio Company of America 
(reference 4 in the Bibliography) : 
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Type : 736A, Wave Analyser. 

Frequency range : 20 to 1600 C.P.S. 

Selectivity : approximately 4 C.P.S. “ flat top ” to the re- 
sponse curve. Response at 5 C.P.S. from peak is about 
1/30 (15 decibels down), and at 10 C.P.S. from peak about 
1/1000 (30 decibels down). 

Frequency calibration : ± 2 per cent. 

Voltage accuracy : within ± 5 per cent. 

Dimensions : 19| X 25j X 10^ in. overall. 

Weight : 85 lb. 

Thus with this particular instiument set at 100 C.P.S., the volt- 
meter will give the average value of the voltage of all frequencies 
within the band 98-102 C P.S. ; but the frequency calibration 
figure must not be neglected. The actual range selected may be 
from 96-100 to 100-104 C.P.S., so that at this setting there is an 
uncertainty to the extent of ±4 per cent. At 1000 C.P.S. the 
instrument selects the band of frequencies from 998 to 1002 C.P.S., 
and the possible error in the frequency calibration may shift this 
band to 978-982 or to 1018-1022 C.P.S. With a well-defined 
harmonic series this measure of uncertainty is unimportant ; but 
in certain applications, particularly in the analysis of vibrations 
arising simultaneously from two sources with different fundamental 
frequencies, the error may render the method inapplicable. This 
point is considered below. 

The practical details of the application of a simpler form of 
filter arrangement to the analysis of torsional vibrations in internal 
combustion engines has been given by Stansfield (reference 5 in 
the Bibliography). 

There can be no doubt that in such an application the use of 
filters is very convenient and yields valuable results, the frequencies 
of the various harmonics being fairly widely separated. 

One field of study in which the use of filters has periodically 
been suggested is the analysis of records showing the fluctuating 
stresses in aircraft propeller blades under operating conditions. 
In this study many hundreds of records are taken in each test, 
and an apparatus capable of giving accurate results rapidly would 
be an inestimable boon. Two methods of application have been 
suggested : (i) the abolition of the records, the filters being used to 
analyse the output from the strain gauges, and (ii) the conversion 
of the recorded waveforms into electrical variations which would 
then be analysed by the filters. In the latter method great dif- 
ficulty would be experienced in the initial conversion of the recorded 
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waveforms into electrical variations without distortion of the time- 
base representation. Furthermore, there are certain disadvantages 
inherent in the general nature of the filter device which prevent 
its use from being much help in this connection : 

(i) Suppose the engine to have a reduction gear-ratio 0*252 : 1. 

A vibration which occurs four times per propeller revolution, 
i.e. whose frequency is four times propeller R.P.M. or 1*008 
times engine is easily confused with the engine-excited 

vibration whose frequency is equal to the engine R.P.M. ; 
the difference in the two frequencies is less than 1 per cent., 
and in order to distinguish between the two a very high degree 
of accuracy in the frequency calibration and discrimination 
would be required. Given a recorded waveform of sufficient 
length, frequency discrimination of this order is quite easy. 

(ii) With the simpler type of filter the calibration constant (relating 
the indicated reading to stress value) varies with the frequency. 
With such an instrument it would not be possible to obtain a 
direct reading of stress values on the dial, and use would have 
to be made of a conversion table or graph. 

(iii) A predominant component, sufficiently widely separated in 
frequency from other components to enable filters to be em- 
ployed satisfactorily, can easily be picked-out by the envelope 
method of inspection analysis. 

(iv) A filter circuit employing condensers in the operative part 
would require frequent calibration, as condensers are notori- 
ously unreliable. An accurate frequency source is required 
for the calibration, and this in itself is not easy to obtain. 
Very high accuracy in frequency determination is required 
in order to distinguish engine and propeller orders in certain 
cases, as instanced in (i) above, and it would always be desirable 
to obtain a permanent recorded waveform to ensure that no 
error was made in determining the source of the vibration. 

(v) Even if it is possible, by refinement of design, to obtain the 
requisite degree of accuracy in frequency calibration, the 
unavoidable fluctuation in running speed of the engine would 
completely upset the analysis. In this connection it may be 
noted that S. Timoshenko raises the same objection to the 
use of a comparatively accurate mechanical frequency-meter, 
which is not even as selective as modern electric filters (reference 
6 in the Bibliography). On the other hand, with a recorded 
waveform which incorporates adequate time and revolution 
markings, this speed fluctuation causes no difficulty. 
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(vi) In strain-gauge and other tests the phase-relationship between 
simultanepus vibrations in various parts of the propeller are 
of importance, and the normal filter arrangement affords no 
information on this point. 

(vii) In many tests the important measurement is that of the overall 
excursion in a complex wave whose wavelength may be quite 
long. Even if the amplitude of every harmonic present is 
found and measured separately by means of the filters, the 
overall amplitude of the waveform cannot be determined by 
mere addition ; in cases where there are two components of fre- 
quency ratio 2 : 1 or 3 : 1, for example, the total variation is 
often less than the sum of the individual double amplitudes, 
the discrepancy depending upon the phase-relationship. 

The above remarks should not be taken as condemnatory of 
the general notion of employing filters for waveform analysis, but 
refer only to a specific application. There is no doubt that in other 
fields of study, particularly in acoustic research, filters provide the 
only satisfactory method of attack. 

5. Computing service. 

When it is required to perform a large number of harmonic 
analyses of the type which is easily handled by the numerical method 
described in Chapter VII, the burden of carrying through the 
tedious calculation may be transferred to an organisation equipped 
with machines specially designed for such purposes. These con- 
cerns have at their disposal a large number of calculating machines 
of various types, and a tremendous background of experience in 
all forms of computation. In particular, harmonic analysis by 
numerical methods can be performed on the Hollerith punched 
card machine. The practice of deputing the routine work of 
numerical analysis, or indeed of any variety of calculation, to a 
highly-trained and well-equipped staff of expert computers has 
much to recommend it, and is being adopted to an increasing extent. 
The engineer or scientist is rarely able to perform routine calcula- 
tions in the speediest and most efficient manner, as he lacks the 
training and in any case has other matters to attend to ; and although 
many research departments include amongst their numbers highly 
trained mathematicians, it must be remembered that mathematical 
knowledge is not synonymous with computing skill. Where 
numerical harmonic analysis is concerned, the use of the Hollerith 
machine expedites the computation to an amazing extent, and as 
these machines cannot be hired for short periods of time there is 
every advantage in passing on the work to a firm which has the 
use of one. Such a firm exists in Great Britain (see reference 7 
in the Bibliography). 
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CHAPTER IX 

PRACTICAL REQUIREMENTS FOR WAVEFORMS 

1. Introductory. 

In the present chapter aie discussed the more important practical 
details of waveform recording, attention to which will render the 
task of analysis much easier. 

The general technique of obtaining records, with the attendant 
problems of instrumentation, lies outside the scope of this book. 
Practical hints on the use of recording torsiographs are given by 
Ker Wilson, reference 1 in the Bibliography. Cathode-ray tube 
technology is treated in the standard textbooks on that subject, 
and information concerning the use of various types of vibrographs 
is given in reference 2. 

The matters here discussed pertain to the analysis of recorded 
waveforms : clarity and general cleanliness of the records with 
reference to the various recording media, linearity of the overall 
response of the recording system, and the provision of adequate 
length of record and time-reference markings are considered in 
turn. 

2. Clarity of records — various media. 

A good analyst can obtain almost as much and as accurate 
information from a dirty, scrappy record as from a clean and clear 
trace ; but it is not fair to expect him to maintain this standard 
in the routine analysis of hundreds of records. Faint or blurred 
traces lead to errors, apart from the imposition of considerable 
eye-strain. 

The traces produced by marking-pens are usually clear and 
bold. Care must, however, be taken to avoid blurring, which may 
result from two causes. First, the ink may run between the fibres 
of the paper on which the record is made, causing a general “ fuzzi- 
ness. 5 ’ This is illustrated at (< a ) in Fig. 1. The main reasons for 
the occurrence of this fault are : incorrect ink or paper, or mal- 
adjustment of the ink feed to the pen. The maker’s instructions 
should be studied carefully to correct the fault. One serious result 
of the fuzziness is the difficulty of measuring amplitudes accurately, 
the thickness of the trace being indeterminate. Secondly, the ink 
may “ blot-over ” or smudge, as illustrated at ( b ) in the diagram. 
This fault may be caused by using the wrong ink (special quick-drying 
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varieties being best), having too free a flow of ink to the pen, or not 
having adequate drying arrangements. Some instruments using 
ink incorporate a blotting roller, beneath which the trace passes 
before there is any possibility of smudging on some metal part of 
the instrument. 

Pencil traces are usually most unsatisfactory. In order to 
reduce the bearing pressure, and hence the drag on the recorder, 
to a minimum a fairly soft pencil must be used, and this entails a 
diminution in permanency of the trace and a rapid wearing-away 
of the pencil-point. Pencil records are much more easily blurred 
and made “ grubby ” by careless handling than are properly dried 
ink records, and in fact there appears to be no redeeming feature 
to recommend the use of pencil recording points. 

A silver or brass stylus may be used to make traces on leaded 
paper. Such a stylus is superior to a pencil-point, since it is much 
harder, but the records are liable to fade after some time and so 
are not veiy convenient if records must be kept for future reference. 

Certain recording instruments produce traces on celluloid strips, 
the surface of the celluloid being dented by plastic deformation, 
not by a scratch. Such records are not suitable for direct analysis, 
but should first be photographed. It may be remarked that the 
shape of the indentation has been carefully designed by the 
Cambridge Instrument Company, so that the photographic copy 
made by transmitted parallel light is very clear. 

Very neat records are obtainable on waxed paper. The original 
paper of this type was manufactured in Germany, and consisted 
of a blight red backing coated with white wax. The recording 
stylus scratched the wax off" the paper and left a very clear red trace, 
where the paper-backing showed through. A very good substitute 
is available in this country, although the contrast is not quite as 
great as was the case with the German paper. One disadvantage 
of all waxed paper records is that subsequent mishandling leaves in- 
delible marks ; any scratch or undue pressure on the surface removes 
wax and shows up the background. The disadvantage can to a 
certain extent be overcome by coating the record with a clear varnish 
as soon as it is removed from the recording instrument. 

Some instruments utilise electrical markers, producing either a 
perforated trace by discharge through thin paper or a violet trace on 
iodinised paper. 

Undoubtedly the clearest type of record is the photographic 
variety. Many recording vibrographs and other oscillation-measur- 
ing instruments are arranged so that the stylus is replaced by a 
moving light-spot, which records directly on to moving photo- 
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graphic film or paper. The light source is usually a fixed lamp, 
the excursion of the light-spot being obtained from the motion of 
an intervening mirror. This mirror may be actuated mechanically, 
or it may be mounted on the coil of a sensitive galvanometer, 
according to the nature of the recording system. Fig. 2 shows a 
multiple trace recorded directly on to photographic paper by twelve 
galvanometers ; the record also includes various timing indications. 

Records on photographic paper are superior to those on film. 
The black trace on a white opaque ground is more definite, and 
imposes less eye-strain, than the opaque trace on the transparent 
ground. Moreover, envelopes and other construction lines can be 
marked easily with a pencil on the paper, wliile a scratch with a 
sharp-pointed stylus is required for film. If desired, an opaque 
print can always be made from a transparent “ negative/’ but this 
procedure is uneconomical compared with the immediate production 
of an opaque record by using photographic paper instead of film ; 
furthermore, such a print would generally be “ white-on-black/ ’ 
i.e. with a white trace on a black ground, and construction lines 
would have to be drawn in white ink. Most of the standard film 
sizes are available in paper form (35 mm. with or without sprocket 
holes, for example). 

It may be noted that for high speeds of passage of the film 
through the camera it is advisable to use friction driving rollers, 
rather than sprockets, to avoid jamming. 

3. Linearity of response. 

Of paramount importance, where the analysis of a large number 
of records is concerned, is the linearity of the overall magnification 
of the recording system, or more shortly the “linear response.” 
If the physical variation which is being measured is Y, and the 
excursion of the corresponding trace is y , then to a small increment 
SY in Y there corresponds a small increment By in y, and the 
response is linear if 

J| = M (3.1) 

where M is a constant, independent of the value of Y. In this 
case, integration of (3.1) gives 

y = MY + C, . . . (3.2) 

where C is a constant of integration and refers to the choice of 
datum level. The equation (3.2) determines the response curve 
for the recording system, and this is in the form of a straight line, 
the slope of which affords a measure of the magnification. 

8 
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If for any reason the response curve is not linear, distortion is 
produced. In Fig. 3 the vertical trace represents the physical 
variation and the horizontal trace represents the recorded waveform 
when the response curve has the non-linear form shown. If the 
distance between the lines A and B is a , and that between the lines 
0 and D is 6, the ratio a/b gives an indication of the distortion 
in the waveform shown in full lines. In the original variation 





Recorded Ware -form 
(Output) 


Fig. 3. — Effect of non-linear response of recording system. The vertical trace 
is the physical variation, and the horizontal trace is the recorded wave* 
foim. (Compare Fig. 4). 


ajb = 0*30, and in the recorded waveform the ratio is 0*64, an 
increase of about 110 per cent. 

The response curve shown in Fig. 3 is skew-symmetrical about 
the mean position, and the recorded waveform is still skew- 
symmetrical about P . Displacement of the mean position, or centre 
of skew-symmetry, can have a very marked effect on the distortion. 
In Fig. 4 is shown an extreme case, where the centre of skew- 
symmetry has been displaced a large distance from the position 
occupied in Fig. 3. The ratio a/b has the value 0*20, and the re- 
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corded waveform is no longer skew-symmetrical about P. On the 
other hand, it is evident that a condition of symmetry would be 
unaffected by this distortion. 

From a study of Figs. 3 and 4 it will be evident that analysis 
of such waveforms cannot be performed without first converting 
the recorded values back to the true undistorted values. Such a 
process is excessively time consuming, and while it may be possible 
to employ this method in one or two instances, the source of the 



Non- linear Recorded Wave - form 

Response Curve ( Output ) 


Fig. 4. — An extreme case oi non-linearity of response. 

distortion should be removed if it is required to analyse a large 
number of waveforms produced by a system with non-linear response. 

4. Adequate length of record. 

It cannot be too strongly emphasised that an adequate length 
of record is essential for accuracy in analysis. The estimation of 
what constitutes adequacy in this respect must take into account 
the fundamental frequencies of any variations likely to be present 
in the waveform, and also possible irregularities in the variation 
being recorded. Thus, for example, a torsiograph record taken 
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from an internal combustion engine (4-stroke) running on a brake 
bed has a fundamental wavelength corresponding to two revolu- 
tions of the engine, and in perfect operation the waveform will 
repeat accurately after successive intervals representing this period. 
At the same time, it must be borne in mind that perfect operation 
cannot be achieved, and there is likely to be some irregularity 
from cycle to cycle owing to uneven ignition or carburation in the 
engine. It is advisable, therefore, to take records extending over a 
number of cycles — say 10 cycles, or 20 revolutions — in order to 
observe the extent of this fluctuation and to estimate the average 
harmonic contents. There is no reason why the fluctuation should 
be periodic, and the best method of attack will be to analyse separate 
cycles of the main variation and to average the results. 

The cycle of the main variation in a torsiograph or strain-gauge 
record taken from an aircraft engine /propeller combination, on the 
other hand, is likely to be very long if there is a reduction gear. 
This point has already been mentioned in the text (see pp. 47, 221). 
With a gear-ratio of 4 : 9 the cycle of the complete variation, including 
harmonics of both the engine and the propeller fundamental com- 
ponents, will extend over 18 engine revolutions or 8 propeller revolu- 
tions. It is therefore necessary in this case to record over at least 
18 engine revolutions in order to obtain one complete cycle of the 
variation, and the effects of possible irregular fluctuations make it 
advisable to extend this range considerably. 

In general, it is best to record at least 6 cycles of the complete 
variation, in order to estimate the average conditions. In the case 
of the gear-ratio 4 : 9 referred to above, this procedure would entail 
recording over about 120 engine revolutions. At a speed of 1800 
R.P.M. the corresponding time would be 4 seconds, giving a length 
of record of about 18 feet with a film speed of 54 in. per second. 
With an average number of records to a test ec run/’ taken at, say, 
50 R.P.M. intervals over a speed range from 1500 to 3000 R.P.M., 
the complete film would be over 500 ft. long. Considerations of 
economy often require the ideal procedure to be modified. 

In more general applications, the adequate length of record is 
governed by the accuracy required in the frequency determination. 
It is always advisable to have as long a record as other circumstances 
permit. 

In connection with records obtained by photographing the screen 
of a cathode-ray tube, it will be seen that these considerations 
favour the adoption of continuous recording by means of a special 
camera, rather than taking single-shot photographs on plates or 
cut film. In continuous recording it is necessary to remove the 
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time-base “ sweep 55 of the light-spot, so that the cathode-ray 
tube acts merely as a very sensitive galvanometer. 

5. Time -reference markings. 

With recording cameras it is usually very difficult to obtain a 
substantially constant film speed. It would of course be possible 
to run the camera continuously, switching-in the galvanometers 
when required, but such a procedure is very wasteful of film. The 
usual scheme is to stop the camera at the end of each record, re- 
starting at the beginning of the next record. With the usual motor 
arrangement and the normal length of record, a fair proportion of 
the running time is occupied in acceleration and deceleration, and 
even during the period when the camera is running at top speed 
there may be a slight surge. For this reason it is essential to provide 
sufficient time-reference markings. The record in Fig. 2 incorporates 
two such markings : first, the vertical lines indicate time-intervals 
of 1/100 second, and are produced by means of a synchronous 
motor running at A.C. mains frequency (3000 R.P.M.) ; the motor 
drives a shaft with a small diametral hole, through which light 
passes twice each revolution from a fixed lamp on to the record. 
Secondly, the second trace up from the bottom of the record indicates 
revolutions of the propeller, representative vibration stresses in 
which are recorded by the remaining traces. With this arrange- 
ment it is possible to obtain a very accurate check on the running 
speed of the propeller. Thus, in the original record from which the 
diagram is reproduced, the distance between consecutive revolution 
markings is 2*45 in., while the average film speed at this part of 
the record is 48*0 in. per second ; hence the piopeller speed is 
48-0/2*45 — 19*6 R.P.S., or 1180 R.P.M., to the nearest 10 R.P.M. 

In the xecord shown in Fig. 5, the upper set of vertical lines 
indicate successive half-revolutions of the engine, the other markings 
being as in Fig. 2. These engine-revolution indications aie applied 
in a manner similar to that adopted for the time markings, by means 
of a synchronous motor operating on the output from a small 
generator coupled to the engine. In the original record the distance 
between consecutive propeller revolution markings is 4*40 in., and 
the average film speed at this part of the record is 54*9 in per 
second, so that the propeller speed is 54-9/4-40 = 12-5 R.P.S., or 
750 R.P.M. ; the length of record occupied by three engine revolu- 
tions (six timing inteivals) is 5-88 in., so that the engme speed is 
54-9 X 3/5-88 = 28-0 RPS., or 1680 R P.M. The ratio 750/1680 
= 0*446, and since the gear ratio was 4 : 9 the accuracy obtainable 
by using only a small portion of the record can be seen ; natuially, 
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this accuracy can he improved by taking measurements over a longer 
portion of the record, and use of the accelerating and decelerating 
portions is not precluded 

Fig 6 shows part of an accelerating record The paper moves 
from left to right, so that the right-hand end of the record refers 
to a time prior to that represented by the left-hand end. There is 
about 50 per cent increase in paper speed during the portion illus- 
trated, and it will be seen that such a variation does not invalidate 
the envelope method of analysis or the determination of the fre- 
quencies of predominant components. 
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CHAPTER X 

LISSAJOU FIGURES 

1. Introductory. 

The waveforms considered hitherto in the text have been those 
generated by the variation of a single dependent variable. Another 
class of waveforms produced and studied in some fields of investiga- 
tion are the Lissajou figures ; these figures are produced by the 
motion of a point whose plane Cartesian co-ordinates both vary 
sinusoidally. The shape of the figure depends upon the ratio of 
the frequencies of the co-ordinate variations ; when this is an 
integer, or can be expressed as the ratio of two small integers, the 
figure is fairly simple, but when it cannot be expressed in this form 
a very intricate pattern is obtained. 

In particular, the application of sinusoidal voltage variations 
simultaneously to the two pairs of deflector plates in a cathode -ray 
tube produces the figures on the screen. Consequently, observation 
of a cathode-ray tube arranged in this manner provides a very 
convenient method of performing certain studies in connection 
with the behaviour of electric circuits : for example, the phase- 
distortion of an amplifier can be measured in this way, as there is 
a very simple relation between the shape of the Lissajou figure and 
the phase difference between the two injected sine-waves if these 
are of the same frequency. 

Attention is here confined to the simpler figures [some very good 
illustrations of the more complicated variety are given by Osgood, 
reference 1 in the Bibliography at the end of the book]. The genera- 
tion of the figures is first considered and illustrated ; the determina- 
tion of the frequencies of the co-ordinate variations from the form 
of the figure is then outlined, and the chapter concludes with a 
description of the method of determining the phase-difference 
between two sinusoidal waves of the same frequency, by measure- 
ment of the corresponding Lissajou figure. 

2. Generation of Lissajou figures : equal frequencies. 

Consider first the case of equal frequencies of variation of the 
two plane Cartesian co-ordinates which specify the position of the 
moving point Let these co-ordinates be x , y, and let them be 
expressible in terms of a common parametric variable t as 

x = sin ( t + <f>) 
y = sin t 



( 2 . 1 ) 
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Consideration is thus restricted to the case of equal amplitudes 
in the two variations. Expanding the first equation of (2.1), 

x = cos </> . sin t + sin <j> . cos t, . . (2.2) 

and from the second equation of (2.1), 

sin t = y 
cos t = V 1 — y 2 
Substituting from (2.3) in (2,2), 

x = y cos $ + Vl — y 2 . sin <£, 

(1 — - y 2 ) sin 2 cf> — (x — y . cos <£) 2 . 

Rearranging this last equation, 

x 2 + — %xy • cos cf> = sin 2 </>. . . (2.4) 




In general, (2.4) re- 
presents an ellipse 
whose axes are inclined 
to the co-ordinate axes. 
Referring hereafter to 
the co-ordinate axes as 
the “ injection axes/’ 
consider the effect of 
expressing (2.4) in 
terms of co-ordinates 
x', y r : referred to new 
axes at an angle a to 
the injection axes 
(Fig. 1). Then 


x = x' cos a — y' sin a 
y = %' sin oc + cos a 



(2.5) 


Substituting these values in (2.4), 

{x[ cos a — sin a) 2 + (#' sin a + y r cos a) 2 

— 2 (a;' cos a — y' sin a)(5c' sin a + ?/ cos oc) cos <£ ~ sin 2 <f>, 
i.e. 

# 2 (1 2 sin oc . cos a . cos </>) -|- y' 2 ( 1 -j~ 2 sin a . cos a . cos <j>) 

— 2x'y'( cos 2 a — sin 2 a) cos </> = sin 2 cf>. (2.6) 

The new co-ordinate axes are principal axes of the ellipse if the 
term in xy vanishes, i.e. if 


or 


cos 2 oc — sin 2 a, 
tan a = ± 1. 
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Taking a = 45°, (2.6) reduces to 

x'\l — cos <f>) + y\ 1 + cos <j>) = sin 2 <f> 


cos 2 (f>, 


or 


+ 


»/ 2 


1 -(- COS <f> 1 — cos ^ 


= 1. 


(2.7) 


(2.7) is the equation of an ellipse referred to its principal axes, and 
comparing it with the standard equation to the ellipse, i.e, with 

°!ll jlVI- i 
a 2 ^ 6 2 ~ ’ 





Fig. 2. — Simultaneous sinusoidal variations in two directions at right-angles, 
of the form (2 . 1) (equal frequencies), (a)-(d) represent the cases 
(f) = 0, 30°, 60° and 90° respectively. 


it is seen that 

6 2 ___ 1 — cos <j> __ 2 sin 2 </>]2 
a 2 ~~ 1 + cos <j> ~~ 2 cos 2 <j>l% 9 

whence 6/a = tan </>/2, numerically. . . (2.8) 

The Lissajou figuie is therefore an ellipse, whose pr i ncipal ax es 
are in clined at an jangle _of 45° to the injection axes, and whose 
eccentricity depends upon the phase-difference <f>. Some typical 
cases are illustrated in Fig. 2. 

8 * 
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At (a) in the diagram the phase-difference <p is zero, and the 
figure is simply a portion of the line y = x. At (6) and (c) the 
cases <f> = 30° and 60° are illustrated. The figure is an ellipse, 
and it can be seen that as cp is increased the ellipse becomes “ thicker/’ 
i.e. the ratio b[a increases. At (d), <f> = 90° and the ellipse degener- 
ates into a circle ; equation (2.8) gives bja = 1 for this case, as 
would be expected. The arrows on the diagrams show the direction 
in which the curves are traced by the moving point as the para- 
meter t is increased. 

If <f> is greater than 90°, the equation (2.8) gives b as greater 
than a , so that the y r axis becomes the major axis. Let 

cf> = 180° - ip. 

Then cos 0 = — cos ip, and sin 2 (p = sin 2 ip, so that (2.4) becomes 

x* + V 2 + %xy . cos ip = sin 2 \p. . . (2.9) 


The curve represented by (2.9) can be obtained from that repre- 
sented by (2.4) by substituting ip for <p and changing the sign either 
of x or of y — i.e. by taking the mirror-image of the curve either in 
the #-axis or in the #-axis. 

Since cos (360° — p) = cos <p, and sin 2 (360° — <p) ■= sin 2 <p, the 
equation (2.4) is unaltered if (360° — <p) is substituted for (p . The 
figure for cp = 210° will therefore be identical with that for <p ~ 150°, 
and so on. Intuition suggests, however, that there must be some 
difference between the two diagrams. To determine wherein lies 
this difference, reference must be made to the original parametric 
equations (2.1). Let cp — 360° — \p ', then these equations become 


Rearranging, 


x — sin (t — ip') 
y =- sin t 


— x — sin (— ■ t + xp') 

— V = sin (— t) 


( 2 . 10 ) 

( 2 . 11 ) 


Now, changing the sign of both x and y in equation (2.4), which is 
the parametric equation to the ellipse, effects no alteration in the 
curve ; so that the equations (2.11) represent the same curve as 

a = sin (- t + f)l (2 , 

2 / = sin (— t) J • • ‘ (2ll2) 

Thus the curve for a phase-difference ifi' = 360° — <f> is the same 
as that for a phase-difference i but is traced by the moving point 
in the opposite direction ; Fig. 2 a-d can be taken to represent the 
cases <f> = 270° to 360° if the arrows are reversed. 
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3. Other simple frequency ratios. 

When the variations in x and y have different frequencies, more 
complicated figures are obtained. The standard form for the 
parametric equations will at first be taken as 

x = sin (nt + <f>) 
y = sin t 



where the amplitudes of the two variations are both unity. 
Consider first the case n = 2. Then 


x = sin 2t . cos <f> + cos 2 1 . sin <f>, . . (3.2) 

and sin t = y, cos t = Vl — y 2 . 

Substituting for sin t and cos t in (3.2), 

x = 2y\' 1 — y 2 . cos <f> + (1 — 2y 2 ) sin <f > , 
or 4y 2 (l — y 2 ) cos 2 </> = [as + (2y 2 — 1) sin 0] 2 . 

The intrinsic equation to the curve therefore becomes 


4y 2 ( 1 — y 2 ) = x 2 + 2x(2y 2 — 1) sin <j> + sin 2 <£. . (3.3) 

Several typical cases are illustrated in Fig. 3. First, if <j> = 0, 


equation (3.3) reduces to 

4y 2 (l - y 2 ) - a 2 
or 4s/ 4 — 4 y 2 + £ 2 — 0 


(3.4) 


For any value of y , not greater numerically than unity, there are 
two values of x ; and the second equation of (3.4) gives 

y % = f 1 ± Vl - a; 2 ), 


so that there are in general four values of y for any value of a? not 
greater numerically than unity. This case is illustrated at (a), 
Fig. 3. (6) and (c) in the same diagram illustrate the cases </> = 30° 

and <j> = 60°, the curves for which are of much the same general 
form as for <j> = 0. 

When </> = 90°, (3.3) reduces to 

4g/ 2 (l - y 2 ) = a 2 + 2x{2y 2 - 1) + 1. 


This equation can be rewritten as 

(2 y 2 ) 2 + x 2 + l 2 + 2(2 y 2 )x - 2(2y 2 )l — 2x . 1 ~ 0, 
i.e. ( 2y 2 + x — l) 2 = 0, 

or x — 1 — 2y 2 . .... (3.5) 


[This result can also be obtained at once from equations (3,1), for 
(x = cos 2t = 1 — 2 sin 2 £ = 1 — 2y 2 ], 
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In this case the curve is part of a parabola, as shown at ( d ) in the 
diagram. 

For values of <j> greater than 90 °, but not greater than 180 °, 
let (j> = 180 ° — iff. Then equation (3.3) remains unaltered, except 
that iff is substituted for <f>, since sin ( 180 ° — iff) — sin iff. Hence 
the diagrams a-c in Fig. 3 serve also to illustrate the cases <f) = 180°, 
150 ° and 120 °, respectively; as with the frequency ratio 1 : 1 , 
the curves are traced in the reverse direction for <f> greater than 90 °. 


y y 



(C) (&) 

Fig. 3. — Frequency -ratio 2:1. See text for details of the phase relationships 
in the various cases. 

For values of <f) greater than 180°, let <f) = 360° — ifj \ Then 
equation (3.3) becomes 

4# 2 (1 — y 2 ) — % 2 — 2x{2y 2 — 1) sin iff' + sin 2 i/j '. . (3.6) 

Now since in (3.6) the only term involving an odd power of x is the 
negative of the corresponding term in (3.3) all the other terms re- 
maining unaltered (except that if ; ' is substituted for <j>), it follows 
that (3.6) could be obtained from (3.3) by changing the sign of x ; 
thus the curves for <j> greater than 180° are the mirror-images in 
the y - axis of the curves for the corresponding values of (360° — <f>). 
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Fig. 4 depicts typical cases of the form 

x = sin (3£ + 
y = sin t. 

The diagrams a-a! correspond to the values <f> = 0, 30°, 60° and 90°. 
With the less simple values of the frequency ratio the derivation 
of the intrinsic equation becomes more difficult, and the general 
properties are more conveniently derived from the parametric 
equations : 

x = sin (3 1 + <£) 
y — sin t 




Fig. 4. — Frequency -ratio 3:1. See text for details of the phase- 
relationships in the various cases. 


For values of <f> greater than 90° but not greater than 180°, let 
cf> = 180° — $ If. Equations (3.7) become 

x — — sin (3 1 — ipy 
y = sin t 

or x = sin (— St + 

y = — sin (— t) 

The equations (3.8) represent the same curve as do 
x = sin (St + $)" 
y = — sin t 




(3.8) 


(3.9) 
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except that the curve is traced in the reverse direction as t is in- 
creased ; and the form of (3.9) shows that the curves for $ greater 
than 90° are the mirror-images in the #-axis of the curves for the 
corresponding values of (180° — <f > ). 

For values of <j> greater than 180°, let <j> *= 360° — xjj\ Then 
equations (3.7) become 

x = sin (St — ift’) 
y = sin t 

i.e. x = — sin (— «3Z + i/j') 

y — sin (— t) 

The form of these equations shows that the curves for values of c/> 
greater than 180° are obtained from those for the corresponding 
values of (360° — <j>) by changing the sign of both x and y — i.e. 
by rotating the diagram in its own plane through an angle of 180°. 
It should be noted that such a rotation effects no alteration in this 
case (n = 3). 

Consider now the more general form 

x ~ sin (nt + <^) 
y — sin mt 

It will be seen that the facts concerning the curves fof </> greater 
than 90° are as follows : 


} 


(3.11) 


} 


(3.10) 


(i) If the phase-angle cf> is greater than 90° but not greater than 
180°, the curve is the mirror-image in the x-axis of the curve 
corresponding to the phase-angle (180° — </>). 

(ii) If the phase-angle <f> is greater than 180°, the curve is ob- 
tained from that for the phase-angle (360° — <f>) by rotating 
it in its own plane through an angle of 180°. 


The proof of these statements follows exactly the same lines as 
does that given above for the case n = 3, m == 1. 

The fact that these rules are not exactly the same in form as 
those given above for some of the simpler cases results from inherent 
symmetry or skew-symmetry in the curves in those particular 
examples ; it will be found that the rules give the correct result 
in all cases. 

Figs. 5 and 6 illustrate some typical cases of the forms 


and 

respectively. 


x — sin (3 1 + <j>) 
y = sin 2t 

x = sin (5t + <f>) 
y ~ sin 2t 


} 

} 


(3.12) 

(3.13) 
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Note . — In all the cases considered in the preceding sections the 
amplitudes of both the co-ordinate variations have been taken as 
unity. The effect of altering these amplitudes is merely to change 





Fig. 5. — Frequency-ratio 3 : 2. («)-(/) lepresent the eases, <f) — 0, 

30°, 60°, 90°, 120° and 180° rebpeetively. 

the relative proportions of the figures, without altering their general 
form. Thus, for example, with equal frequencies and <j> — 90° the 
figure is an ellipse instead of a circle if the amplitudes are unequal, 
the ellipse having the injection axes as its principal axes. 
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4. Determination of frequency ratio. 

The ratio of the frequencies of the co-ordinate variations can 
easily be determined from a given figure. Starting from any con- 
venient point in the curve, the complete curve is traced out with a 
pencil until the starting point is reached again with the same direc- 
tion of motion as at first ; during this operation a note is made of 
the number of complete oscillations made from side to side. The 
process is repeated, the number of complete oscillations up-and- 
down being noted. The ratio of these two numbers is the required 
frequency ratio. 




Fig. 6. — Frequency -ratio 5 : 2. 

Thus, for example, starting from the point A in Fig. 7 a and tracing 
out the curve, a cycle of horizontal motion occurs in the portion 
from A to B, another cycle from B to C, and half a cycle from C to 
D ; retracing the curve from D back to A, a total of five cycles of 
horizontal motion is obtained. Similarly, the portion from A to 
D comprises one cycle of vertical motion, so that the complete 
circuit extends over two cycles of vertical motion. The frequency 
ratio is therefore 5 : 2. 

The more complicated pattern in Fig. 7 b is amenable to the 
same treatment. Thus, cycles of horizontal motion occur in the 
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portions AB, BO, CD, DE, EF, FG and GA, while cycles of vertical 
motion occur in the portions AH, HJ, JK, and KA. The frequency 
ratio is therefore 7 : 4. 

Another method of determining the frequency ratio is as follows : 
draw a line parallel to the a?-axis which does not pass through any 
intersections of different parts of the curve, and count the number 
of points in which the curve intersects the line ; repeat this pro- 
cedure with a line drawn parallel to the y - axis (the lines must not 
be drawn so as to touch the exterior lobes of the curve — i.e. the 
lines must not be part of the bounding rectangle). The ratio of 
the two numbers so found will be the required frequency ratio : 
the number of intersections on the line parallel to the a?-axis is 
proportional to the frequency of the y-variation, and vice versa . 
This rule is applicable to all cases, whether the curve is a closed 
one or consists of a “ doubled 55 line, as in Fig. 5d. 



Fig. 7. — Determination of frequency -ratio. 

5. Determination of phase -difference. 

The study of the Lissajou figure resulting from the orthogonal 
composition of two sinusoidal variations of the same frequency 
affords a very convenient method of measuring the phase-difference 
between the two variations. The determination is easiest when 
the amplitudes of the two variations are equal, for then formula 
(2.8) on page 233 gives the value of <f> in a very simple form : 

c4 = 2tan" 1 ~, .... (5.1) 

a 

where a and b are the semi-intercepts on axes at angles 45° and 
135° respectively, with the #-axis, and </> is the phase-angle in the 
general form (2.1), page 231. Thus where the major axis is inclined 
at an angle of 45° with the rc-axis, b/a is the ratio of the minor axis 
to the major axis, but when the angle between the major axis and 
the £-axis is 135°, 6/a is the ratio of the major axis to the minor axis. 
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(The angle referred to is that made in a positive sense, i.e. counter- 
clockwise, with the positive direction of the #-axis.) 

Owing to the simplicity of the form of equation (5.1) it is ad- 
visable always to adjust matters so that the amplitudes of the 
co-ordinate variations are equal. This can easily be done with a 
cathode-ray tube by incorporating variable attenuators in one or 
both pairs of injection leads. If a pair of cross-lines is marked on 
the screen, the lines being of equal length, bisecting each other and 
lying along the injection axes, the procedure can be carried out 
as follows : switch off one co-ordinate variation, so that the trace 
on the screen becomes a straight line lying in one of the injection 
axes ; adjust the input attenuator so that the amplitude of the 
variation parallel to this axis is the required value, the line just 
covering the marked line ; repeat the process with the other co- 
ordinate variation, then switch both variations in and measure 
the major and minor axes of the ellipse. 

If it should not be possible to make these adjustments, so that 
the amplitudes are not equal, the formula for calculating the phase- 
angle becomes slightly more complicated. If R is the ratio of the 
amplitude of the y - variation to the variation, the ratio b/a is 
given by 


6 s _ [(1 - R 2 ) 2 + 4R 2 cos 2 <£]* . (1 + R 2 ) - (1 - R 2 ) 2 - 4R 2 cos 2 </> 
a 2 ” [(1 - R 2 ) 2 + 4R 2 cos 2 </>]* . (1 + R 2 ) + (1 - R 2 ) 2 + 4R 2 cos 2 f 


This formula is established in a paper by Dr. M. K. B. Richards 
and the author, see reference 2 in the Bibliography ; the rather 
cumbersome expression can be simplified * into : 


sin <f> 


r( 1 + R 2 ) 
R(1 + r 2 ) 


(5.2) 


where r = 6/a. i 

In cases where the physical nature of the problem does not in- 
dicate which of the two values of <f> given by (5-2) is the correct 
one to take, it is preferable to employ the method described in 
the next paragraph. 

Since the publication of the paper referred to, Mr. P. V. 
MacKinson has pointed out a much simpler method of determining 
the phase-angle in cases where the amplitudes are unequal. The 
lines y = B#/A and y — — B#/A intersect the ellipse at points 
P and Q (see Fig. 8) such that 

tan <^/2 = OQ/OP, 


* Simplification due to Mr. C. E. A. Burnham. 
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so that equation (5.1) can he replaced by 

<t> = 2 tan -1 (OQ/OP). 


. (5.3) 


This property can be established from 
the corresponding property for equal 
amplitudes by orthogonal projection, 
since the diagonals of the circumscribing 
square project into the diagonals of the 
circumscribing rfctangle, and since they 
are equally inclined to the X-axis the 
intercepts cut off by the ellipse remain 
in the same ratio. The result can also 
be established by analysis as follows : 

The parametric equations to the 
ellipse are 


x — A sin (t -f c/>) 
y = B sin t 


. (5.4 


From these equations the intrinsic equa- 
tion is derived, by eliminating t, as 



Fia. 8. — Alternate method 
of determining phase- 
angle in the ease of 
equal frequencies. 


A A 2 

x 2 - 2xy^ cos <f> -f z^y 2 = A 2 sin 2 <j>. 


P is the point of intersection of the ellipse and the line y — Bx/A, 
and is given by the co-ordinates 

x = A cos ^/2, 
y — B cos (f>j 2. 

Hence OP = VA 2 -{- B 2 cos <£/2. 

Similarly, OQ = VA 2 -f B 2 sin <£/2, 

so that tan ^/2 = OQ/OP. 

It should be noted that in any case, only the phase-difference 
is determined by this method, and no information can be gained 
as to which variation “ leads ” the other. The distinction between 
the “ leading ” and “ lagging ” variations can usually be made by 
a consideration of the physical characteristics of the system under 
test ; or, alternatively, when a cathode-ray tube is used, the direc- 
tion of travel of the “ spot ” round the figure can be determined 
by special means as described in reference 3 (Bibliography, p. 268). 
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CHOICE OF SINE-WAVES AS BASIC COMPONENTS OF 
WAVEFORMS 

One aspect of waveform analysis has received only passing mention 
in the body of the text, namely the reasons why sine-waves are chosen 
as the basic components of waveforms. There are five main reasons 
for this choice, and these will be discussed in turn. ^ 

In general the term “ sine-wave ” or “ sine function ” is to be under- 
stood as referring to the form a . sin (x + </>). 

1. Natural occurrence of sine functions. 

The generation of a sine- wave by projection from a uniformly 
rotating vector (Chapter I, p. 8) is a phenomenon which occurs in 
many machines. For example, the centrifugal force vector acting 
through the mass centre of an unbalanced rotor revolving with uniform 
angular velocity can be resolved in two directions mutually at right 
angles, the projections having sinusoidal variations. Similarly, the 
electric voltage generated when a single turn of wire is rotated uniformly 
inside a uniform magnetic field is a sine function of the angular position 
of the rotor. 

The free vibration of a simple mechanical system having one degree 
of freedom is likewise sinusoidal, in the absence of damping forces (see 
reference 1 in the Bibliography). The sine function is inherent in the 
solution of the differential equations expressing the motion of mechanical 
vibrating systems, as also in the solution of the equations expressing the 
propagation of electro-magnetic waves. Thus the sine function appears 
wherever the existence of vibrations is investigated mathematically. 

2. Forced oscillation. 

_ Id the study of forced oscillations, whether mechanical or electrical, 
it is found that the response to a sinusoidal force or voltage is a sinusoidal 
displacement or current of the same frequency ; this result depends 
ultimately upon the fact that all the derivatives of the sine function are 
themselves sine functions* 

3. “ Smoothness.’ ’ 

The sine function is the simplest periodic function which fulfils the 
condition that itself and all its derivatives should be continuous. The 
mathematical condition of continuity in a function and its derivatives 
corresponds to the intuitive concept of “ smoothness.” The functions 
whose graphs are shown in Figs. 5, 8 and 7 of Chapter VI, considered 
m that order, constitute a series of periodic functions in which each 
member is smoother than the preceding one. The square-peaked 
waveform in Fig. 5 is itself discontinuous ; in Fig. 8 the graph is con- 
tinuous but the first derivative of the function (the slope of the graph) 
is discontinuous, and in Fig. 7 the graph and its first derivative are 
contmuous but the second derivative is discontinuous. There are, it is 
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true, many functions which are periodic and fulfil the required condition, 
but the sme function is the simplest Every derivative of the sine-wave 
is a sine-wave, with a suitable phase-relationship to the original, and 
thus every derivative is continuous. 

4. Simplicity. 

It is frequently contended that the sine- wave is the “ simplest ” 
periodic variation. Even if consideration is limited to continuous 
variations, such a contention is questionable ; it is doubtful whether 
the sine-wave is essentially simpler than the saw-tooth waveform shown 
in Fig. 8c of Chapter VI, page 161 ; certainly the saw-tooth wave is 
simpler to draw than the 'Sine-wave. The product of two sine functions 
can, however, be expressed as the sum or difference of two related sine 
functions, and the sum of two sine-functions of the same period can be 
expressed as a single sine function of the same period, so that there is 
much justification for the contention that the sine is the simplest periodic 
function as regards ease of manipulation. It is also the first periodic 
function to be encountered in the normal sequence of education, and 
for that reason is very familiar to students. 

On account of the almost universal application of the trigonometric 
functions to all classes of calculations, tables of the sine and cosine are 
widely circulated, and any combination of sine functions is easily 
constructed. 

5. Orthogonal functions, Fourier analysis. 

There exists a whole class of mathematical series of functions which 
are said to be orthogonal and normal for a given range of the basic vari- 
able. If such a series of functions is f^x), / 2 (^), / 3 (sc), etc., and the given 
range is from x = a to sc = 5, the condition of orthogonality is that 

\ a U x ) • /,(*) dx = 0 if i *j . . . (5.1) 

and the condition of normality is that 

f [f t (x)] 2 dx = K, where K is independent of i. . (5.2) 

Ja 

It is a well-known result in the theory of mathematical analysis that 
from any series of continuous functions which fulfil a certain condition 
(linear independence) it is possible to construct a series of orthogonal 
normal functions (see reference 2 in the Bibliography, from which 
place the first part of the following example is taken). For example, 
from the series of functions 1, sc, sc 2 , sc 3 , etc., the series 

1, sc, sc 2 — 1/3, sc 3 — 3sc/5, sc — 6sc 2 /7 + 3/35^ etc., . (5.3) 

can be constructed, and is orthogonal for the range of x from — 1 , to 1 ; 
thus 

| 1 . x dx = |jr 2 /2j = 0, 

- 1/3 )dx = [| 3 - f]^ = 0, 

]%(** - l/3)<te = [J - = 0, etc. 
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On the other hand, 

(1 ) 2 (fo = 2, 

J-i 

(a;) 2 da = 2/3, 

i ”1 

1 (i*-l/3f& = 8/45, 

* "1 

so that the series (5.3) is not normal in its present for$i. The series 

1, V&, f# 2 - 1/3), etc, . . . (5.4) 

is, however, normal : the value of K in the integral (5.2) is 2 for this 
particular series. 

From a given set of periodic continuous functions a set of normal 
orthogonal periodic functions can be constructed in a similar manner, 
and any given arbitrary periodic function can then be expanded as the 
sum of a number of the derived orthogonal functions. The Fourier 
series of sine and cosine functions is a particular example of such an 
expansion. 

Thus, for example, any periodic force imposed on a structure can 
be regarded as the sum of a number of sinusoidal forces at different 
frequencies, and the response of the structure is the sum of the (sinu- 
soidal) responses to these various components (see reference 3 in the 
Bibliography). 
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UNIQUENESS OF FOURIER SERIES EXPANSION 

The proposition that the Fourier series expansion of an arbitrary periodic 
function is unique has been assumed as a truth in the text The rigorous 
proof of this proposition, known as Riemann’s Theorem, is given in 
reference 4 in the Bibhography, and is far too lengthy and involved to 
be quoted here ; neither is such a quotation necessary. It is possible, 
however, to outline a demonstration of the probable truth of the 
proposition. 


Informal demonstration of Riemann’s Theorem. 

Let the function y — f(x) be represented approximately by the 
Fourier series 

n n 

S(x) = A 0 + 2 a k cos kx + b R sin kx 
and also by the series > . . (I) 

n n 

8'(x) = A^ + 2 cos kx + b[ sin kx 

A,=l 1 

where k is integral These series terminate at the nt\ harmomc, so that 
they may be made to represent the function y at (2 n + 1) distinct values 
of x , say at x i , x 2 , . # 2w+1 Then 


/(*,) = A 0 + 2 a k cos kx, sin kx , ' 

_L * • . (2) 

and f(x t ) = A' q + 2l cos ^ x i + Z ^ 

i % 

where i takes the values 1, 2, ... 2n + 1 successively. 

Two sets of (2 n + 1) linear equations are thus obtained ; in each 
set there are (2n + 1) unknown quantities (A 0 , a k and b h ; A£, a£ and 
b k ) and the coefficients cos kx l and sin kx t are the same in both sets. 
The equations (2) therefore have the same solutions m the unknown 
quantities, given by 

1 2n-fl 

A o = A o = 2n+l Z 

2 2 it 1 

= ®L = ^-+1 Z /(*•) 008 

h = K = 2^+1 Z ^ sm kx > 





249 


APPENDIX III 

EFFECT OF NON-HARMONIC COMPONENTS, OR OF CHOOSING 
A FALSE CYCLE 

i If a periodic waveform is subjected to Fourier analysis, by mathematical 
or mechanical methods, it is essential to take a true cycle of the waveform 
as the data for the analysis. This Appendix describes briefly the effects 
of taking a false cycle, or of neglecting to observe the presence of a non- 
harmonic component superimposed on the mam variation. 

1. False analysis of non -harmonic component. 

Let the period of the main variation be 277 radians in x. If p is not 
an integer, the wave 

P = Aj, sin (px + <f>) = cos px + b v sin px . . (1) 

is non-harmonic with respect to the cycle of the main variation. The 
errors in the Fourier coefficients due to the presence of P will be : 

1C 2 * 1 

*-£].*•* 

a' k = -J P.cos lex.dx > ... (2) 

l r 2ir 

hi = - P • sin lex.dx 

*Jo 

Substitution of (1) in (2) yields the results : 

A 'o = o^rK sin 2pn + M 1 - cos % >7r )] 

j&P 77 

o'* = sin 2p ” + M 1 ~ cos 2p7T ^ 

b' k = «,(1 - 006 2 ^) + b * 8111 2p7r] 

Example (i) 

Suppose a periodic variation contains the terms 

y _ o«2 + sin 4z + cos 8z + 0*5 sin 9 g. . • W 

so that the harmonic coefficients are as given in Table I. . 

If the 9th harmonic is disregarded, the modified senes S is . 



S = 0*2 + sin 4 z + cos 8 z 


or 

S = 02 + sin x + cos 2x\ 

. • (5) 

where 

X = 42 f 

The 9th harmonic of (4) can he put in the form 



P = 0-5 sin 2-25a; 

. • (6) 
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Table I 


k 

% 

( Aq — 

h 

A * 

0 

0*4 


0-2 

4 


1 

1 

8 

1 


1 

9 


0*5 

0*5 


and accordingly, if the waveform is analysed over the cycle 0 — 2n in %, 
the errors in the Fourier coefficients as given by (3) are as set forth in 
Table II. 

Table II 


i 

< 

(K - W 9 ) 

K 

0 

0-070 



1 

0*088 

0-039 

2 

0-337 

0-299 

3 

- 0-091 

- 0-121 

4 

- 0-033 

- 0-058 


The Fouiier coefficients for the waveform (4), analysed in this fashion, 
would therefore be found to be as set forth in Table III. The first column 
gives the harmonic reference numbeis in terms of the cycle 0 — 27r in x, 
while the second column gives them in terms of the cycle 0 — 2tt in z. 

Table III 


k 

(*) 

i 

(*) 

( ' o ~ i a o) 

b Jc 

A* 

Error 
n A k 

0 

0 

0-470 

_ 

0-235 

0*035 

1 

4 

0-088 

1-039 

1-043 

0-043 

2 

8 

1*337 

0-299 

1-370 

0-370 

3 

12 

- 0*091 

- 0-121 

0*151 

0-151 

4 

16 

- 0*033 

- 0-058 

0-067 

0-067 


The last column but one in the table gives the values of the harmonic 
amplitudes as found by the analysis, and the last column gives the errors, 
which are the differences between these values and those given in Table I. 

It will be observed that the errors are greatest in the harmonics which 
are nearest in frequency to the non-harmonic component. 

The above example is a simple case. A further example is included, 
this being one of greater practical probability. 
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Example (n) 

The use of optical and mechanical analysers (pp. 212 and 219) has been 
suggested for the analysis of strain-gauge records taken from an aircraft 
propeller. It was at first thought that it would not be necessary to take 
a full cycle of the complex strain variation, containing both engine and 
propeller harmonics (p. 47), but only to take, in succession, a con- 
venient number of cycles of the engine components and similarly for the 
propeller components. 

Table IV gives the results obtained by analysis of the 3| E order 
waveform, i.e. the 7th harmonic of the 4-stroke engine cycle, the analysis 
being performed over one propeller revolution. The reduction-gear 
ratio is 9 : 4, so that the E wave corresponds to a value 7§ for p in (1). 
The cycle has been taken in such a manner that the non-harmonic com- 
ponent is a true sine-wave of unit amplitude, i.e. a p — 0, b v = 1. It will 
be noted that the error is greatest in the 8th harmonic, whose frequency 
is nearest that of the non-harmonic component. 


Table IV 


k 

< 

(-A-q — h&Q 


K 

0 

0*037 

_ 

0*019 

1 

0*012 

- 0*004 

0*013 

2 

0*013 

- 0*008 

0*015 

3 

0*014 

- 0*013 

0*019 

4 

0*016 

- 0*020 

0*026 

5 

0*020 

- 0*030 

0*036 

6 

0*028 

- 0*052 

0*058 

7 

0*056 

- 0*121 

0*133 

8 

— 0*371 

0*910 

0*982 

9 

- 0*039 

0*106 

0*113 

10 

- 0*019 

0*059 

0*061 

11 

- 0*012 

0*042 

0*044 

12 

- 0*009 

0*033 

0*034 


Note . — It is evident from equations (3) that the results obtained depend 
upon the phase-relation between the non-harmonic component and the 
“cycle ” chosen. In fact, if analyses are made of successive cc cycles ” until 
a complete true cycle is covered, the average of the results would be a true 
analysis. 

2. False cycle. 

If, by error, a distance is wrongly estimated to include a cycle of the 
waveform, some or all of the components may be non-harmonic, and the 
resulting errors can be computed as in the previous section. It is not 
considered desirable to give a numerical example of the effect, but a 
general formula is stated for convenience of reference. 
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If the false C£ cycle 55 chosen has a wavelength q times the true wave- 
length, the Fourier series becomes : 

y + A 0 + (a k cos kqx + b k sin kqx) . . (7) 

it 

(q will normally be non-integral). The coefficients A' 0 , a* and 6J which 
will be obtained by analysis over the false “ cycle ’’are given by : 

K = A 0 + ^ sin 2Jcqn + h C ~ 008 2 %)] 


«/ = Y) ^ sin 2kqn + Ml - 008 2 %)] 


84 -Z 


r^% 2 - 1) 


[— fl t (l — cos ikgw) 4 b k sin 2 kgtr] 


( 8 ) 
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DEMONSTRATION OF FOURIER’S THEOREM 

The rigorous proof of Fourier’s Theorem is long and complex ; in 
Chapter VI the normal course was followed — viz. assuming the truth of 
the theorem and showing how to evaluate the coefficients in the Fourier 
series. It is, however, possible to demonstrate the theorem in a more 
direct maimer ; this demonstration presents several points of interest, 
and appears to be rigorous except for the assumption <e what is true up 
to the limit is true in the limit.” 

The following outline is abridged from Acoustics , by W. F. Donkin 
(Clarendon Press, Oxford), by permission of the publishers. 

The equation 

- 1 ~ c2 m 

^ 1 — 2c cos (.r — a) + c 2 ’ 

represents a periodic curve of period 27 t radians in a\ In this discussion 
c will be supposed to be restricted to positive values not greater than 
unity, y then has a maximum value 

1 + e 

1 - c’ 

corresponding to the values j? = a ± 2ttt } where r is any integer ; these 
values of x will be termed “ critical values.” y also has a minimum 
value 

1 — c 

1 + c’ 

corresponding to the values x = a ± (2r + l)7r. One cycle of the curve 
is represented at (a) in the diagram, for the particular case c = 3/5. 
If c is increased towards unity as a limit, the maximum and minimum 
ordinates tend towards infinite and zero limiting values, as illustrated 
at (b) ; and the ordinate corresponding to any value of x other than a 
critical value tends to zero, so that in the limiting case the curve is the 
locus of a point which moves along the rc-axis but does not pass through 
the points [a ± 2r7r, 0], avoiding these points by traversing the entire 
positive half of the ordinates erected at these points. 

The area included under a cycle of the curve is 277. This may be 
established by direct integration 'of (1) ; but the result is more easily 
obtained after first developing y as a power series in c, 

y = 1 + 2[c cos (x — a) + c 2 cos 2 (x — a) + . . .], . (2) 

since 1 cos k(x — a) dx = 0, 

J & 

if A? is any integer 1, 2, 3, etc. 
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The following inferences are established in the work referred to : 

If x 0 , x x be two values of x, including between them only one critical 
value (say a), with which neither of them coincides, and if e, € be any 
positive constants such that (a + e) and (a — e') are both included 
between x 0 and x u then the integrals 

I a *' Ca fa+* j"^i 

y.dx, y .dx, y .dx, \ y .dx, 

sea ja—s* Ja Ja+s 



Graphs of function (1) : (a) c = 3/5 ; (b) c = 1. 

tend, respectively, towards the values 0, 77 , tt, 0 as c approaches unity, 
however small e and e' may be. The sum of the four integrals, and 
the sum of the middle two, both approach 27r as c approaches unity, 
and the sum of the four integrals is 27 t for all values of c if x x — a? 0 = 2tt, 
If now x 0 , x L are supposed to have any values such that x x — x 0 is 
positive but not greater than 2 tt, and f(x) is any function finite for all 
values of x from x 0 to x x inclusive, then the integral 

f l f(x) y.dx (3) 

J 3*0 



APPENDIX IV 


255 


f Xi 

y . dx and some quantity inter- 

x 0 

mediate between the algebraically least and greatest values assumed 
by f(x) in this interval. It can then be shown that 

(i) If there is no critical value between x Q and x t or at either of these 
values, the limiting value of (3) as c approaches unity is zero ; 

(ii) If there is a critical value of x (say x — a) between x 0 and x v 
but not coinciding with either of these values, the limiting value 
of (3) is 277 .f(a) ; 

(iii) If both values x 0 and x 1 are critical values, say a and a + 2i r, 
the limiting value of (3) is 

^[/(d) +/(<* + 2 ?t)] ; 

but if only one of the values x 0 and x x is a critical value a, the 
result is 77 ./(a). 

The above conclusions still hold good if the function f(x) has finite 
discontinuities at any values of x other than a critical value ; if, how- 
ever, there is such a discontinuity at a critical value x — a, the result is 
slightly modified : 

(iv) If a finite discontinuity in f(x) occurs at a critical value a of x , 
the limiting value of (3) as c approaches unity is 

*W*-0)+f(z + 0)] 

(see p. 141 for explanation of this notation). 

Disregarding for present purposes the exceptional case (iv), it is seen 
that the limiting value of the integral 


I 'fix ) — — C ^ dx 

) ' ' 1 — 2c cos (x — a) + c 2 ’ 


as c approaches unity is 2tt .f(a). Interchanging (for convenience) 
a and x , expanding the fraction in (4) in the series form (2), and assuming 
that when c equals unity the values of the various integrals equal their 
limits, the result is obtained : 


t ~Q 0 pflj 

2t7 .f{x) = 2 f(a) cos k(x — a) .da, 

k= oo 


( 5 ) 


where a x — a Q = 277. By a simple transformation, equation (5) can be 


put in the form 

1 |»2 ji 1 

= „/(«)•*» + - I «* 


r2n 


cos ka . da 


l CZtz 

+ 2, sin fee \ f(a) . sin ka . da (6) 


*= i 


Jo 


which is Fourier’s Theorem and includes the Cauchy integral formulae. 
If there is a finite discontinuity in f(x) at a particular value of x , then 
f(x) in (5) and (6) should be replaced by 

*[f(*-0)+/(* + 0)]. 

The reader is referred to Donkin’s work for the detailed statement 
of this demonstration, of which the above is merely an outline. 
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APPENDIX V 

USEFUL TRIGONOMETRICAL FORMULA, AND TABLES FOR 

SYNTHESIS 

Some trigonometrical foimulse which occur in the general study of sine- 
waves are collected below for ease of ieference. 

1. Compound angles. 

sin (A + B) = sin A cos B + cos A sin B. 

sin (A — B) = sin A cos B — cos A sin B. 

cos (A + B) ~ cos A cos B — sii^A sin B. 

cos (A — B) = cos A cos B + sin A sin B. 

(multiple angles) 

sin 26 = 2 sin 6 cos 6. 

cos 26 — 2 cos 2 6 — 1 = 1 — 2 sin 2 6 — cos 2 0 — sin 2 6 . 
sin 30 = 3 sin 6 — 4 sin 3 6. 
cos 30 = 4 cos 3 6 — 3 cos 6. 

2. Sum, difference and product formulae. 

sin A + sin B = 2 sin |(A + B) cos J(A — B). 
sin A — sin B = 2 cos |(A + B) sin |(A — B). 
cos A + cos B = 2 cos |(A + B) cos £(A — B). 
cos A — cos B = 2 sin |(A + B) sin |(B — A). 

2 sin A cos B = sin (A + B) + sin (A — B). 

2 cos A sin B = sin (A + B) — sin (A — B). 

2 cos A cos B = cos (A + B) + cos (A — B). 

2 sin A sin B = cos (A — B) — cos (A + B). 

3. Exponential and series formulae. 

2i sm 6 = e ld — e~ t0 . 

2 cos 0 = e ld + e~ td . 

0 3 6 i 07 

S in0 = 0- 1 + [1 -- + etc. 

0 , . 8 l P , t 

eos0_l-^+g-^ + etc. 
where 8 is in radians and ** = — 1. 

4. Relation between radian and degree measurements. 

1 radian = 57-2‘958° = 57° 17' 45". 

1° = 0-0174533 radians. 

1' = 0-0002909 radians. 

180° = 3-14159 radians. 

90° = 1-570796 radians. 
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5. De Moivre’s Theorem. 

(cos 0 + i sin 6) n = cos nd + i sin nd, 

for any value of n, where i* — — 1. 

Application. — To express cos nd or sin nd in terms of sin 6 and cos 0, 
n being integral, expand the nth power of (cos 6 + i sin 8) by the 
binomial theorem, replacing i % by — 1 wherever it occurs (thus i 3 = — i, 
etc.). Collect the terms which do not include an % ; the sum of these 
terms is cos nd. Similarly, i sin nd is the sum of the terms which do 
include an i, and sin nd is found by dividing this sum by i. Thus : 

_ (cos d + i sin d) 3 

= cos 3 f + 3 i cos 2 d sin d -f- 3£ 2 cos d sin 2 d + i 3 sin 3 6 
= cos 3 0 —-3 cos 6 sin 2 0 + i( 3 cos 2 0 sin d — sin 3 d) 

= 4 cos 3 d 3 cos d + i(3 sin d — 4 sin 3 d). 

Hence cos 3d = 4 cos 3 d — 3 cos 0, 

sin 30 = 3 sin d — 4 sin 3 0. 


6. Small angles. 

0 and </> being small and measured in radians, the following relations 
are approximately true : 

sin 0 = 0, 

cos 0 = 1 — £ 0 2 or, less accurately, = 1 . 
sin (0 + 4) — 0 + 
sin (0 — cj&) = 0 — - <5&, 
cos (d + 0 = 1 - dcf> - i(0 2 + <£ 2 ), 
cos (d - !j>) = 1 4- dcf> - |(0 2 + <£ 2 ). 

Table I 


0°. 

Sin 0. 

Cos 0 

0 

0 

1 

15 

0*2588 

0*9659 

30 

0*5000 

0-8660 

45 

0*7071 

0*7071 

60 

0-8660 

0*5000 

75 

0*9659 

0*2588 

90 

1 

0 

105 

0*9659 

- 0*2588 

120 

0*8660 

- 0*5000 

135 

0*7071 

- 0*7071 

150 

0*5000 

- 0*8660 

165 

0*2588 

- 0*9659 

180 

0 

-1 

195 

- 0*2588 

— 0*9659 

210 

- 0*5000 

- 0*8660 

etc. 

etc. 

etc. 
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Values of sine and cosine harmonic terms up to the 16th at intervals of 3*75° — 360°/96 
[Harmonic number k , angle 3*75 r° ; table gives sin k (3*75 r°) and cos k (3*75 r°), S = sine, C = cosine 
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7. Differentials and integrals. 

In the following formulae, n may have any value : 

d ( sin nx) 

— — = — - = n . cos nx 
ax 

d ( cos nx) 

' = — n . sin nx 

ax 


= — n . sin nx 


sin nx.dx 


, sm nx . n 

cos nx . dx b C 

n 


8. Tables. 

Table I gives the values of the sine and cosine functions at intervals 
of 15°. 

Table II gives the values of the first sixteen sine and cosine harmonics, 
at intervals of 3f° — 360° /96. The actual angle for which the values 
are tabulated is 3| . hr 0 . It must be noted that for values of f between 
48 and 96, the signs of the sine harmonics are to be reversed. 
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GLOSSARY 

The most frequently recurring descriptive terms and expressions 

are defined briefly below. The numbers in parentheses refer to the pages 

on which the term? are first defined or explained in the text. 

Alternance (14). A property possessed exclusively by certain periodic 
functions, the Fourier series for which contain only the odd harmonics ; 
an alternant function or waveform is such that each half-cycle is 
the same as the preceding half-cycle, except for reversal of sign. 

Amplitude (9). Half the total excursion of a sine-wave ; i.e. the 
maximum deviation from the mean or centre-line. 

Double amplitude (9). The total excursion or overall height of a 
wave ; in a sine- wave, twice the amplitude. 

Anti-phase (10). Of two waves of the same frequency, the condition 
in which the phase-difference is 180°, so that crests of one always 
occur simultaneously with troughs in the other, and vice versa; 
of two waves of different frequencies, temporary anti-phase is the 
condition in which a crest of one occurs simultaneously with a 
trough in the other, or in which zero values of both waves occur 
simultaneously, the curves diverging one to either side of the centre- 
line, so that the gradients of the two curves are of opposite sign. 
Beats of the same frequency in two waves recorded simultaneously 
are said to he anti-phased when bulges in one coincide with waists 
in the other, and vice versa. 

Apparent low-frequency surge (38). The illusory indication of a low- 
frequency component in a wave whose two true components have 
a frequency ratio which is approximately integral, or due to beating 
between two high frequency components superimposed upon a low 
frequency component. 

Basic variable (9). The variable whose value determines that of a 
function ; x in y~f(x). Sometimes called the “ independent variable,” 
“ argument ” or “ time-base.” 

Beating (20). The regular alternate increase and decrease in the 
amplitude of a wave, caused by the addition of another component 
of nearly equal frequency. 

Beat frequency (21). The number of complete beats, i.e. of swellings, 
occurring in unit time ; equal to the difference between the fre- 
quencies of the components. 

Bulge (25). That part of a beating waveform where the amplitude 
is greatest. 

Cauchy integrals (144). The formulae by which the Fourier coefficients 
may be calculated. 

Centre-line (9). The line representing the average value of a periodic 
variation over a cycle. 

Coefficients (143). The two constants which, with the frequency, com- 
pletely determine a sinusoidal wave ; either the amplitude and phase, 
or the amplitudes of the sine and cosine components. 
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Components (15)* The sine-waves from which a complex variation is 
built up, and into which it can be decomposed. Also, of a single 
sinusoidal wave, the constituent parts which are in-phase with a 
sine and a cosine wave of the same frequency, referred to the same 
datum for the basic variable. 

Constant term (49). The average value of a periodic variation, taken 
over a cycle. 

Cosine component (14). A sinusoidal wave which has zero values at 
the end of the first and third quarter-cycles. 

Crest (9). That part of a waveform which corresponds to a maximum 
in the variation. 

Cycle (9). The complete pattern of a periodic variation, which is 
repeated at regular intervals equal to the length of the cycle. 

Sub -cycle (120). A part of a complete cycle ; a waveform is divided 
into equal sub-cycles in the method of superposition. 

Datum (49). A convenient line or level from which the value of the 
basic or the dependent variable is measured. 

Dependent variable (138). The variable whose value is given in terms 
of the basic variable: y in y —f(x). The quantity whose periodic 
variation generates a periodic wave or function. 

Disguised alternance or skew -symmetry (58). The property 
exhibited by a wave or variation consisting of a constant term 
added to an alternant or skew-symmetrical wave or variation. 

Envelope (26). An auxiliary line constructed on a waveform, for the 
purpose of analysis by the inspection method : it passes through 
all the crests, or all the troughs, or touches the wave near all the 
crests or all the troughs. 

Envelope mean (40). The line midway between the crest and trough 
envelopes. 

Envelope strip (27). The area between the crest and trough envelopes. 

Even components (51). Harmonics whose reference numbers are even ; 
hitherto used as a synonym for “ symmetrical,” but not so in this 
book. 

Excursion (78). The variation of the dependent variable from the 
mean value, or of a waveform from the centre-line. * 

Existence function (154). A function having unit value for values of 
the basic variable within certain ranges, and zero value for all other 
values of the basic variable. 

Film speed (45). The rate at which the photographic film strip moves 
through a recording camera. 

Fourier series (2). A series of sinusoidal components, whose fre- 
quencies form the ratios .1:2:3: etc., representing a periodic 
function. Strictly, a series with no limi t to the possible number 
of components, but often used for limited series. 

Fourier’s Theorem (143). The basis of all waveform analysis ; states 
that any periodic variation fulfi ll ing certain conditions of continuity 
can he expressed in the form of a Fourier series (g'.'y.)* 

Frequency (12). The reciprocal of the period of a periodic variation, 
or the number of oycles occurring in unit time. 

Fundamental (48). Referring to the cycle of a complex variation. 
The fundamental frequency is the frequency of the variation, and 
the fundamental component is the harmonic with this frequency. 
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Gibbs * phenomenon ( 177 ) . The deviation of the sum of a Fourier series 
(from expansion of a periodic variation) from the value of the variation 
itself, where this is discontinuous. 

Half -range series (151). A Fourier series containing only sine com- 
ponents, or only cosine components. 

Harmonic (48) . Any component of a Fourier series, hut usually referring 
to any component other than the fundamental ; the frequency of a 
harmonic is an exact multiple of the fundamental frequency. 

Harmonic analysis. The process of decomposing a complex variation 
into its constituent sine waves. 

Harmonic reference number (48) . The number expressing the ratio 
of the frequency of the harmonic to the fundamental frequency, 
or the number of cycles of the harmonic included in a cycle of the 
complex variation. 

In-phase (11). Of two waves of the same frequency, the condition in 
which the phase-difference is zero ; of two waves of different fre- 
quencies, temporary in-phase is the condition in which crests or 
troughs in both waves occur simultaneously, or in which zero values 
of both waves occur simultaneously, the two curves lying to the same 
side of the centre-line in the neighbourhood of the point in question, 
so that their gradients are of the same sign. Beats of the same 
frequency in two waves recorded simultaneously are said to be in- 
phase when bulges in one coincide with bulges in the other. 

Inspection method (83). The method of waveform analysis wherein 
the amplitudes, frequencies and phase-angles of the predominant 
components are determined by consideration of the envelopes and 
other general properties of the waveform. 

Limited series (184). An approximate representation of a periodic 
variation by a Fourier series with a limited number of components ; 
in general, such a series only represents the variation at a finite number 
of points in the cycle. 

Magnification (49). The ratio of the excursion of a recorded waveform 
to the excursion of the physical variation represented thereby. 

Major component (22). That one of two components which has the 
larger amplitude (see note on p. 22). 

Minor component (25). That one of two components which has the 
smaller amplitude (see note on p. 22). 

Non -harmonic component (3). An extraneous component whose 
frequency is not an exact multiple of the fundamental frequency 
of a given variation, and which does not therefore belong to the 
harmonic series for that variation. 

Odd components (53). Harmonics whose reference numbers are odd ; 
hitherto used as a synonym for cc skew-symmetrical,” but not so 
in this book. 

Order number (68). The ratio of the frequency of a wave to some 
standard frequency ; often used in connection with vibrations in 
engines and propellers, the standard frequency being the rotational 
speed of the engine or propeller : the third engine order has three 
cycles per engine revolution. 

Ordinates (184). The lengths of lines drawn from a datum to a wave- 
form, representing the differences between values of the variation 
at various parts of the cycle and the datum value. 
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Paper speed (45). The speed at which the paper strip passes through 
a recording instrument. 

Peak (9). A crest or a trough, i.e. a turning-point in the variation. 

Period (9). Strictly, the ^rae-interval occupied by a cycle. Also used 
as a synonym for “ wavelength.” 

Periodic function or variation (1). A function or variation which 
repeats after successive equal intervals of time, or with successive equal 
increments of the basic variable. 

Phase-angle (9). A measurement relating the position of a sinusoidal 
wave to an arbitrary datum of the basic variable. 

Phase -difference (10). The difference between the phase-angles of two 
waves of the same frequency. 

Phase -velocity (12). The angular velocity of the rotating vector which 
generates a sine-wave ; the ratio of the velocity amplitude to the 
displacement amplitude, or similarly, of acceleration to velocity, 
for a sinusoidal displacement. 

Reference number (48). The number expressing the ratio of the 
frequency of a harmonic to the frequency of the fundamental com- 
ponent, i.e. to the frequency of the periodic variation. 

Riemann’s Theorem (183). The proposition that the (unlimited) 
Fourier series expansion of a periodic variation is unique. 

Sine -wave (8). The wave generated by the uniform rotation of a 
vector ; strictly, that species of such a wave which is zero at the 
beginning of a cycle, as opposed to a cosine component (q.v.) f but 
used generally to denote any such wave displaced by any phase- 
angle. 

Sinusoidal. Varying in the manner of a sine- wave. 

Skew -symmetry (13). A function is skew-symmetrical about a value 
X of the basic variable x if its values for any pair of values of x 
equidistant from X are equal in magnitude but opposite in sign, 
so that if a graph of the function were rotated through 180° about 
the point x = X the appearance would be unaltered. 

Superposition (120). That method of analysis wherein various sets 
of components are separated by the superposition of sub- cycles, of 
the variation, corresponding values in the various sub-cycles being 
added together. 

Symmetry (13). A function is symmetrical about a value X of the 
basic variable x if its values for any pair of values of x equidistant 
from X are equal, so that the part of the graph to one side of the 
line x = X is the mirror -image in this line of the part to the other 
side. 

Synthesis (4). The process of forming a complex variation by the 
addition of sinusoidal components. # 

Time-base (45). Sometimes used as a synonym for “ basic variable,” 
but strictly refers only to cases where the basic variable is time. 

Trough (9). That part of a waveform corresponding to a minimum 
in the variation. . 

Waist (25). That part of a heating waveform where the amplitude is 

least. 

Waveform. A graph representing a periodic variation or the sum of a 
number of periodic variations. 

Wavelength (14). The length of a cycle of a periodic waveform. 



266 


ANSWERS TO EXERCISES 

Chapter I (page 43). 


(1) 3-353, 17°. (2) 3-635, 4°. (3) 5-000, 53°. (4) 3-500, 30°. (5) 182-2, 
65°. 

(6)-( 10). (Assuming t to be in hundredths of a second). 



Beat Frequency 
(C.BM.) 

Envelope 
amp. (±) 

Separation 
greater at 

Beats per 
cycle 

Crests per 
cycle 

(6) 

955 

5 

waist 

1 

12 

(7) 

57-3 

0-8 

waist 

3 

50 

(8) 

477 

3 

bulge 

1 

17 

(9) 


9 

— 

1 

4 


191 

3-8 

bulge 

1 

28 


(11)-(15). (13) and (15) symmetrical about 0 and 180°, (11), (12) and 

(14) about 90° and 270°; (12) and (14) skew-symmetrical about 0 and 180°, 

(15) about 90° and 270° ; (12), (14) and (15) alternant. 

(16)-(20). Assuming t to be in hundredths of a second, frequencies in 

C.P.M. : — 

(16) — (17) 955. (18) 382. (19) — (20) 477. 

Chapter II (page 63). 

(1) 45 m. ; 17-3 mm. ; 5200 C.P.M. 

(2) 2, 1 and 0-5 ins. ; 8th and 24th harmonics. 

(3) (a) 46-8 ins. ; 78th and 48th harmonics. (6) 23-4 ins. ; 39th and 24th 
harmonics. 

(4) (a) and (b) : 3-6 ins. ; 6th and 4th harmonics. 

(5) 3-2 + 1-5 sin x 1 + 2-7 sin (2^ + 45°) + 0-8 sin (4x t - 9°), where 
aij = x — 19°. 

(6) sin (ajj + 15°) -f 2-5 sin (2^ — 45°) + eos 3 k 1 -j- 3-6 sin (4a;,, -)- 60°), 
where x 1 = x — 15°. 

(7) (a) 85° ; (b) 90° ; (c) 120° ; (d) 0. 

(8) (i), (iii) and (iv) alternant ; (iii) and (v) symmetrical about 0 and 180°, 
(ii) about 90° and 270° ; (vi) skew-symmetrical about 0 and 180°, (iii) 
about 90° and 270°. 
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INDEX. 

Figures refer to pages, except that where an item is the subject of an 
entire chapter or section this fact is indicated in brackets : e.g., “ Conver- 
gence of Fourier Series ” is the subject of Chapter VI, section 7, commencing 
on page 172, and the indication is “ (VI, 7) 172 

Lists of Examples in text, Formulae, Practical Notes and Tables are 
included under the letter headings E, F, P, T. 


A.C. waveform as timing mark 68, 
74, 229. 

Accelerated records 71, 230. 

Accuracy : Envelope analysis 108, 117. 
Frequency determination 70, 229. 
Limited series representation 149, 
177, 184, (VII, 4) 189. Numerical 
analysis 184, (VII, 4) 189, 208. 
Series in neighbourhood of discon- 
tinuities (finite) 175, (infinite) 144. 
Visual estimation of mean lines 130. 

Addition of two or more waves — see 
Synthesis ; of two vectors 15, 17. 

Aircraft power-plant vibration 67, 71, 
220 ; gear-ratio effect 47, 79, 221. 

Alternance 14 ; disguised 58 ; interval 
of alternance 14, 57. 

Alternant waveforms, harmonics of, 
58, 60 ; practical note 157. 

Alternative — Notations for amplitudes 
78. Phase-angles from tangent for- 
mula 15, 128, 199. Standard forms 
for harmonic series 49, 199. 

Amplitude 9 ; alternative forms 78 ; 
double amplitude 9, 78 ; measure- 
ment (III, 3) 77, 119 ; notation 49, 
78 ; overall amplitude in complex 
wave 33, 78, 119, 222 ; parallel rules 
for measuring 119. 

Amsler 218. 

Analyser : Cathode ray tube 218. 
Filter circuits (VIII, 4) 219. Me- 
chanical (VIII, 2) 212, 251. Optical 
219, 251. 

Analysis : Basic (III) 66. Beats (IV, 
4-5) 92. Checked by synthesis 91. 
Electrical waveforms 47, 148, 153, 
160, 165. Four components 114. 
Frequency -ratio # 2 : 1, etc. (IV, 6) 
98, (V, 4) 129. General procedures 
109, 133, 147, 186. Nearly integral 
frequency -ratio 101. Three com- 
ponents (IV, 7) 101. Two com- 
ponents of high frequency-ratio 


(IV, 3) 88. Unsymmetrical beats 
103. 

See also Methods of analysis. * 
Analytic — Condition for continuity 
142. Functions 136. 

Angle : Degree and radian measure 7, 

256. Phase — see Phase-angle. Small 

257. 

Anti-phase 10 ; in beats 97 ; in en- 
velopes 26. 

Apparent — Frequency in beats 22. 
Highest frequency 20, 87. Low- 
frequency surge 38, 107. 
Approximation : Fourier series by 
limited series (VII, 5) 192. Sine- 
wave by parabolic arcs 159, 179. 
Arbitrary — Datum level 49, 129. 

Functions 136. 

Argument — see Basic variable. 
Artificial — Functions 136. Revolu- 
tion markings 73. 

Average value 9, 49, 59, 132, 133, 147. 

BaSIC -A nalysis of waveforms (III) 
66. Variable 45, 138 ; effect of 
change on phase-angles (II, 4-5) 49. 
Beat frequency 21. 

Beats : Analysis (IV, 4) 92. Anti- 
phase 97. Apparent frequency in, 
22. Critical case analysis 94 ; 
synthesis 24. Envelopes (I, 8) 26. 
In-phase 98. Masking of peaks 87, 
94. Number of peaks in cycle 22. 
Peak separation (I, 7) 25, 87, 94, 95. 
Phase-angle determination (IV, 5) 
96. Phase relationship 97. Pro- 
perties, summary (I, 9) 28, 92. 
Symmetry and skew-symmetry 96. 
Synthesis (I, 6) 20. Unsymmetrical 
40, 103. Variable phase-angle in, 
21 . 

Bell Telephone Research Laboratories 
219. 

Bernoulli 136. 
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Biot, Karman and, 179, 180. 
Blurred traces 223. 

Bulge of beat 25. 


Calculating machine in syn- 
thesis 43 ; Hollerith 222. 

Calculator, electric bridge 119. 

Calibrated parallel rules 119. 

Calibration-Constant 49 ; and electric 
bridge calculator 119. Filters 22 1 . 

Cambridge Instrument Company 224. 

Carslaw 136, 138, 180. 

.Cathode ray tube : Analyser 218. 
Direction of spot travel 243 . Double- 
beam 74. Lissajou figures (X) 231. 
Phase determination by means of, 
242. Photography of, 228. 

Cauchy 144. 

Celluloid records 224. 

Centre-line 9 ; construction of, 80, 
129. 

Characteristic pattern 73, 85, 103. 

Checks : Analysis checked by syn- 
thesis 91. Numerical method of 
analysis 197. 

Circuit, electrical, magnification and 
phase effects 49, 231, 

Clarity of records (IX, 2) 223. 

Coefficients, Fourier, formulae for, 

143 ; 9 mathematical derivation of, 

144 ; symmetrical and skew -sym- 
metrical waves 151. 

Complex — Form of Fourier series 179. 
Wave, merging of peaks in, 20 ; 
overall amplitude of, 33, 78, 119, 
222 . 

Components : Non-harmonic 6, 89, 
(App. Ill) 249. Simple representa- 
tion of harmonic components, 89. 

Computing service (VIII, 5) 222. 

Condensed notation for equations 8. 

Constant — Calibration 49, 119. Term 
in harmonic series 59, 132, 133, 144; 
notation 144. Time-base 45, 75. 

Continuity 139, 244 ; analytical con- 
dition for, 142 ; at a point 141 ; 
over a range 142. 

Contraflection, points of, 34. 

Convergence of Fourier series 149, 
(VI, 7) 172 ; rapidity of, 177. 

Conversion — Factors for harmonic fre- 
quencies and wavelengths 48. Time 
base (II, 2) 45. 

Cosine — Function 7 ; multiples of 3|° 
258, of 15° 257, of 90° 8 ; series and 


exponential forms 256 ; signs in 
different quadrants 15. Sine com- 
ponents, separation from, 123, 127. 
Creep of high-frequency ripple 73, 101. 
Crest 9. 

Critical case in beats 24, 94. 

Curve -fitting 184, (VII, 5) 192. 

Cycle 9 ; Average value over, 9, 49, 59, 
132, 133, 147. Determination of, 
(IV, 2) 85, 96, 119. False 251. 
Number of peaks in, 20, 22, 86. 
Tracing paper, use in determining 
119. 


U ALEMBERT 136. 

Datum level 49, 129. 

Definitions — see Glossary 262. 

Degree measure of angles 7, 256. 

De Moivre’s Theorem 257. 

Denman and Withers 185. 

Dependent variable 138. 

Difference without sign, notation, 39. 
Differentiation of sine and cosine 
functions 261. 


Direction : Mean line 80, 129. Travel 
of spot in Lissajou figure 243. 
Dirichlet 143. 


Discontinuity : Finite 141, 175, 244. 
Infinite 143. 


Disguised alternance and skew-sym- 
metry 58, 199. 

Displacement of peaks 89. 

Distortion in recording system 49, 82, 
(IX, 3) 225. 

Dividers : Proportional, use in super- 
position method 129, 131. Use of 
dividers in synthesis 42. 

Donkin 253. 


Double-amplitude 9, 78 ; notation 78. 
Double-beam cathode-ray tube 74. 


Cagle 136. 

Electrical : Calculator 119. Design and 
phase-angles 50, 231. Filter circuits 
(VIII, 4) 219. Stylus 224. Trans- 
former effect 37, Waves, analysis 
47, 148, 153, 160, 165. 

Engine — Revolution markings as tim- 
ing devices 68, 2#9. Vibrations — see 
Power-plant vibrations. 

Envelope — Analysis (IV) 83. -Mean 
40, 98, 102. Special form 101, 104. 
Straight 34, 103. Strip 27. 
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Envelopes (I, 8) 26 ; anti-phase 26 ; 
use of tracing-paper in determining, 
119. 

Equal frequencies : Lissajou figure 
(X, 2) 231. Phase-difference 10, 
(X, 5) 241. Synthesis, two com- 
ponents with, (I, 5) 14. Use in 
envelope analysis 99. 

Equation, condensed notation for, 8. 

Error : Ealse cycle, use of, 251. Mean 
squared error 172, 193. Numerical 
analysis 184, (VII, 4) 189, 208. 

Euler 136. 

Even and odd harmonics, separation 
of, 121. 

“ Even ” waves 60. 

Examples in text : Addition of two 
waves of equal periods 15, 19. 
Analysis by envelopes 114-117 and 
throughout Chapter IV. Analysis, 
mathematical 147, 152, 156, 160. 
Analysis, numerical, 4-ordinate 187 ; 
6-ordinate 195, 196 ; 24-ordinate 
200 ; 48-ordinate 206 ; false indica- 
tions from using too few ordinates 
190, 208. Analysis by superposition 
123, 129. Basic variable, change in, 
50, 53, 200. Engine speed deter- 
mination 69, 71, 76. Frequency 
determination 70, 76. Gibbs’ 
phenomenon 175, Linearity of 
response 226. Order numbers 67, 73, 
76. Paper speed 72. Phase-angle 
determination 81. Rapidity of con- 
vergence of series 177, 179. 

Existence functions 154, (VI, 6) 166. 

Exponential form of sine and cosine 
functions 256. 


Factor, time-base 45, 75. 

Factors, use in determination of cycle 
96 ; of harmonics 105. 

False — Cycle 251. Indications from 
using too few ordinates (VII, 4) 189. 

Film speed — see Paper speed. 

Filter circuits (VIII, 4) 219. 

Finite discontinuity 141, 175, 244. 

Fluctuations, irregular 3, 85, 95, 107, 
221, 228. 

Formulae : Angles, radian and degree 
measure 256 ; small angles 257, 
Apparent low-frequency surge 39. 
Critical cases in beats 24. Complex 
form of Fourier series 180. De 
Moivre’s Theorem 257. Differentia- 


tion and integration of sine and cosine 
functions 261. Exponential form of 
sine and cosine functions 256. False 
cycle 252. Fourier coefficients 143, 
151. Fourier integrals 181. Fre- 
quency determination 75, 77. Fre- 
quency and phase-velocity 12. Har- 
monic wavelengths 46, 48. Integra- 
tions 144, 148, 159, 181, 261. 

Limits and continuity 139, 142. 
Non -harmonic components 249. 
Phase-difference by Lissajou figure 
242. Rotation of axes 232. Series 
expansion of sine and cosine 
functions 256. Summation 135, 210. 
Superposition method 123, 133. 

Synthesis of waves with equal 
periods 14, 17. Time-base conversion 
46. Trigonometrical 8, 135, 146, 155, 
179, 193, 210, 256. 

Four -component waves, envelope 
analysis of, 114. 

Fourier 1, 136, 143 : Integrals 180. 
Series, coefficients (VI, 3) 143 ; 
complex form 179 ; convergence 
(VI, 7) 172 ; uniqueness 137, 183, 
(App. II) 247. 

Fourier’s Theorem 6, 47, (VI, 3) 143, 
(App. IV) 253. 

Frequency 12 ; beat 21 ; determination 
(III, 2) 66 ; fundamental 46, 76, 86 ; 
highest apparent 20, 87 ; natural 
30 ; standard — see Timing devices. 

Frequency-ratio determination by 
Lissajou figure (X, 4) 240. 

Full-range series 152. 

Full -rectified wave 165. 

Functions 138 ; analytic, arbitrary and 
artificial 136 ; cosine 7 ; existence 
154, (VI, 6) 166; inverse 139; 
multi-valued 139 ; normal 245 ; 
orthogonal 137, 245 ; periodic 9 ; 
sine 7 ; single-valued 139. ; 

Fundamental 48 ; frequency 46, 76, 86; 
wavelength 48. 


CjEAR — Ratio, effect on aircraft 
power-plant vibrations 47, 79, 221, 
228. Tooth interference ripple 47. 
General procedures for analysis : En- 
velope 109. Mathematical 147. 
Numerical 186. Superposition 133. 
General Radio Company 219, 

General tables for analysis 112, 198, 
203 ; synthesis 257, 258. 
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Generation of sine-wave (I, 3) 8. 

Gibbs’ phenomenon 175. 

Graphical — Phase determination (III, 
4) 80. Superposition analysis 129, 
131, 132. Synthesis 42. 

HaLF-RANGE series 149 ; co- 
efficients 151. 

Half -rectified wave 165. 

Harmonic — Analysis 143. Series 6, 
(n, 3) 46, 59. 

Harmonics 48 ; alternant waves 58, 
60 ; factors, use in determination of, 
105 ; frequencies and wavelengths 
48 ; single, evaluation 209 ; sym- 
metrical and skew-symmetrical 
waves (II, 7) 60. 

Harvey harmonic analyser (VIII, 2) 

919 

Hertz' 12. 

Highest apparent frequency 20, 87. 

High frequency-ratio, two compon- 
ents with, analysis (IV, 3) 88 ; 
synthesis (I, 10) 28. 

High-frequency ripple, creep in, 73, 

101 . 

Historical background of Fourier’s 
Theorem 136. 

Hollerith calculating machine 222. 

L’Hospital’s Rule 145 ; examples of 
application 161, 163, 165. 

“ Hum,” mains 31, 68, 90, 106. 

Humphrey 120. 

Hurwitz-Liapounoff Theorem 175. 

Hussman 178. 

I GNITION -operated timing devices 
74. 

Independent variable — see Basic vari- 
able. 

Infinite discontinuity 143. 

Inflection, points of, 24, 34. 

Ink records 223. 

In-phase 11 ; of beats 98. 

Insertion of peaks 88. 

Integrals, Fourier 180. 

Integrations 144, 147, 148, 159, 170, 
181, 261. 

Intermittent sine-wave 163. 

Interval — Altemance 14, 57. Periodic 
existence function 166. 

Inverse functions 139. 

Irregular fluctuations 3, 85, 95, 107, 
221, 228. 


K ARMAN and Biot 179, 180. 
Ker Wilson 31, 223. 


Lagrange m. 

Leaded paper 224. 

Length — Cycle 47, 79, 221, 228. Re- 
cord 70, (IX, 4) 227. 

Limited series 172, 247 ; accuracy of, 
149, 177, 184, (VII, 4) 189. 

Limits 139. 

Linearity of response (IX, 3) 225. 
Lissajou figures 218, (X) 231. 

Location of peaks 88, 91. 
Low-frequency surge, apparent 38, 
107 ; extraneous 79. 


M[aCHINE, calculating, in syn- 
thesis 43 ; Hollerith 222. 

Magnification 49 ; of circuit 50 ; of 
traces for analysis 118, 209 ; 44 Scale- 
ometer ”77. 

Mains 44 hum ” 31, 68, 90, 106. 

Marking and masking of peaks of 
ripple 87, 94. 

Mathematical analysis (VI) 136. 

Mean — Envelope- 40, 98, 102. Lines, 
derivation of, 80, 129. Squared 
error 172, 193. Value — see Average 
value. 

Measurement of records, practical 
notes 71, 77, 80, 94, 119, 240. 

Mechanical analysers (VIII, 2) 212, 
251, 

Mechanical vibrations 10, 12, 244, 246. 
See also Power-plant vibrations. 

Media, recording (IX, 2) 223. 

Merging of peaks 20. 

Methods of analysis : Envelope (IV) 
83. Mathematical (VI) 136. Me- 
chanical, etc. (VIII) 212. Numerical 
(VII) 183. Superposition (V) 120. 

Multiple recording 73, 97, 225. 

Multiples of 3|°, sines and cosine of, 
258 ; 15°, 257 ; 90°, 8. 

Multi-valued functions 139. 


Napier Handbook” (Hand- 
book of the Napier Tercentenary 
Exhibition) 185, 212. 

Natural frequency of instrument 30. 
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Non-harmonic components 6, 89, (App. 
Ill) 249. 

Non-linear response curve (IX, 3) 225. 

Non-uniform time-base 71, 229,230. 

Normal functions 245. 

Notation : Amplitude and double - 
amplitude 78. Condensed equations 
8. Constant term 144. Difference 
without sign 39. Existence func- 
tions 156, 166, 167. Functions 138. 
Harmonics 48, 49. Limits 140, 141. 
Summation 48. Superposition 
method 133. 

Number of ordinates to be used in 
numerical method 184, (VII, 4) 189. 

Numbers, order- 68, 71, 79, 86, 105, 
106. 

Numerical method (VII) 183 ; sum- 
mation formulae (VII, 10) 210. 


Odd and even harmonics, separa- 
tion of, 121. 

44 Odd ” waves 60. 

Optical analyser 219, 251. 

Order numbers 68, 79, 105, 106 ; dis- 
tinction between order numbers and 
harmonics 86 ; use in frequency 
determination 71. 

Ordinary discontinuity 141, 175. 

Ordinates 184 ; 6 -ordinate analysis 
196, 24-ordinate 197, 48 -ordinate 
202 ; construction of, 209 ; number 
to be used in analysis 184, (VII, 4) 
189 ; unevenly spaced 185, 209. 

Orthogonal functions 137, 245. 

Osgood 231. 

Overall amplitude in complex wave 33, 
78, 119, 222. 

44 Overshoot ” 177. 

P APER : Leaded 224. Photo- 
graphic 225. Tracing — see Tracing 
paper. Waxed 224. 

Paper speed 45, 69, 71, 228. 

Parabolic arc approximation to sine- 
wave 159 ; rapidity of convergence 
179. 

Parallel rules for amplitude measure- 
ment 119. 

Peaks 9 ; displacement 89 ; number in 
cycle 20, 22, 86 ; separation (I, 7) 
25, 87, 94, 95 ; 44 spread ” 24, 35, 94. 

Pencil traces 224. 

Period 9 ; of waveform 46. 
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Periodic function 9 ; existence func- 
tion 154, (VI, 6) 166. 

Phase — Angle 9 ; determination from 
tangent formula 15 ; practical de- 
termination (III, 4) 80, (IV, 5) 96 ; 
variable in beats 21. Difference 10, 
97 ; measurement by Lissajou figure 
(X, 5) 241. Effect of change in basic 
variable (II, 4-5) 49. Effect of 
electrical circuit 50, 231. Relation 
with different frequencies 11, 96. 
Shift 10. Velocity 12. 

Photographic recording 224. 

Power-plant vibrations 47, 67, 71, 86, 
105, 107, 220, 228, 251. 

Practical notes : Alternant waveforms 
157. Amplitude measurement 77, 
80, 119. Comparison of two wave- 
forms 162. Envelope method 110, 
118. Frequency measurement 71 ; 
by Lissajou figure 240. General 
waveform requirements 223. In- 
sertion of peaks 88. Magnification 
of trace 118, 209. Number of ordi- 
nates to be used 184, 189. Numerical 
method 208. Peak separation over 
wider range 94. Phase measure- 
ments 80 ; by Lissajou figure 241. 
Speed variation as aid to analysis 
84. Time markings 74. 

Practical requirements for wave- 
forms (IX) 223. 

Practice, effect on accuracy of en- 
velope analysis 108. 

Propeller harmonics 47 ; tachometer 
229 ; vibrations — see Power-plant 
vibrations. 

Proportional dividers 129, 131. 

Quadrants, signs of sin© and 

cosine functions in, 15. 

Quarter-period, change of basic vari- 
able by multiples of, (II, 5) 51. 

Radian measure of angle 7, 256. 

Range, continuity over, 142. See also 
Full-range, Half -range. 

Rapidity of convergence of Fourier 
series 177. 

Ratio of frequencies, determination by 
Lissajou figure (X, 4) 240. 

Recording media (IX, 2) 223. 

Recording systems : Distortion in, 49, 
(IX, 3) 225. Multiple 225. Natural 
frequency of instrument 30, 
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Records, length of, 70, (IX, 4) 227. 
Rectified wave 26, 165. 

Revolution markings 68, 73. 

Richards 242. 

Riemann’s Theorem 183, (App. II) 247 
Ripple, high-frequency 30, 41, 72, 87 ; 
creep in, 73, 101 ; due to gear-tooth 
interference 47. 

Rotating vectors 7, 244 ; angle be- 
tween 10. 

Rotation of axes 232. 

Rung© 2, 185. 


Saw-tooth wave us, 160 , 179 . 

“ Scaleometer ” 77. 

Separation : Odd and even harmonics 
121. Peaks (I, 7) 25, 87, 94, 95. 
Sine and cosine components 123, 127. 

Series expansion of sine and cosine 
functions 256. 

Series : Fourier, complex form 179 ; 
full-range 143, 152 ; half -range 151. 
Harmonic 6, (II, 3) 46. Limited 149, 
172, 177, 184, (VII, 4) 189, 247. 

Signs of sine and cosine functions in 
various quadrants 15. 

Sine and cosine components, separa- 
tion of, 123, 127. 

Sine — Function 7 ; multiples of 3|° 
258, of 15° 257, of 90° 8 ; series and 
exponential forms 256 ; signs in 
various quadrants 15. Wave 8 ; 
approximation by parabolic arcs 
159, 179 ; choice as basic component 
(App. I) 244 ; intermittent and 
rectified 163. 

Single harmonics, evaluation of, 209. 

Single-valued functions 139! ' 

Skew-symmetry 13, 56, 60 ; analysis 
96, 149, 199, 208 ; disguised 58, 199 ; 
existence functions 169 ; response 
curve 226. 

Small angles 257. 

“ Smoothness ” 244. 

Speed determination 69, 71. 

Speed, paper- 45, 69, 71, 228. 

Spread peaks 24, 35, 94. 

Square-peaked wave 152, 157, 179. 

Standard — Expression for waveform 
49. Frequency ^ — see Timing devices. 
Wavelength 46. 

Stansfield 185, 220. 

Strain-gauge records 78, 83, 251. See 
also Power-plant vibrations. 

Stress, overall variation in, 34, 78, 79.1 


Strip, envelope 27. 

Summation formulae (V, 6) 135, 

(VII, 10) 210 ; notation 48. 

Superimposed timing marks 74. 

Superposition method of analysis (V) 

120 . 

Surge : Apparent low-frequency 38, 
107. Extraneous low-frequency 79. 

Symmetry, etc. (I, 4) 13, (II, 6-7) 55 ; 
analysis 91, 96, (VI, 4) 149, 197 ; 
beat envelopes 26 ; existence func- 
tions 168. 

Synthesis (I) 6 ; check on analysis 91 ; 
practical notes 42 ; practice in, 
importance of, 84 ; tables for, 257, 
258. 

Systematic analysis, envelope method 
(IV, 8) 109 ; superposition method 
(V, 5) 133. 


Tables : Basic variable, effects 
of increasing by multiples of a 
quarter-period 54. Envelope analy- 
sis 112 ; examples 114. Frequencies 
and wavelengths of harmonics 48. 
Non-harmonic components 250. 
Numerical analysis 195, 198, 203 ; 
examples 200, 206, 208. Order 
numbers and frequencies 67, 68. 
Phase-relationship between beats 
98. Rectified waves 166. Signs of 
sine and cosine functions in various 
quadrants 15. Sine and cosine 
functions of multiples of 3|°, 258 ; 
of 15°, 257 ; of 90°, 8. Square- 
peaked waves 152, 158. Super- 
position analysis, example 124. 
Symmetry, skew-symmetry and al- 
temance 61, 63. Synthesis (har- 
monics at intervals of 3f°) 258. 

Taylor’s Theorem 145. 

Theorems : De Moivre’s 257. Fourier’s 
6, 47, (VI, 3) 143, (App. IV) 253. 
L ’Hospital’s 145. Hurwitz-Liapou- 
noff 175. Riemann’s 183, (App. II) 
247. Superposition method (V, 6) 
135. Taylor’s 145. 

Third harmonic, transformer effect 37. 

Time-base : Conversion (II, 2) 45. 
Factor 45, 75. Non-uniform 71, 229, 
230. Use in analysis 67. 

Timing devices 68, 73, 74, (IX, 5) 229 ; 
accuracy in using markings 71. 

Timoshenko 221. 

Tracing paper, use of, 119, 129, 131. 



INDEX 


275 


Transformer effect 37. Variation in airflow pattern 166. 

Transients, recurring 183. Vectors, rotating 7, 244 ; addition of, 

Trigonometrical formula 8, 135, 146, 15, 17 ; angle between 10. 

155, 179, 193, 210, 256. Vibrations, mechanical 10, 12, 244, 

Trough 9 ; “ spread ” 24, 35, 94. 246. See also Power-plant vibra- 

tions. 

Visual estimation of mean lines 130, 

T I 13L 

LJ NEVENLY spaced ordinates 185, 

209. 

Uniqueness of Fourier series expansion 

137, 183, (App. II) 247. W AIST of beat 25. 

Unsymmetrical beats 40, 103. Wave, complex — see Complex wave. 

Wavelength 14, 46 ; harmonic 46, 48 ; 
standard 46 ; use in frequency 

V determination 75. 

ABIABLE : Basic or independent Waxed paper 224. 

138; change in, (II, 4-5) 49. De- Whittaker and Watson 138, 183. 
pendent 138. Wilson, Ker 31, 223. 

Variable phase-angle in beats 21. Withers, Denman and, 185. 





